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Abstract

It is generally accepted that knowl-
edge based systems would be smarter
if they can manage uncertainty. In this
paper we extend Description Logics,
well-known logics for managing struc-
tured knowledge, towards the manage-
ment of uncertainty. We allow to ex-
press that a sentence is not just true
or false, but certain to some degree,
which is taken from a certainty lattice.
Keywords: Description Logics, un-
certainty.

1 Introduction

In the last decade a substantial amount of work
has been carried out in the context of Descrip-
tion Logics (DLs) [1]. DLs are a logical recon-
struction of the so-called frame-based knowl-
edge representation languages, with the aim of
providing a simple well-established Tarski-style
declarative semantics to capture the meaning
of the most popular features of structured rep-
resentation of knowledge. Nowadays, a whole
family of knowledge representation systems has
been build using DLs, which differ with respect
to their expressiveness and their complexity,
and they have been used for building a variety
of applications (see the DL community home
page http://dl.kr.org/).

Despite their growing popularity, relative lit-
tle work has been carried out 1 in extend-
ing them to the management of uncertain in-
formation. This is a well-known and impor-
tant issue whenever the real world information
to be represented is of imperfect nature. In
DLs, the problem has attracted the attention

1Comparing with other formalisms -notably logic pro-
gramming (see, e.g. [9, 10]).

of some researchers and some frameworks have
been proposed, which differ in the underlying
notion of uncertainty, e.g. probability theory
[4, 5, 7, 8, 15], possibility theory [6], metric
spaces [11] and fuzzy theory [3, 16, 17, 18].

In this paper we extend DLs towards the man-
agement of uncertainty, by allowing to express
that a sentence is not just true or false like in
classical DLs, but certain to some degree, which
is taken from a certainty lattice. The certainty
degree dictates to which extent (how certain it is
that) a sentence is true. The adopted approach
is more general that the fuzzy logic based ap-
proach [16], as it subsumes it (just take the lat-
tice over the real unit interval [0, 1] with or-
der ≤), but is orthogonal to almost all other
approaches. A feature of the lattice approach
is that it gives us the possibility to address
both quantitative uncertainty reasoning (by re-
lying e.g. on [0, 1] or subsets of rational num-
bers like {0, 1

n−1 , . . .
n−2
n−1 , 1}, for natural number

n), as well as qualitative uncertainty reasoning
(by relying e.g. on {false, likelyfalse, unknown,
likelytrue, true}, in increasing order). From a
computational point of view, it is still possible
to develop a tableaux calculus in the style of al-
most all DLs and, under reasonable conditions,
the computational complexity does not change,
which is especially important as usually, reason-
ing under uncertainty is more involved than the
classical case (see, e.g. [13]).

We proceed as follows. In the next section, we
recall some fundamental notions about DLs. In
Section 3 we describe our DL extension to man-
age uncertain sentences, while in Section 4, we
address the computational aspect of reasoning
in it. Finally, Section 5 concludes the paper.

2 A Quick Look to ALC

The specific DL we extend with uncertainty ca-
pabilities is ALC, a significant representative of



DLs [1]. Consider three alphabets of symbols,
primitive concepts (denoted A), primitive roles
(denotedR) and individuals (denoted a and b) 2.
A concept (denoted C or D) of the language
ALC is build out from primitive concepts A,
the top concept >, the bottom concept ⊥ and
according to the following syntax rule:

C,D −→ C uD| (concept conjunction)
C tD| (concept disjunction)

¬C| (concept negation)
∀R.C| (universal quantification)
∃R.C (existential quantification).

An interpretation I is a pair I = (∆I , ·I) con-
sisting of a non empty set ∆I (called the do-
main) and of an interpretation function ·I map-
ping different individuals into different elements
of ∆I (called unique name assumption), primi-
tive concepts into subsets of ∆I and primitive
roles into subsets of ∆I × ∆I . The interpre-
tation of complex concepts is defined as usual:
>I = ∆I , ⊥I = ∅, (C uD)I = CI ∩ DI ,
(C tD)I = CI ∪ DI , (¬C)I = ∆I \ CI ,
(∀R.C)I = {d ∈ ∆I : ∀d′.(d, d′) 6∈ RI or d′ ∈
CI} and (∃R.C)I = {d ∈ ∆I : ∃d′.(d, d′) ∈
RI and d′ ∈ CI}. Two concepts C and D are
equivalent (denoted C ≡ D) when CI = DI for
all interpretations I (e.g. ∃R.C ≡ ¬∀R.¬C).
An assertion (denoted α) is an expression a:C
(“a is an instance of C”), or an expression
(a, b):R (“(a, b) is an instance of R”). A primi-
tive assertion is either an assertion of the form
a:A, where A is a primitive concept, or an as-
sertion of the form (a, b):R. An interpretation
I satisfies a:C (resp. (a, b):R) iff aI ∈ CI (resp.
(aI , bI) ∈ RI). Let A and C be a primitive
concept and a concept, respectively. A termi-
nological axiom (denoted τ) is either a concept
specialization or a concept definition. A con-
cept specialization is an expression of the form
A<·C, while a concept definition is an expres-
sion of the form A: = C. An interpretation I
satisfies A<·C iff AI ⊆ CI , while I satisfies
A: = C iff AI = CI . A finite set K of asser-
tions and terminological axioms is a Knowledge
Base (KB). With KA we denote the set of as-
sertions in K, whereas with KT we denote the
set of terminological axioms in K, also called
a terminology. A KB K is purely assertional
if KT = ∅. Further, we assume that a termi-
nology KT is such that no concept A appears
more than once on the left hand side of a ter-
minological axiom τ ∈ KT and that no cyclic

2Metavariables may have a subscript or a superscript.

definitions are present in KT
3. An interpre-

tation I satisfies (is a model of ) a KB K iff
I satisfies each element in K. A KB K en-
tails an assertion α (denoted K |= α) iff ev-
ery model of K also satisfies α. The problem
of determining whether K |= α is called entail-
ment problem, while the problem of determining
whether K is satisfiable is called satisfiability
problem. It is well known (see,e.g. [1]) that in
ALC: (i) K |= (a, b):R iff (a, b):R ∈ K; and (ii)
K |= a:C iff K ∪ {a:¬C} is unsatisfiable. Note
that there exists a well known technique based
on constraint propagation solving the satisfia-
bility problem [1]. Furthermore, we can restrict
our attention to purely assertional KBs, by ex-
panding K to K ′ and substituting every prim-
itive concept occurring in K, which is defined
in K ′, with its defining term in K ′. Informally,
the expansion of a KB K is as follows [12]: re-
place each concept specialization A<·C ∈ KT

with A: = C u A∗ (A∗ is a new primitive con-
cept); then expand the right-hand side of ev-
ery concept definition by replacing a primitive
concept with its definition until there remain
only undefined concepts in the second argu-
ments of concept definitions; and finally, replace
in KA all primitive concepts with their defini-
tions. The transformation has the nice property
that K |= α iff K ′

A |= α′, where α′ is obtained
by replacing every primitive concept occurring
in α, which is defined in K ′

T , with its defining
term in K ′

T . This allows us to restrict our at-
tention to purely assertional KBs only (but, the
expansion process can be exponential [12]).

3 The logic L-ALC

Let L = 〈T ,�〉 be a certainty lattice (a com-
plete lattice), where T is a set of certainty val-
ues and� is a partial order over T . Let⊗ and⊕
be the meet and join operators induced by�, re-
spectively. Let f and t be the least and greatest
element in L, respectively. We also assume that
there is a function from T to T , called nega-
tion function (denoted ¬) that is anti-monotone
w.r.t. � and satisfies ¬¬α = α, ∀α ∈ T . The
main idea is that an assertion a:C, rather be-
ing interpreted as either true or false, will be

3We say that A directly uses primitive concept B in
KT , if there is τ ∈ KT such that A is on the left hand
side of τ and B occurs in the right hand side of τ . Let
uses be the transitive closure of the relation directly uses
in KT . KT is cyclic iff there is A such that A uses A in
KT .



mapped into a certainty value c in T . The in-
tended meaning is that c indicates to which ex-
tent (how certain it is that) ‘a is a C’. Typ-
ical certainty lattice are: given a set of real
values T , consider LT = 〈T ,≤〉. Then L{0,1}
corresponds to the classical truth-space, where
0 stands for ‘false’, while 1 stands for ‘true’,
while L[0,1], which relies on the unit real inter-
val, is quite frequently used as certainty lat-
tice. In L[0,1], ¬α = 1 − α is quite typical.
Another frequent certainty lattice is Belnap’s
FOUR [2], where T is {f, t, u, i} with f � u � t
and f � i � t. Here, u stands for ‘unknown’,
whereas i stands for inconsistency. We denote
the lattice as LB. Additionally, besides ¬f = t,
we have ¬u = u and ¬i = i. Another cer-
tainty lattice is L4, where T is {f, lf, lt, t} with
f � lf � lt � t. Here, lf stands for ‘likely
false’, whereas lt stands for ‘likely true’. Be-
sides ¬f = t, we have ¬lf = lt. A further
popular lattice allows us to reason about belief
and doubt. Indeed, the idea is to take any lat-
tice L, and to consider the cartesian product
L × L. For any pair (b, d) ∈ L × L, b indi-
cates the degree of belief a reasoning agent has
about a sentence s, while d indicates the degree
of doubt the agent has about s. The order on
L×L is determined by (b, d) � (b′, d′) iff b � b′

and d′ � d, i.e. belief goes up, while doubt
goes down. The minimal element is (f, t) (no
belief, maximal doubt), while the maximal ele-
ment is (t, f) (maximal belief, no doubt). Nega-
tion is given by ¬(b, d) = (d, b) (exchange be-
lief with doubt). We indicate this lattice with
L̄. The examples above illustrate that the lat-
tice approach gives us the possibility to address
both quantitative uncertainty reasoning as well
as qualitative uncertainty reasoning.

For a certainty lattice L = 〈T ,�〉, an L-
interpretation is now a pair I = (∆I , ·I), where
∆I is, as for the classical case, the domain,
whereas ·I is an interpretation function map-
ping (i) individuals as for the classical case,
i.e. aI 6= bI , if a 6= b; (ii) a concept C into
a function CI :∆I → T ; (iii) a role R into a
function RI :∆I × ∆I → T . In the following,
for ease with interpretation we mean always an
L-interpretation, for some certainty lattice L.
As anticipated above, if d ∈ ∆I is an object of
the domain ∆I then CI(d) gives us the degree
of certainty of being the object d an instance of
the concept C under the interpretation I. Sim-
ilarly for roles. The interpretation function ·I

has to satisfy the following equations: for all
d ∈ ∆I , >I(d) = t, ⊥I(d) = f , (C uD)I(d) =
CI(d)⊗DI(d), (C tD)I(d) = CI(d)⊕DI(d),
(¬C)I(d) = ¬CI(d), and

(∀R.C)I(d) =
⊗

d′∈∆I{¬RI(d, d′)⊕ CI(d′)}
(∃R.C)I(d) =

⊕
d′∈∆I{RI(d, d′)⊗ CI(d′)}.

Note that the semantics of ∃R.C is the result
of viewing ∃R.C as the open first order for-
mula ∃y.R(x, y)∧ C̄(y) (where C̄ is the transla-
tion of C into first-order logic) and ∃ is viewed
as a disjunction over the elements of the do-
main. Similarly, the semantics of ∀R.C is re-
lated to ∀y.¬R(x, y)∨C̄(y), where ∀ is viewed as
a conjunction over the elements of the domain.
The definition of concept equivalence is like for
ALC. As for classical ALC, dual relationships
between concepts hold: e.g.> ≡ ¬ ⊥, (CuD) ≡
¬(¬C t ¬D) and (∀R.C) ≡ ¬(∃R.¬C).

An L-assertion (denoted ψ) is an expression
〈α � c〉 or 〈α � c′〉, where α is an ALC asser-
tion and c, c′ ∈ T . From a semantics point
of view, an L-assertion 〈α � c〉 constrains the
certainty-value of α to be less or equal to c
(similarly for �). An interpretation I satisfies
〈a:C � c〉 (resp. 〈(a, b):R � c〉) iff CI(aI) � c
(resp. RI(aI , bI) � c). Similarly for �. Two
L-assertions ψ1 and ψ2 are equivalent (denoted
ψ1 ≡ ψ2) iff they are satisfied by the same set
of interpretations. Notice that 〈a:¬C � c〉 ≡
〈a:C � ¬c〉. A primitive L-assertion is a L-
assertion involving a primitive assertion only.
One might wonder why we do not allow expres-
sions of the form 〈α � c〉 or the form 〈α ≺ c〉.
The reason relies on the observation that it is
quite hard to imagine situations in which we are
able to assert such strict �,≺ relations. So we
leave them out for ease 4. Concerning termi-
nological axioms, an interpretation I satisfies
A<·C iff ∀d ∈ ∆I , AI(d) � CI(d), while I sat-
isfies A: = C iff ∀d ∈ ∆I , AI(d) = CI(d). In
L-ALC, a knowledge base is a finite set of L-
assertions and terminological axioms. With ΣA

we denote the set of L-assertions in Σ, with ΣT

we denote the set of terminological axioms in Σ
(the terminology), if ΣT = ∅ then Σ is purely
assertional, and we assume that a terminology
ΣT is such that no concept A appears more than
once on the left hand side of a terminological

4Of course, the whole can easily be extended in case
we would like to consider these two types of assertions
too.



axiom in ΣT and that no cyclic definitions are
present in ΣT . An interpretation I satisfies (is
a model of ) a knowledge base Σ iff I satisfies
each element of Σ. A KB Σ L-entails an L-
assertion ψ (denoted Σ |=L ψ) iff every model
of Σ also satisfies ψ. Finally, given a KB Σ and
an assertion α, it is of interest to compute α’s
best lower and upper certainty-value bounds.
To this, the greatest lower bound of α w.r.t. Σ
(denoted glb(Σ, α)) is

⊕
{c : Σ |=L 〈α � c〉},

while the least upper bound of α with respect to
Σ (denoted lub(Σ, α)) is

⊗
{c : Σ |=L 〈α � c〉}

(
⊕
∅ = f,

⊗
∅ = t). Determining the lub

and the glb is called the Best Certainty-Value
Bound (BCVB) problem. Note that from Σ |=L
〈a:C � c〉 iff Σ |=L 〈a:¬C � ¬c〉, lub(Σ, a:C) =
¬glb(Σ, a:¬C) can be shown. The same reduc-
tion to glb does not hold for lub(Σ, (a, b):R) as
(a, b):¬R is not an expression of our language 5.

L-ALC is a sound extension of ALC. In fact,
assume that in Σ no 〈(a, b):R � c〉 occurs. We
leave these L-assertions out, as role negation
is not present in ALC. Consider the following
transformation ](·) from L-assertions to asser-
tions: ]〈α � c〉 7→ α, ]〈a:C � c〉 7→ a:¬C, and
]Σ = {]ψ : ψ ∈ Σ} ∪ ΣT . It can be shown that

Proposition 1 Let Σ be a KB in which no
〈(a, b):R � c〉 occurs and consider 〈α � c〉. If
Σ |=L 〈α � c〉 then ]Σ |= α. a

The converse does not hold in general and de-
pends on L, e.g. in L[0,1]-ALC, for all c � f
{〈a:A � 0.1〉, 〈a:¬A tB � 1〉} 6|=L 〈a:A � c〉,
whereas {a:A, a:¬A tB} |= a:A. A sim-
ple ‘converse’ is the following. Let K be
an ALC KB: we define K̃ = {〈α � 1〉 : α ∈
K} ∪KT . Then,

Proposition 2 If K |= α then K̃ |=L 〈α � c〉
for some c ∈ L. a

4 Decision algorithms in L-ALC

Deciding satisfiability of a KB requires a cal-
culus 6. Without loss of generality we consider
purely assertional KBs only. We develop a cal-
culus in the style of the constraint propagation
method, as this method is usually proposed in

5Of course, lub(Σ, (a, b):R) = ¬glb(Σ, (a, b):¬R)

holds, where (¬R)I(d, d′) = ¬RI(d, d′).
6See the appendix for an errata corrige on an early

version of the paper.

the context of DLs [1]. Essentially, it general-
izes the calculus presented in [16] for L[0,1], to
any certainty lattice L. We first address the en-
tailment problem and then the BCVB problem.

An L-constraint (denoted ψ) is inductively de-
fined as follows: (i) an L-assertion is an L-
constraint; (ii) if ψ and ψ′ are L-constraints,
then so are ¬ψ,ψ∧ψ′ and ψ∨ψ′ (e.g. 〈α1 � c1〉∨
¬〈α2 � c2〉). A literal is a primitive L-assertion
or its boolean negation. Without loss of gen-
erality, we assume that L-constraints are al-
ways in Negation Normal Form (NNF), where
a boolean negation appears in the head of an
L-assertion only. The definition of satisfiability
(of a set) of L-constraints is easy: e.g. I satisfies
¬ψ iff I does not satisfy ψ, while I satisfies ψ∨ψ′
iff I does satisfy either ψ or ψ′. It follows that
(i) Σ |=L 〈α � c〉 iff Σ∪{¬〈α � c〉} is not satis-
fiable; and (ii) Σ |=L 〈α � c〉 iff Σ∪{¬〈α � c〉}
is not satisfiable. Note that in case L is a total
order, then we have the equivalences between
¬〈α � c〉 and 〈α ≺ c〉, and between ¬〈α � c〉
and 〈α � c〉. For instance, this property is used
in the calculus developed for fuzzy ALC [16].
In general, these equivalences do not hold (e.g.,
in LB, ¬〈α � u〉 is equivalent to 〈α � i〉 and
not to 〈α ≺ u〉). For ease, sometimes we write
〈α 6� c〉 in place of ¬〈α � c〉 and 〈α 6� c〉 in place
of ¬〈α � c〉.

Our calculus, determining whether a finite set
S of L-constraints is satisfiable or not, is based
on a set of constraint propagation rules trans-
forming a set S into “simpler” satisfiability pre-
serving sets Si until either all Si contain an in-
consistency, called clash (indicating that from
all the Si no model of S can be build), or some
Si is completed and clash-free, that is, no rule
can be applied to Si and Si contains no clash
(indicating that from Si a model of S can be
build). A set of L-constraints S contains a
clash (inconsistency) iff it contains a set of liter-
als {〈α rj cj〉}j∈J (with rj ∈ {�,�, 6�, 6�}) such
that the set of constraints {〈x rj cj〉}j∈J has no
solution for the variable x in the lattice L7. For
instance, S contains a clash if it contains either
〈a:⊥ � c〉 (where c � f), or 〈a:> � c〉 (where
c ≺ t), or 〈a:⊥ 6� c〉, or 〈a:> 6� c〉, or 〈α 6� f〉,
or 〈α 6� t〉, or S contains a conjugated pair of
L-constraints. Each entry in the Table 1 says

7A solution for x is a certainty value c such that all
constraints in {〈c rj cj〉}j∈J are satisfied, i.e. for all j ∈
J , c rj cj holds in L.



Table 1: Conjugated pairs.

〈α 6� c′〉 〈α � c′〉
〈α � c〉 ¬(∃c′′.c′′ � c ∧ c′′ 6� c′) c 6� c′

〈α 6� c〉 ¬(∃c′′.c′′ 6� c ∧ c′′ 6� c′) ¬(∃c′′.c′′ 6� c ∧ c′′ � c′)

us under which condition the row-column pair
of L-constraints is a conjugated pair. For in-
stance, in LB, 〈a:A � i〉 and 〈a:A � u〉 is a con-
jugated pair as i 6� u. While in total ordered
lattices checking inconsistency is easy, this may
not be the case for arbitrary lattices. Given
an L-constraint ψ, with ψc we indicate a con-
jugate of ψ (if there exists one). A conjugate
of an L-constraint may be not unique, as there
could be infinitely many. For instance, in L[0,1]-
ALC, any 〈a:A � c〉 with c ≺ c′ is a conjugate
of 〈a:A � c′〉.

There are obvious tableaux rules for the
boolean connectives ∧ and ∨. For each con-
nective u,t,¬,∀,∃ there is a rule for each
relation �,�, 6� and 6�. In what follows, for
any c ∈ T , with DL(c) we indicate the set
DL(c) = inf{(c1, c2) ∈ T ×T : c1⊕c2 � c} where
the order over pairs is (c1, c2) � (c3, c4) iff
c1 � c3 and c2 � c4. The purpose of DL(c) is to
identify meaningful candidates c1 and c2, mak-
ing e.g. a disjunction of the form 〈a:A tB � c〉
true, whenever we reduce 〈a:A tB � c〉 to
{〈a:A � c1〉 ∧ 〈a:B � c2〉}. The choice is
non-deterministic and there could |DL(c)|
many choices, and |DL(c)| depends on c and L.
Note that (c1, c2) ∈ DL(c) iff (c2, c1) ∈ DL(c)
and |DL(c)| � 2 as {(c, f), (f, c)} ⊆ DL(c),
e.g. in L{0,1}, DL{0,1}(1) = {(1, 0), (0, 1)}
indicating that e.g. 〈a:A tB � c〉 can
be branched into either {〈a:A � 1〉} or
{〈a:B � 1〉}. Note also that in LB, we have
DLB

(t) = {(t, f), (f, t), (u, i), (i, u)} and,
thus, e.g. 〈a:A tB � c〉 can be branched into
four alternatives. If L has finite T , then
for any c ∈ T , DL(c) is finite as well. If
L is a total order, like L4 or L[0,1], then
DL(c) = {(c, f), (f, c)}, for any c ∈ T .
|DL(c)| may also be infinite. For instance,
consider the following lattice L′ = 〈T ,�〉,
where T = {f, t} ∪ {xi: i = 0, 1, 2, . . .} and
f � xi � t and xi 6� xj for all i 6= j. Then
DL′(t) = {(t, f), (f, t)} ∪ {(xi, xj): i 6= j} and
|DL′(t)| is infinite. In the following, we call a
certainty lattice L safe iff (i) for any c ∈ T ,

DL(c) is finite; and (ii) the decision problem
whether a set of constraints is inconsistent is
decidable. Our decision procedure is guaran-
teed to terminate, whenever we restrict lattices
to be safe. This is not a severe limitation as
it is hard to imagine an application involving
unsafe lattices like L′ above. Note that, more
generally, it is easily verified that a lattice L
having a finite set of incomparable certainty
values is safe, where two elements c, c′ ∈ T are
incomparable iff neither c � c′ nor c′ � c.

We present rules for u,t,¬,∀,∃, and �
and 6� only. The rules for �, 6� can be
derived from � and 6�, respectively. In-
deed, the rules for 〈a:C � c〉, 〈a:C tD � c〉,
〈a:C uD � c〉, 〈a:∃R.C � c〉 and 〈a:∀R.C � c〉
can be derived from the equivalent ex-
pressions 〈a:¬C � ¬c〉, 〈a:¬C u ¬D � ¬c〉,
〈a:¬C t ¬D � ¬c〉, 〈a:∀R.¬C � ¬c〉 and
〈a:∃R.¬C � ¬c〉, respectively. Similarly for
6� (e.g. we have the following equivalence:
〈a:C 6� c〉 ≡ ¬〈a:C � c〉 ≡ ¬〈a:¬C � ¬c〉 ≡
〈a:¬C 6� ¬c〉).

The rules below rely on the following properties
over a lattice L = 〈T ,�〉: for any c, c1, c2 ∈
T , (i) c1 ⊗ c2 � c iff c1 � c and c2 � c; (ii)
c1 ⊗ c2 6� c iff c1 6� c or c2 6� c; (iii) c1 ⊕ c2 � c
iff c1 � c′ and c2 � c′′, for (c′, c′′) ∈ DL(c); and
(iv) c1 ⊕ c2 6� c iff not (c1 ⊕ c2 � c) iff for all
(c′, c′′) ∈ DL(c), either c1 6� c′ or c2 6� c′′.

In the following rules we assume that a new
constraint is added to a constraint set S if it
is not subsumed in S (a constraint 〈α � c〉 is
subsumed by a constraint 〈α � c′〉 iff c′ � c -
similarly for the other relations 6�,�, and 6�).
We also avoid adding constraints of the form
〈α � f〉 and 〈α � t〉.

1. S →u� S ∪ {〈a:C � c〉 ∧ 〈a:D � c〉}
if ψ = 〈a:C uD � c〉 ∈ S and the (u�) rule has
not yet been applied to ψ ∈ S

2. S →u 6� S ∪ {〈a:C 6� c〉 ∨ 〈a:D 6� c〉}
if ψ = 〈a:C uD 6� c〉 ∈ S and the (u 6�) rule has
not yet been applied to ψ ∈ S

3. S →t� S ∪ {ψ′}
if ψ = 〈a:C1 t C2 � c〉 ∈ S, the (t�) rule



has not yet been applied to ψ ∈ S and
ψ′ =

∨
(c1,c2)∈DL(c) 〈a:C1 � c1〉 ∧ 〈a:C2 � c2〉

4. S →t 6� S ∪ {ψ′}
if ψ = 〈a:C1 t C2 6� c〉 ∈ S, the (t 6�) rule
has not yet been applied to ψ ∈ S and
ψ′ =

∧
(c1,c2)∈DL(c)(〈a:C1 6� c1〉 ∨ 〈a:C2 6� c2〉)

5. S →∀� S ∪ {ψ′}
if {〈a:∀R.C � c〉, ψc} ⊆ S, ψ = 〈(a, b):R � ¬c〉,
the (∀�) rule has not yet been applied in
S to the pair (〈a:∀R.C � c〉, ψ) and ψ′ =∨

(c1,c2)∈DL(c)\{(c,f)} 〈(a, b):R � ¬c1〉 ∧ 〈b:C � c2〉

6. S →∀6� S ∪ {ψ′}
if ψ = 〈a:∀R.C 6� c〉,∈ S, the (∀ 6�) rule has
not yet been applied to ψ ∈ S and ψ′ =∧

(c1,c2)∈DL(c) 〈(a, b):R 6� ¬c1〉 ∨ 〈b:C 6� c2〉, for a

new constant b

7. S →∃� S ∪ {〈(a, b):R � c〉 ∧ 〈b:C � c〉}
if ψ = 〈a:∃R.C � c〉 ∈ S, b new constant and the
(∃�) rule has not yet been applied to ψ ∈ S

8. S →∃6� S ∪ {ψ′}
if {〈a:∃R.C � c〉, ψc} ⊆ S, ψ = 〈(a, b):R 6� c〉, the
(∃6�) rule has not yet been applied in S to the pair
(〈a:∃R.C � c〉, ψ) and ψ′ = 〈b:C 6� c2〉).

Some of the above rules deserve some expla-
nation. The (t�) rule is a generalization of
the classical disjunction rule. The main dif-
ference is that, depending on the lattice L,
there may be more than the usual two branches
(likely as many as |DL(c)|). For instance, in
LB, a constraint 〈a:C1 t C2 � t〉 ∈ S may
give rise to four branches, each containing
〈a:C1 � t〉, 〈a:C2 � t〉, 〈a:C1 � i〉 ∧ 〈a:C2 � u〉
and 〈a:C1 � u〉 ∧ 〈w:C2 � i〉, respectively. Note
that if L is a total order then there are at most
two branches. The (t6�) rule is derived from
the (t�) rule. The ∀� is a specialization of the
(t�) rule as well and is a generalization of the
classical rule for ∀. Indeed, according to the se-
mantics of L-ALC, 〈a:∀R.C � c〉may be viewed
as a disjunction and with decomposition rule

• S →∀′�
S ∪ {〈(a, b):R � ¬c1〉, 〈b:C � c2〉}

if 〈a:∀R.C � c〉 ∈ S, b occurs in S and (c1, c2) ∈
DL(c)

But, observing that (c, f) ∈ DL(c), we obtain a
constraint set S containing ψ = 〈(a, b):R � ¬c〉
(e.g., in the classical L{t,f}, with c = t, we have
〈(a, b):R � f〉 ∈ S). This constraint can only
be clashed if S contains a conjugate to ψ (e.g.,
in the classical case 〈(a, b):R � t〉 must be in
S). This motivates the ∀� rule as a refinement
of the above ∀′� rule. Note that the (∀6�) rule
can be worked out by a similar argumentation,

by relying on the (t6�) rule, and is left to the
reader.

A constraint set S is complete if no rule is ap-
plicable to it. A complete set S2 obtained from
a set S1 by applying the above rules is called a
completion of S1. Note that more than one com-
pletion can be obtained. It can be verified that
for safe certainty lattices, the above calculus has
the termination property, i.e. any completion of
a finite set of L-constraints S can be obtained
after a finite number of rule applications.

Example 1 Consider LB. Consider Σ =
{〈a:∃R.C � t〉, 〈a:∀R.D � t〉} and let ψ =
〈a:∃R.(C uD) � t〉. Let us show that Σ |=L ψ,
by proving that S = Σ∪{¬〈a:∃R.(C uD) � t〉}
is unsatisfiable. By applying the rules, we have
the following sequences.

(1) 〈a:∃R.C � t〉 Hypothesis:S
(2) 〈a:∀R.D � t〉
(3) 〈a:∃R.(C uD) 6� t〉
(4) 〈(a, b):R � t〉, 〈b:C � t〉 (∃�): (1)
(5) 〈b:D � t〉∨ (∀�): (2), (4)

(〈(a, b):R � u〉 ∧ 〈b:D � i〉)∨
(〈(a, b):R � i〉 ∧ 〈b:D � u〉)

(6) 〈b:C uD 6� t〉 (∃6�): (3), (4)
(7) 〈b:C 6� t〉 ∨ 〈b:D 6� t〉 (u 6�): (6)
(8) 〈b:C 6� t〉 (∨): (7)
(9) clash (4), (8)

(10) 〈b:D 6� t〉 (∨): (7)
Ω1 | Ω2 | Ω3

where the sequences Ωi are defined as follows:
for Ω1 we have
(11) 〈b:D � t〉 (∨): (5)
(12) clash (10), (11)

for Ω2 we have
(13) 〈(a, b):R � u〉 ∧ 〈b:D � i〉 (∨): (5)
(14) 〈(a, b):R � u〉, 〈b:D � i〉 (∧): (13)
(15) clash (4), (14)

while for Ω3 we have
(16) 〈(a, b):R � i〉 ∧ 〈b:D � u〉 (∨): (5)
(17) 〈(a, b):R � i〉, 〈b:D � u〉 (∧): (13)
(18) clash (4), (17)

Soundness and completeness of the calculus can
be shown.

Proposition 3 For a safe certainty lattice L,
a finite set of L-constraints S is satisfiable iff
there exists a clash free completion of S. a

Proof: [Sketch] Given the termination prop-
erty, it is not difficult to show by case anal-
ysis on rule applications, that the above rules
are sound, i.e. if S is satisfiable then there is a
satisfiable completion S′ of S and, thus, S′ con-
tains no clash. For instance, let us show that
the (t�) rule is sound. Assume that I satisfies



〈a:C1 t C2 � c〉 ∈ S. Let us show that there
is (c1, c2) ∈ DL(c) such that I satisfies both
〈a:C1 � c1〉 and 〈a:C2 � c2〉. By assumption,
(C1 t C2)

I(aI) � c, i.e. C1
I(aI)⊕C2

I(aI) � c.
Therefore, (C1

I(aI), C2
I(aI)) ∈ {(c1, c2): c1 ⊕

c2 � c}. As a consequence, there is (c1, c2) ∈
DL(c) such that c1 � C1

I(aI), c2 � C2
I(wI),

i.e. I satisfies both 〈a:C1 � c1〉 and 〈a:C2 � c2〉.

Vice-versa, completeness, i.e. if there is a com-
pletion S′ of S containing no clash then S is
satisfiable, can be shown by building an inter-
pretation I from S′ satisfying S. As S ⊆ S′, I
satisfies S. Roughly, given a clash-free comple-
tion S′ of S, for any primitive assertion α, we
collect its lower and upper bound restrictions
in S′: N1[α] = {c : 〈α � c〉 ∈ S′}, and N2[α] =
{c : 〈α 6� c〉 ∈ S′}. N3[α] = {c : 〈α � c〉 ∈ S′},
and N4[α] = {c : 〈α 6� c〉 ∈ S′}. Since S′ is
clash-free, for any primitive assertion α, using
Ni[α], we can find an appropriate c[α] ∈ T
such that the interpretation I, (i) with do-
main ∆I being the set of individuals appear-
ing in S′, (ii) aI = a for all a ∈ ∆I and (iii)
AI(aI) = c[a:A], RI(aI , bI) = c[(a, b):R], sat-
isfies both S′ and S. For instance, suppose
{〈a:A 6� c〉, 〈a:A 6� c′〉} ⊆ S′ and there is no
other constraint in S′ involving a:A. As S′ is
clash-free, these two constraints are consistent,
i.e. there is a solution for x to the set of con-
straints {〈x 6� c〉, 〈x 6� c′〉} and, thus, there is c′′

such that c′′ 6� c and c′′ 6� c′. Hence, in this case
it suffices to chose c[w:A] = c′′. 2

From a computational complexity point of view,
under certain circumstances, which depend on
the particular certainty lattice L, the satisfia-
bility problem is in the same complexity class
(PSPACE-complete [14]) as for ALC. Indeed,
let us indicate with |L| the dimension of repre-
senting L and with |S| the dimension of a con-
straint set S. With combined complexity we in-
tend the complexity w.r.t. |L| + |S|. We have
to ensure that (i) L is safe; (ii) for any set of
L-constraints S and certainty value c, |DL(c)|
is polynomially bounded w.r.t. combined com-
plexity; and (iii) deciding whether a set of L-
constraints S contains a clash can be done in
polynomial space w.r.t. combined complexity.
Condition (i) is required to guarantee termi-
nation, condition (ii) is needed to avoid that
e.g. in the (t6�) too many conjuncts are gener-
ated, while condition (iii) is needed to guaran-
tee that not too much computational resources

are required to decide whether a constraint set
is clash-free or not. We call such lattices ps-
safe (all lattices we have seen, except L′, are
ps-safe).

Proposition 4 The satisfiability is PSPACE-
complete w.r.t. combined complexity of a ps-safe
lattice. a

Proof: [Sketch] We have seen that termination
of the above algorithm is guaranteed. PSPACE-
hardness follows directly from the PSCPACE-
completeness of the satisfiability problem in
ALC and from Proposition 2. As for ALC,
our algorithm, as it is, requires exponential
space due a well know problem: indeed any
completion of S = {〈x:C � c〉}, where C =
(∃R.A11)u(∃R.A12)u∀R.((∃R.A21)u(∃R.A22)u
. . .∀R.((∃R.An1) u (∃R.An2)) . . .) contains at
least 2n + 1 variables. Like in [14], we need
to introduce so-called trace rules: e.g. the cor-
respondent trace rule of the (∃�) rule is

S →T∃� S ∪ {〈(a, b):R � c〉, 〈b:C � c〉}
if 〈a:∃R.C � c〉 ∈ S, b new individual and no
〈(a, b′):R′ � c′〉 is in the current constraint set.

The trace rules relative to the rules (∃6�), (∀�)
and (∀6�) are similar. Assigning priority to all
other rules, it can be shown that (i) a set of con-
straints S is satisfiable iff no trace S′ of S con-
tains a clash; and (ii) the size of a trace S′ of S
is bounded polynomially by |S|+ |L|, and, thus,
the satisfiability problem is in PSPACE. 2

The above result says us that no additional com-
putational cost has to be paid for the major ex-
pressive power (if L is ps-safe, of course).

Concerning the BCVB problem, we may have
a similar algorithm as for fuzzy ALC [16]. In
it, it has been shown that in L[0,1], glb(Σ, α) ∈
NΣ and lub(Σ, α) ∈ 1 − NΣ, where NΣ =
{0, 0.5, 1} ∪ {c : 〈α ≥ c〉 ∈ Σ} ∪ {1 − c :
〈α ≤ c〉 ∈ Σ} and 1 − NΣ = {1 − c : c ∈ NΣ}.
Therefore, after determining NΣ (complexity
O(|Σ|), |NΣ| ≤ |Σ|) and ordering NΣ (complex-
ity O(|NΣ| log |NΣ|)), we can compute the glb
by means of O(log |NΣ|) entailment tests. It
is easily verified that the above method works
for any total ordered lattice as well (we have to
consider the certainty values appearing in the
knowledge base only). In general, this is not
true, as e.g. a disjunction 〈a:C1 t C2 � c〉 ∈ S
may require to take into account the values
in DL(c) as well. It is still an open problem
whether we can find, for any safe lattice L and



a L-KB Σ, a set of certainty values NΣ such
that |NΣ| is polynomially bounded by |Σ|+ |L|
and glb(Σ, α) ∈ NΣ. Anyway, for any ps-safe
lattice L = 〈T ,�〉 we still may apply a sim-
ple iterative approximation algorithm for de-
termining the glb: let T0 = T and c̄: = f .
For j = 0, 1, 2, . . . (i) take a value c ∈ Tj ; if
there is no such value then set glb(Σ, α):= c̄
and exit; (ii) if Σ |=L 〈α � c〉 then set c̄: = c
and Tj+1 = Tj \ ({c′: c′ 6� c̄} ∪ {c}), otherwise
Tj+1 = Tj \ {c′: c′ � c}; (iii) go to step (i).
Of course, the speed of convergence depends on
the ‘goodness’ of the chosen value c in step (i).
Then algorithm for the lub is similar.

5 Conclusion

We have presented a DL framework for the man-
agement of uncertain information. Our main
feature is that a sentence is not just true or false
like in classical DLs, but certain to some degree,
where the certainty value is taken from a cer-
tainty lattice. Syntax, semantics and a sound
and complete tableaux algorithm for reasoning
in it have been presented. The complexity re-
sults shows that the additional expressive power
has no impact from a computational complex-
ity point of view, under plausible assumptions
over a certainty lattice. This is especially im-
portant as the nice trade-off between computa-
tional complexity and expressive power of DLs
contributes to their popularity.

A primary future task is to develop a reasoner.
While a calculus has been provided in this pa-
per, it still remains an open issue whether to
implement a reasoner from scratch or to take
advantage of already existing DL reasoners, like
RACER 8 or FACT 9 (i.e. to provide a trans-
lation of L-ALC into a DL), or to rely on a
many-valued first order reasoner, like 3TAP 10.

A Errata corrige

To guarantee soundness and completeness of the
calculus, we make the following restrictions. We
assume that in the certainty lattice L = 〈T ,�〉
the set of certainty values T is finite. From
a practical point of view this is a limitation
we can live with, especially taking into account

8http://www.cs.concordia.ca/ haarslev/racer/
9http://www.cs.man.ac.uk/ horrocks/FaCT/

10http://i12www.ira.uka.de/∼threetap

that computers have finite resources, and thus,
only a finite set of certainty values can be rep-
resented. In particular, this includes also the
case of the the rational numbers in [0, 1] ∩ Q
under a given fixed precision p a computer can
work with. We point out an error in our early
version, in which we do not rely on this assump-
tion. Without it, the results in this paper do not
hold.

References

[1] F. Baader, D. Calvanese, D. McGuinness, D. Nardi,
and P. F. Patel-Schneider, editors. The Description
Logic Handbook: Theory, Implementation, and Ap-
plications. Cambridge University Press, 2003.

[2] N. D. Belnap. A useful four-valued logic. In Mod-
ern uses of multiple-valued logic, pages 5–37. Reidel,
Dordrecht, NL, 1977.

[3] R. M. da Silva, A. Eduardo C. Pereira, and
M. A. Netto. A system of knowledge representa-
tion based on formulae of predicate calculus whose
variables are annotated by expressions of a fuzzy
terminological logic. In Proc. of IPMU, Number
945 in LNCS. Springer-Verlag, 1994.

[4] T. R. Giugno and T. Lukasiewicz. P-SHOQ(D):
A probabilistic extension of SHOQ(D) for proba-
bilistic ontologies in the semantic web. In Proc. of
JELIA, Number 2424 in LNCS. Springer-Verlag,
2002.

[5] J. Heinsohn. Probabilistic description logics. In
R. Lopez de Mantara and D. Pool, editors, Proc. of
UAI, pages 311–318, 1994.

[6] B. Hollunder. An alternative proof method for pos-
sibilistic logic and its application to terminological
logics. In Proc. of UAI, 1994.
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