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Abstract

Multimedia Information Retrieval (MIR), i.e. the retrieval of those multimedia objects of a
collection which are relevant to a user information need, is an intensively investigated re-
search area. It involves research from several fields of computer science, notably, Information
Retrieval, Image Retrieval, Audio Retrieval, Video Retrieval, the Database community and
Artificial Intelligence. This variety reveals that many different aspects are involved in MIR,
each requiring a specific background and methodology, and that there may be different ap-
proaches not only within the same discipline, but also across different ones.

A principled approach to the description of a MIR model requires the formal specification
of three basic entities of retrieval: (i) the representation of multimedia objects; (ii) the
representation (called query) of a user information need; and (iii) the retrieval function,
returning a ranked list of objects for each information need.

We believe that any MIR model should address the bidimensional aspect of multimedia
objects: that is, their form and their semantics (or meaning). The form of an object is a
collective name for all its media dependent features, whereas the semantics of an object is a
collective name for those features that pertain to the slice of the real world being represented,
which exists independently of the existence of a object referring to it. Unlike form, the
semantics of an object is thus media independent.

Corresponding to these two dimensions, there are three categories of retrieval: one for
each dimension (form-based retrieval and semantics-based retrieval) and one concerning the
combination of both of them. Form-based retrieval methods automatically create the object
representations to be used in retrieval by extracting features from multimedia objects, such
as the number of occurrences of words in text, colour distributions in images, and video frame
sequences in videos. Semantics-based retrieval methods rely on a symbolic representation of
the aboutness of multimedia objects, e.g. “this image is about a girl”. That is, descriptions
formulated in some suitable formal language. User queries may thus address both dimensions,
e.g. “find images about girls wearing clothes with a texture like this”. In it, the texture
addresses an image feature (form), whereas the aboutness addresses the meaning of an image
(semantics).

Despite the fact that several MIR models have been proposed, there has been little work
done in proposing MIR models in which all three categories of retrieval are tackled in a prin-
cipled way. Not surprisingly, promising models involve the so-called logic-based approach
to information retrieval. This thesis is a contribution in this direction. Indeed, we will pro-
pose an object-oriented data model for representing medium dependent features of multimedia
objects (form properties) and a four-valued fuzzy horn description logic for representing mul-
timedia object’s semantics and domain knowledge (medium independent features -semantic
properties). In particular, the logic is characterised by (i) a description logic component
which allows the representation of the structured objects (of interest) in the real world; (ii) a



horn rule component which allows us to reason about structured objects; (iii) a non-classical,
four-valued semantics which allows us to deal with possible inconsistencies arising from the
representation of document semantics; (iv) a fuzzy component which allows for the treatment
of the inherent imprecision in multimedia document representation and retrieval. Retrieval is
then defined in terms of logical entailment, where the object-oriented data model hase been
integrated within the logic.

The rational of the above choices relies on the fact that the principles of object-oriented
design, namely aggregation, classification and generalisation, have been widely used in the
context of multimedia object representation, revealing its appropriateness for representing
medium depended features. In contrast, the components of the proposed logic have been
thoroughly investigated and a wide range of results, automated reasoning techniques, and
systems are available which makes the model a viable tool for practical use in the context of
MIR.

The main feature of the model is that all three above-mentioned categories of retrieval
are addressed in a formal, flexible and extensible framework. The model allows us to repre-
sent both form properties and semantic properties of multimedia data, combining in a neat
way different techniques –notably database techniques and semantic information processing
(knowledge representation and reasoning), with the aim of developing intelligent multimedia
retrieval systems.
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Chapter 1

Introduction

1.1 Motivation

The great improvements in hardware, software and communication technologies achieved in
the last years have radically changed the way in which information is produced and made
available to computer users. The appearance of multimedia document repositories, (e.g. the
Web) is amongst the most notable change in the information system scenario. Nowadays a
large and increasing number of people attempt to satisfy their information needs by accessing
such repositories, a task to which they devote a non-negligible share of their time and which
has a critical impact on the quality of their work. So, it is not surprising that Multimedia
Information Retrieval (MIR), i.e. the retrieval of those multimedia documents of a collection
which are relevant to a user information need, has become an intensively investigated research
area.

To this end, research has been carried out leading to the definition of numerous multime-
dia retrieval models, prototype systems and, to date, some commercial systems. A primary
feature which characterises MIR is that it involves research from several fields of computer
science. Just to mention the main streams, work on MIR has been carried out within Informa-
tion Retrieval, Image Retrieval, Audio Retrieval, Video Retrieval, the Database community
and, notably, some subfields of Artificial Intelligence like Knowledge Representation and Rea-
soning and Machine Learning. This variety reveals that many different aspects are involved in
MIR, each requiring a specific background and methodology, and that there may be different
approaches not only within the same discipline, but also across different ones.

A MIR system is composed of several subsystems, but the heart of the system is always the
retrieval engine it is based on. A principled approach to the design of a retrieval engine should
always start from the identification of a suitable retrieval model, i.e. of a formal specification
of the three basic entities of retrieval:

• the representation d of multimedia documents D;

• the representation q (called query) of users’ information needs Q; and

• the retrieval function R, assigning a set of documents d to each information need q.

More often than not, to each retrieved document d w.r.t. a query q a degree of (system) rele-
vance is given, called retrieval status value (denoted by RSV (d, q)), indicating the confidence
the system has in being a document d relevant to the query q.

17
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Therefore, we can characterise a retrieval model formally as follows:

• let LDoc be the language for representing multimedia documents D as d ∈ LDoc;

• let LQuery be the language for representing users’ information needs Q as q ∈ LQuery;

• let dc ⊆ LDoc be a collection of documents d ∈ dc,

then a retrieval function R may be seen as a function

R: 2LDoc × LQuery → 2(LDoc×[0,1]), (1.1)

i.e. given a document collection dc and a query q, R(dc, q) returns a set of pairs (d, n), where
to each document d the confidence, n, the system has in being the document d relevant to
the query q is associated, i.e. n = RSV (d, q).

Given a retrieval model, the interaction with a simple MIR system may be described as
follows (see Figure 1.1).

Figure 1.1: A simple MIR system.

• A document D is submitted to the MIR system in order to be stored into the multimedia
document base. Its representation d is manually, semi-automatically or automatically
computed and stored into the document collection dc. A user may help during this
phase.

• A query Q is submitted to the MIR system by a user. Its representation q is determined.
The result list R(dc, q) is shown to the user.

Being more concrete,
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• in Information Retrieval (IR) systems, a text document D and an information need
Q are represented as a vector of weighted terms, i.e. a vector in [0, 1]r, i.e. LDoc =
LQuery = [0, 1]r. The retrieval function R is defined in terms of a similarity function
f(q, d) between a document representation and a query representation. The similarity
function f(q, d) is then determined according to some relatedness measure between
vectors q, d ∈ [0, 1]r, e.g. euclidian distance, cosine, etc. (see e.g. [242] for a text book
on IR and SMART [244, Chapter 4] an example for an IR system);

• in image retrieval systems (see e.g. Virage [44]) an image is represented through auto-
matically extracted low-level features like color histogram, texture and shape. Queries
are images too, i.e. a query could be of the form “find those images from an image
collection similar to a given one” and, thus, are represented through the same set of
features (LDoc = LQuery). The retrieval function R is defined in terms of a similarity
function f between image representations. The similarity function f is then determined
according to some relatedness measure between feature attributes of the images.

Of course, the adequacy of all retrieval models for MIR purposes strongly depends on the
adequacy of their components, LDoc, LQuery and R, where, generally, each of them plays an
equally important role.

We claim that designing retrieval models for MIR is an inherently multidimensional prob-
lem which should involve an appropriate combination of notions and techniques from a number
of different disciplines. For instance, a text is a syntactically correct arrangement of symbols
carrying information with a meaning, called the meaning of the text. In the case of text the
symbols are words and the correctness of their arrangement is fixed by the syntax of natural
language. Similarly, w.r.t. an image, the symbols are color regions, whose disposition in space
may or may not depict a scene; in the latter case the “image” is indeed meaningless, in the
same way a text can be. We thus can characterise documents as having (at least) two or-
thogonal dimensions, that of form (or syntax) and that of semantics (or meaning). The form
of a document is a collective name for all those features of the document that pertain to the
medium that carries the document, and thus, are media dependent, whereas the semantics of
a document is a collective name for those features that pertain to the slice of the real world
being represented, which exists independently of the existence of a document referring to it.
Unlike form, the semantics of a document is thus media independent.

Corresponding to the two dimensions of a document just introduced, there are three cate-
gories of retrieval: one for each dimension (form-based retrieval and semantics-based retrieval)
and one concerning the combination of both of them. The retrieval of information based on
form addresses, of course, the syntactical properties of documents. For instance, form-based
retrieval methods automatically create the document representations to be used in retrieval
by extracting low-level features from documents, such as the number of occurrences of words
in text, or color distributions in images. User queries are themselves documents from which
a representation is constructed which is analogous to those of documents, i.e. LDoc = LQuery.
The document and query representation are then compared with the aim of assessing their
relatedness.

To the contrary, semantics-based retrieval methods rely on a symbolic representation of
the meaning of documents, that is descriptions formulated in some suitable formal language.
Typically, meaning representations are constructed manually, perhaps with the assistance of
some automatic tool.
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The main thrust of this thesis is that a data model for MIR not only needs both dimensions
to be taken into account, but also requires that each of them be tackled by means of the tools
most appropriate to it, and that these two sets of tools be integrated in a principled way. As
a consequence, all the components, LDoc, LQuery and R, of a MIR model have to address this
distinction. In particular, we will view LDoc as a triple

LDoc = (LForm, LSemantics, Interpretation), (1.2)

where

• LForm is a language for representing each “object” (or “part”) of interest in a document
at the form dimension;

• LSemantics is a language for describing the semantics of these objects; and

• Interpretation:LForm → LSemantics is a mapping which associates a meaning descrip-
tion to each “object” of interest at the form level.

Note that the interpretation function is a bridge between the form dimension and the seman-
tics dimension determining the semantical meaning of the relevant objects identified at the
form level. It is well known that interpretation functions are, in general, a subjective and
imprecise matter: e.g. an object in an image can be interpreted in several different ways and
each of these interpretation has its own degree of confidence. The definition of an automatic
interpretation step is rather a hard job. In most cases this step is simply impossible. Never-
theless it is an exciting research topic and some success has been obtained in very specialised
application domains (see e.g. [83, 214]). Therefore, is it not surprising that in most cases this
step is simply done manually.

The main goal of this thesis is to present a MIR model which shows

1. how documents can be represented at the form level, as sets of physical features of the
objects representing a slice of the world;

2. how documents can be represented at the semantics level, as sets of properties of the
real-world objects being represented;

3. how these two representations can be integrated in a principled way; and

4. how the above mentioned three categories of retrieval can be addressed in a simply way.

Our data model is based on mathematical logic in the sense that LSemantics is a logic, LQuery

is a logic too1, the integration between LForm and LSemantics is defined in logical terms and,
consequently, R can be defined in terms of logical entailment. Features of documents per-
taining to form are not represented explicitly in the logic, as they are best dealt with outside
it. However, they impact on logical reasoning through a mechanism of “procedural attach-
ments” [205], which implements the connection between (logical) reasoning about semantics
and (non-logical) reasoning about form, thus allowing a unified logic capable of addressing
both dimensions. In practice, the formalism LForm we have chosen for representing multime-
dia documents at the form level is object oriented [1, 162], as the principles of object-oriented

1More precisely, LSemantics = LQuery.
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design, namely aggregation, classification and generalisation, has widely been used in the
context of multimedia document representation [6, 138, 158, 215, 235, 288, 296], revealing its
appropriateness.

The rational of the above choices relies primarily on the fact that mathematical logic,
among other things, is universally acknowledged as a formal counterpart of natural language,
thus the most apt tool to make concepts precise. In addition, logic has proven most successful
in capturing the essential nature of information systems, and a MIR system, as expected, is
no exception. More precisely, the particular mathematical logic we adopt is based on a
horn extension of Description Logics (DLs – see e.g. [55, 186, 207]). DLs, which can vary
from very small-scale languages to very expressive languages, are contractions of First-Order
Logic (FOL) and have an object-oriented character (facilitating the integration between form
and semantics). In fact, they provide a logical reconstruction of the so-called frame-based
knowledge representation languages, with a simple well-established denotational semantics
in order to capture the meaning of the most popular features of structured representation
of knowledge [15, 59, 61, 58, 64, 101, 207, 286], and, as such, allow the same principles of
object-oriented design (aggregation, classification and generalisation). As a consequence, it
is not surprising that they have been shown to be adequate for modelling a very large class
of facts relevant to information systems [67, 75], and a number of them have also proven to
have decidedly better computational properties than FOL (decidability and, in some cases,
also polynomiality; see e.g. [95]). In sum, DLs represent a thoroughly investigated field, and
a wide range of results and automated reasoning techniques are now known which make them
a viable tool for practical use.

Our MIR model subsumes all approaches developed to date, in the sense that they can
be formalised in our framework. This means that our work is not only a proposal for logic-
based MIR, but can also be viewed as a step forward in developing a unified framework for
the various existing approaches, capturing all kinds of retrieval on multimedia documents
that have been deemed as useful, and therefore investigated in the various areas of computer
science mentioned above. The specific choice we have made in selecting the formalism directly
relates to MIR, and is dictated by the requirement, typical of information modelling, of using
a formalism which is a good compromise w.r.t. the tradeoff between expressive power and
computational complexity (see e.g. [181, 183, 184]).

Our overall endeavour is to be understood as a contribution to the research trail initiated
by van Rijsbergen’s proposal that document retrieval may be identified as logical inference,
i.e. query answering is defined in terms of logical entailment. In his seminal 1986 papers [273,
274], van Rijsbergen argued that an approach combining conditional reasoning and reasoning
about uncertainty should be used, leading to the determination through logical inference
of P (d → q) (“the probability that document d implies query q”) as an estimation of the
probability of relevance of document d to query q.

Moreover, besides the above mentioned facts, the present work brings concrete benefits to
the various actors of the MIR stage:

• to the designer of a MIR system, the model provides the guidelines for the conception of
systems that are able to provide a generalised retrieval service, where the existing forms
of retrieval not only coexist in harmony, but can be combined in any desired manner.
Following these guidelines, and using the appropriate tool that implements the model,
a designer can quickly build a prototype of the system to be developed, and use such a
prototype to test its adequacy to the user’s functional requirements;
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• to researchers working on different aspects of MIR, the model will provide the possibility
of recognising that what they are doing is part of a larger endeavour. Hopefully, this
will increase awareness of the limitations of the current approaches and will stimulate
improvement by integration with complementary approaches. As a further benefit to
researchers, the formal specification of the model, by viewing MIR as a special form
of uncertain implication, may be used as a basis for formal investigations on specific
aspects of MIR, not last the extension to the present model.

1.2 An introductory example

In the following section we characterise the above mentioned concepts, form and semantics
dimensions of multimedia data, form-based retrieval and semantics-based retrieval, through
a concrete example.

We will concentrate our attention on the case of image data only, as it best highlights the
above points. Consider the image in Figure 1.2.

Figure 1.2: Snoopy and Woodstock, sweetly embracing.

It shows Snoopy and Woodstock, sweetly embracing. In the image Snoopy is white,
whereas Woodstock is yellow2. It is well known that Snoopy is a dog, that Woodstock is a
bird and that both dogs as well as birds are animals.

According to our view, it is quite clear that features like color, shape and texture of the
two objects of interest (Snoopy and Woodstock) pertain to the form dimension and are media
dependent. On the other hand, features like “Woodstock is a bird.”, “Snoopy is dog.”, “Dogs
are animals.” and “Birds are animals.” pertain to the semantics dimension, as they describe
a slice of the real world and, thus, are “true” independently of the existence of a document
referring to them. Of course, these features are media independent.

In Figure 1.3, the distinction between form features and semantics features is presented
in more detail. The form dimension is on the left hand side and the semantics dimension
is on the right hand side. Note that, in general, multimedia data contains a large amount
of significant information that cannot easily be managed unless its parts and the logical

2Well, due to the grey scale printing, Woodstock is the darker one. The background is red in the original
picture and plays no role in our example.
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Figure 1.3: Form and semantics dimension in images.

structure between the parts are explicitly represented. This is quite clear for the text case:
e.g. a LATEX typed book [177] has a (automatically computable) logical structure determined
by e.g. chapters, sections, subsections, paragraphs, etc. Generally, the logical structures are
not automatically computable, but mechanisms to explicit them are provided or are desirable.
The logical structures will pertain to the form dimension too. In our example we explicate a
logical structure among some parts of interest: they are identified by the objects o1, o2 and
o3. This means that at the form level we will consider the three objects o1, o2 and o3 and
each of them has an automatically computed set of features pertaining to the form dimension.
From a structural point of view, we specify that o3 is “composed of”, i.e. is an aggregation
of, o1 and o2.

Concerning the semantics dimension, it contains the expressions “Woodstock is a bird.”,
“Snoopy is a dog.”, “Dogs are animals.” and “Birds are animals.”, which constitutes our
background knowledge, and describe some properties about the real world entities Wood-
stock and Snoopy, respectively. The bridge between the form dimension and the semantics
dimension is determined by an interpretation function, which determines the meaning of the
relevant objects identified at the form level. In our example we may interpret o1 and o2 as
Snoopy and Woodstock (represented through the expressions “Snoopy” and “Woodstock”),
respectively, whereas o3 may be interpreted as the event represented through the expression
“Snoopy and Woodstock, sweetly embracing.”. In particular, we may represent these expres-
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sions in logical terms3 as follows: we will use two individual constants, snoopy and woodstock
for representing the two real world entities Snoopy and Woodstock, respectively. We represent
with the three unary predicates Dog(·), Bird(·) and Animals(·), the class of dogs, birds and
animals, respectively. As a consequence, the expressions “Woodstock is a bird.” and “Snoopy
is a dog.”, can be represented through the formulae Dog(snoopy) and Bird(woodstock), re-
spectively. The expressions “Dogs are animals.” and “Birds are animals.” can be represented
through the formulae ∀X.Dog(X) → Animal(X) and ∀X.Bird(X) → Animal(X), respectively.
Finally, the expression “Snoopy and Woodstock, sweetly embracing.” is represented through,
by relying on a binary predicate SweetlyEmbracing(·, ·), the formula SweetlyEmbracing(snoopy,
woodstock). All the above formulae are allowed in our logic4.

We will see that queries expressed in our logic can be arbitrarily complex and, in particular,
can address both the form and the semantics dimension of multimedia data. For instance,
concerning the form dimension we may ask

Find those images in which there is a white identified object.

Such a query involves non-logical reasoning about features at the form level. In particular, a
similarity measure f between colors should be given. In our logic-based framework this query
is formalised through a procedural attachment [205], i.e. a procedure call to the function f
which, for instance, is implemented in a underlying image retrieval system like Virage [44].

Concerning the semantics dimension we may ask

Find those images in which there is an identified object interpreted as
animal.

Here, in order to answer to the above request, it is quite obvious that logical reasoning about
semantics must be performed, i.e. from “Snoopy is a dog” and from “Dogs are animals.” we
infer that “Snoopy is an animal.”. These steps are performed through a theorem prover for
the chosen logic.

Finally, the combination of both may be

Find those images in which there is a white identified object interpreted
as animal, i.e. find those images in which there is a white animal.

which involves both non-logical reasoning about form and logical reasoning about semantics.

1.3 Relation to previous works

In terms of the information used to represent multimedia documents, we can roughly classify
the main approaches into three categories (see e.g. [7]).

Keyword based: In case of media like images, audio and video, the semantics of multimedia
data is described through annotations provided by users, like free text or keywords.

3For ease, we will use FOL.
4Except syntactical differences.
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Feature based: In this case a set of features is directly extracted, i.e. computed, from the
machine readable representation of multimedia data. Typical features are values that
represent either general information, such as, weighted term vector (case text data),
color, texture, shape (case image data), position, motion (case video data), etc. or are
specific for a particular application, such as face recognition, trademarks [288], and
medical images [229]. Feature extraction is either performed through the supervision
and support of a user, or automatically.

Concept based: In this case application domain knowledge is used to interpret a multimedia
object’s semantics. This interpretation leads to the recognition of concepts which are
used to retrieve the object itself. Usually this process is application domain specific and
may require user intervention.

Of course, retrieval systems of the first category are mainly based on manual description of
multimedia objects. In this category fall models like those described in [3, 137, 193, 255, 257].

In the second category, apart from all the various text IR systems, concerning images
there are commercial systems like QBIC [122], Virage [44], and experimental systems such as
Photobook [228] and VisualSeek [258]. For instance, in QBIC [122], global features are color
histogram, global texture and average values of color distribution. Object features include
color, texture and shape. The features associated with shapes are their area, circularity,
eccentricity and axis-orientation. Moreover, queries can be formulated through full image
queries, which are based on global features, or by image prototypes in order to describe
restrictions on objects (e.g. retrieve images with an object “like this”). The retrieval is
performed by measuring the similarity between the query and the image database. Concerning
video data, they are separated into shots, which consist of a set of contiguous frames. Each
shot is represented by a single frame, r-frame, which is treated as a still image: features are
extracted and stored in the database.

Finally, systems and approaches that belong to the third category are e.g. OVID [215],
CORE [288], Infoscopes [158], and [7, 66, 198, 236, 296]. For instance, [7] extends the ap-
proaches taken in CORE and VIMSYS [138, 158]: a multimedia object is represented through
a set of features and concepts, identified through an interpretation process. The same object
may have multiple features and multiple interpretations. The model is object-oriented and
takes the structure of an object into account too, i.e. the composition of a multimedia ob-
ject in terms of other objects can explicitly be represented. More formally, both LForm and
LSemantics are the same object-oriented formalism LO. LQuery is a SQL-like query language
and Interpretation are fuzzy membership functions, assigning a membership degree to an
object w.r.t. a concept. Unfortunately, in [7], as in almost all MIR models, the distinction
between form dimension and semantics dimension has been not clearly defined, i.e. they are
missing, or both dimensions are undistinguishable5.

Logic, and in particular DLs, has already been used in the context of document semantics
representation and information source description [134, 89, 140, 165, 197, 235, 237, 285]
but they do not address all the document dimensions. As already argued, the retrieval
functionality should be able to address all the document dimensions and, most importantly,
be able to address each dimension in its own modality. In order to fulfil this goal, integration

5As a consequence, e.g. in [7] it is quite simple to get into trouble in submitting queries like “Find objects
which are chapters”. In this case it is not clear whether the retrieved objects are chapters, i.e. structured
objects at the form level, or whether they are objects which are about chapters.
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is a key concept and, indeed, the basis of our approach. In this sense, our framework, which in
a large sense can be classified as belonging to the third category, can be seen as a framework
in which all the current MIR methods can not only be formalised, but coexist in harmony.
In particular, our framework provides the basis for integrating retrieval methods pertaining
to different media and document dimensions.

1.4 Outline

The overall organisation of the work is as follows. The main parts of this work are Part I,
Part II and Part III.

Part I concerns the form dimension of multimedia documents. In particular, we will
formally specify an object-oriented data model for multimedia objects which is general enough
in order to capture all their relevant aspects like, multimedia document structure, features,
etc.

Part II, the heart of this work, presents a logic for representing the semantics of multimedia
objects. This logic will also be the tool for the integration issue. The logic, called fuzzy
Horn-ALC, is characterised by

• a description logic component which allows the representation of the structured objects
(of interest) in the real world;

• a horn rule component which allows us to reason about structured objects;

• a non-classical, four-valued, semantics [48, 182, 217, 222] which allows us to deal both
with (i) possible inconsistencies arising from the representation of document semantics;
and (ii) the caption of a simple form of relevance entailment in query answering [8];

• a fuzzy component which allows for the treatment of the inherent imprecision in multi-
media document representation and retrieval.

In Part II, we will proceed step by step until our final logic is defined in terms of its syntax
and its semantics.

In Chapter 6 an overview on DLs will be given. In Chapter 7 we try to go one step
further in addressing the “conditional reasoning” issue, and propose a modification to the
semantics for DLs in order to try and better mirror in the logic the classic document retrieval
notion of “relevance”. The issue we tackle in particular is that of accepting as indicative of
relevance only those implications d → q in which the premise d contains information relevant
to the conclusion q. This condition is identified as the requirement that evidence supporting
the conclusion be explicitly present in the premise. This switch of focus is accomplished
by abandoning classical logic in favour of relevance logic, which in turn implies abandoning
classical two-valued semantics in favour of four-valued semantics. For readability purposes, we
will first present the semantics within propositional logic, discussing several basic properties,
and then extend it to the DL (first-order) case. We will conclude Chapter 7 by formally
specifying the horn extension of DLs.

The logic defined in Chapter 7 does not allow for the treatment of the imprecision inherent
in multimedia document representation and retrieval. This will be the topic of Chapter 8.
In particular, a fuzzy extension of the logic developed in Chapter 7 will be specified. Chap-
ter 8 follows the organisation of Chapter 7: we will first present our fuzzy extension within
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propositional logic and then we will extend it to the DL case. We will conclude Chapter 8 by
formally specifying our final logic: the logic fuzzy Horn-ALC.

Finally, Part III addresses the integration issue. We will show how reasoning and retrieval
about form and semantics of multimedia objects may be formalised through the logic fuzzy
Horn-ALC defined in Part II.

For all logics presented here, syntax, semantics, and sound and complete reasoning algo-
rithms will be provided. In most cases computational complexity results will be given.

The thesis concludes with Part IV of a chapter containing the contributions of the thesis
and pointers to areas for further work.

One of the first papers that was published on a DL based approach to multimedia docu-
ment retrieval was [201]. In this paper, a description logic, called Mirtl, has been defined
in order to represent structured documents. Document retrieval has been defined in terms of
logical entailment. The connection of this work to our thesis is limited to the idea of using
DLs for multimedia document representation and retrieval. In [203, 266] a four-valued DL
has been presented. [203] shows its usefulness to multimedia document retrieval, whereas in
[266] a Gentzen-style sequent calculus for reasoning in the logic described in [203] is presented
and related computational complexity results have been given. Chapter 7 extends the works
[203, 266] by providing a more powerful DL: from an expressive power point of view horn rules
will be added and more efficient reasoning algorithms will be provided. In [265], a four-valued
fuzzy propositional logic is presented. Chapter 8 inherits some aspects of the propositional
logic defined in [265], but a slightly different fuzzy semantics will be defined: [265] is based
on Gougen’s fuzzy implication, whereas we will adopt the well known Zadeh semantics [298].
Further, some ideas presented in [267], where a classical fuzzy semantics for DLs is presented,
are inherited in Chapter 8 and are substantially modified and extended.

1.5 Conventions

Throughout this thesis we assume that every introduced metavariable has an optional sub-
script or superscript.

The knowledge bases and formulae are always assumed to be finite.
*Sections and *Subsections marked with a single asterisk contain in depth studies on

particular aspects which can be skipped by those who are not interested in such details.
**Sections and **Subsections marked with a double asterisk contain related aspects which

can be skipped, as not necessarily of general interest.
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Chapter 2

Preview

In this part our focus will be given to the definition of a multimedia data model which allows
the representation of multimedia documents along the form dimension.

The model we will present here inherits most of the ideas presented in the literature
(especially [7]) and is based on the representation of multimedia objects through features and
other properties. The aim of the model is to be quite general such that most approaches can
be fit into our model. The easiest way in doing this is to rely on an object-oriented model.

The advantages of the model presented here can be summarised as follows:

• the representation of the structure of multimedia data is allowed. This means that the
composition of multimedia objects in terms of other multimedia objects can be explicitly
be represented, and that restrictions on the structure can be expressed in queries;

• features and their characteristics are not predefined. New features can be created ac-
cording to the application needs. New features can be customised by defining specific
extraction functions and functions for measuring the similarity of the values of the
features.

In order to give a formal foundation of our work, we will formally define the object-oriented
database model we will rely on. This will be the topic of Chapter 3. Chapter 4, the core of
this part, formally specifies the representation of multimedia documents through the object-
oriented model presented in Chapter 3.
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Chapter 3

Preliminaries: an object-oriented
data model

Let us present here some basic definitions about the object-oriented data model we rely on.
These are not meant to be very detailed at all, but are sufficient to let the presentation to be
self contained. For a more detailed and formal presentation see e.g. [1, 162].

Consider an alphabet of atomic types TypeA (denoted by T ), e.g. Integer, String, bool,
float. Given an atomic type T ∈ TypeA, the corresponding set of values is indicated with
Value(T ). For instance, Value(Integer) = {−3,−2,−1, 0, 1, 2, 3}. The set ValueA of atomic
values is

ValueA =
⋃

T∈TypeA

Value(T ). (3.1)

The elements of ValueA are also called constants.
We also assume an alphabet ObjectId of Object Identifiers (OIDs) (denoted by o), an

alphabet Class of Class Names (CNs) (denoted by C), and an alphabet AttrName of
Attribute Names (ANs) (denoted by A). With OID, CN and AN we indicate a set of object
identifiers, class names and attribute names, respectively.

Given ObjectId, the alphabet Value of values (denoted by v) over ObjectId is defined
so that

1. nil, each element of ValueA, and each element of ObjectId are values over ObjectId;
and

2. if v1, . . . , vn are values over ObjectId, and A1, . . . , An are distinct attribute names,
then the tuple [A1:v1, . . . , An:vn] and the set {v1, . . . , vn} are values over ObjectId.

An object is a pair (o, v), where o is an OID and v is a value. For instance,

(o12, [Name:“Umberto Straccia”,Hobby:{“Football”, “Music”}])

is an object.
Objects are grouped into classes. All objects in a class have complex values of the same

type. The type corresponding to each class is specified by the Object-Oriented Data Base
(OODB) schema.
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Types are defined with respect to a given set of class names CN. The set TY of types
(denoted by T ) over CN is defined so that

1. each atomic type is a type, i.e. Integer, String, bool, float, . . . are types;

2. the class names in CN are types;

3. if T is a type, then {T} is a (set) type;

4. if T1, . . . , Tn are types and A1, . . . , An are distinct attribute names, then the tuple [A1:T1,
. . ., An:Tn] is a (tuple) type.

With Type we will indicate the alphabet of types over Class. Just notice the close resem-
blance with types used in the complex value model. For example, the type of object o12
above is the following:

[Name:String,Hobby:{String}].

Generally, one may want to give a name to types e.g. Person. We will write in these cases
C = T , where C is a CN and T is a type. For instance,

Person = [Name:String,Hobby:{String}].

In an OODB schema we associate with each concept name C a type T , C = T , which
dictates the type of the objects in this class. In particular, for each object (o, v) in class C,
v must have the exact structure described by T . Moreover, any such schema includes an ISA
hierarchy among the classes of the schema. The class hierarchy has three components: (i)
a set of classes, (ii) the types associated with these classes, and (iii) a specification of the
ISA relationship between the classes. Formally, a class hierarchy (denoted by CH) is a triple
CH = (CN,=,≺), where CN is the set of class names, = is a type assignment1

=:CN → TY,

where TY is a set of types over CN, and ≺ is a partial order on CN. Of course, in a class
hierarchy the type associated with a subclass should be a refinement of the type associated
with its superclass. For instance, a class Student is expected to refine the information on its
superclass Person by providing additional attributes.

Let CH = (CN,=,≺) be a class hierarchy. An OID assignment over CH is a function π
mapping each class name in CN to a disjoint finite set of OIDs, i.e.

π:CN → 2ObjectId

such that π(C1) ∩ π(C2) = ∅, if C1 �= C2.
The disjoint extension over CH of C1 ∈ CN is π(C1), whereas the extension of C1, denoted

π∗(C1), is

π∗(C1) =
⋃
{π(C2) : C2 ∈ CN, C2 ≺ C1} (3.2)

1We use infix notation. Hence, we will write C = T in place of = (C, T ).
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Hence, if π is an OID assignment over CH, then π∗(C2) ⊆ π∗(C1) whenever C2 ≺ C1. This
should be understood as a formalization of the fact that an object of a subclass C2 may be
viewed also as an object of a superclass C1. Just notice that, unlike many semantic models,
the definition of OID assignment for OODB schemas implies that extensions of classes of an
ISA hierarchy without common subclass are necessary disjoint.

The final ingredient of the generic OODB model are methods. A method has three com-
ponents:

1. a name;

2. a signature;

3. an implementation (or body).

There is no problem in specifying the names and signature of methods in an OODB schema.
To specify the implementation of methods, a language for methods is needed. We do not
consider specific languages in the generic OODB model. Therefore only names and signature
of methods are specified at the schema level.

Let Method be the alphabet of Method Names (MN) (denoted by m). With MET we
indicate a set of method names. Let CH = (CN,=,≺) be a class hierarchy. For a method m,
a signature is an expression of the form

m:C × T1 × . . .× Tn−1 → Tn, (3.3)

where C ∈ CN is a class name and Ti are types over CN. This signature is associated with
class C; we say that method m applies to objects of class C and to objects of classes that
inherit m from C.

Examples of methods of the class Person may be

GetName:Person→ String
GetNameLength:Person→ Integer
GetHobby:Person→ {String}
GetNumberofHobbies:Person → Integer,

and for the object o12 described above may have

GetName(o12) = “Umberto Straccia”
GetNameLength(o12) = 16
GetHobby(o12) = {Football,Music}
GetNumberofHobbies(o12) = 2.

As usual, we assume that for each class C of type [A1:T1, . . . , An:Tn], there are implicit
methods A1, . . . , An each of these are of signature Ai:C → Ti. For instance, for the class
Person there are the two implicit methods

Name:Person → String
Hobby:Person → {String}.

such that
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Name(o12) = “Umberto Straccia”
Hobby(o12) = {Football,Music}.

Let (o, v) be an object of a class C. The application of a method m to (o, v) is also indicated
with o.m. For instance,

o12.Name = “Umberto Straccia”
o12.Hobby = {Football,Music}.

Now, we are ready to define what an object-oriented database is. An Object-Oriented
DataBase (OODB) (denoted by OODB) is a tuple

OODB = (CH,TY,MET, π,OID) (3.4)

where CH = (CN,=,≺) is a class hierarchy, TY is the set of types over CN, MET is a set of
method names m with signature m:C × T1 × . . .× Tn−1 → Tn such that C, T1, . . . , Tn ∈ TY,
π is an OID assignment over CN and OID is a set of objects (o, v) such that

OID = {(o, v): there is unique class C ∈ CN such that
C = T, T ∈ TY, o ∈ π(C) and v ∈ Value(T )}. (3.5)

Essentially, in a object-oriented database the components CN specifies the classes considered,
= specifies the type of the classes, ≺ specifies the hierarchy between the classes, MET specifies
the set of methods of the classes, π specifies the set of instances of each class and OID is the
set of all objects considered.

A particular form of OODB we will consider later on in Part III concerns OODB in normal
form. We will say that an OODB is in normal form iff TY, MET, and OID are in normal
form. A set of types TY over sf CN is in normal form iff it is a set of normal types. A normal
type over sf CN is defined inductively as follows

1. an atomic type T ∈ TypeA is a basic type;

2. a class name C ∈ CN is a basic type;

3. if T is an atomic type or a class name, then {T} is a basic type;

4. a basic type is a normal type;

5. if T1, . . . Tn are basic types and A1, . . . An are attribute names, then [A1:T1, . . . , An:Tn]
is a normal type.

For instance,

[Code:Integer, Info:Person],

where

Person = [Name:String,Age:Integer]

are both normal types. On the other hand side,
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[Code:Integer, Info:[Name:String,Age:Integer]]

is not a normal type.
The set OID is in normal form iff it is a set of normal objects. An object (o, v) is in normal

form iff v is a normal value. A normal value is defined inductively as follows

1. nil or an atomic value v ∈ ValueA is a basic value;

2. an OID o is a basic value;

3. if v1, . . . , vn are atomic values or OIDs, then {v1, . . . , vn} is a basic value;

4. a basic value is a normal value;

5. if v1, . . . vn are basic values and A1, . . . An are attribute names, then [A1:v1, . . . , An:vn]
is a normal value.

It is quite easy to see that there is a strict correlation between normal types and normal
values. Finally, MET is in normal form iff all m ∈ MET are of the form

m:C × T1 × . . .× Tn−1 → Tn,

where C, T1 × . . .× Tn−1 are basic types not being set types, i.e. atomic types or classes.
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Chapter 4

Representing the form

4.1 Model Overview

The model we will adopt inherits the ideas from [2, 7, 81, 140, 297]. Mainly, the model
allows the representation of three types of objects, namely, media data objects, complex
single media objects and complex multimedia objects. Roughly, a media data object represents
the raw multimedia data, like a text, an image, a video and an audio. These are the real
pieces of multimedia data. None of these data contain any specification regarding e.g. their
structure and features. The unstructured media data object can be conveniently structured
by representing portions of it as basic objects and then assembling such basic objects into a
complex objects. For instance, in a book, the sections may be the basic objects which can be
assembled yielding the chapters and the chapters assembled together form the book. These
complex objects are called complex single media objects, as each of their components refers to
the same media data object, e.g. in the book case, each component of a complex object refers
to a piece of text within the same book. The natural generalisation of the concept of complex
object over the same media data object is the extension of the aggregation principle to the
case in which an object could be an aggregation of objects referring to pieces in different
media data objects. For instance, a book made by text parts and images can be represented
through such complex multimedia objects. Similarly, complex multimedia objects allow to
represent HTML documents (see e.g. [279]), in which several media types could be involved.

The overall organisation of this chapter is as follows. In the following section, media data
objects are defined. Section 4.3 addresses the definition of complex single media objects,
whereas Section 4.4 concerns complex multimedia objects. Section 4.5 concludes in defining
a multimedia databases about form as an OODB collecting all types of multimedia objects
defined so far.

4.2 Media data objects

At the lowest level we have the representation of raw multimedia data, like a text, an image,
a video and an audio, which are acquired in some way (scanner, video camera, . . . ). We
simply view raw data as a sequence of bytes B. Typically, a portion of such data contains
information about their physical encoding and the remaining data consists of an unstructured
linear stream of bytes. It is not our interest to investigate how this data is stored and accessed.
The interested reader can consult e.g. [130].
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At first, we assume that there is an atomic type ByteSeq ∈ TypeA whose set of values,
Value(ByteSeq), is the set of sequences of bytes (denoted by B), also viewed as ordered
set of bytes. Moreover, let us assume that there are class names for each media type we
are interested in, i.e. let Media, Text, Image, Video and Audio be class names such that
Text ≺ Media, Image ≺ Media, Video ≺ Media, Audio ≺ Media, . . . . Finally, let Location be a
class name.

A multimedia database is populated by Media Data Objects (MDOs) (denoted by mdo)
which represents multimedia raw data. The definition of media data object is given by the
specification of the class of media data objects MDO:

MDO = [A1:T1, . . . , An:Tn]. (4.1)

Let (o, v) be a media data object (i.e. o ∈ π∗(MDO)). The tuple [A1:T1, . . . , An:Tn] typically
contains the following attributes:

Data:Location. o.Data ∈ Value(Location) specifies the location where the real data is stored.
It could be a pointer, file name, URL, etc. We do not specify the type definition of
Location, which is application dependent. We assume is that there is a method GetData
with signature

GetData: Location→ ByteSeq (4.2)

which given an object (o′, v′), instance of class Location, returns the raw object: GetData(o′)
∈ Value(ByteSeq)), i.e. GetData(o′.Data) ∈ Value(ByteSeq)) is the real multimedia
raw data addressed by (o, v). This attribute is mandatory.

Size:Integer. o.Size indicates the size of the byte sequence o.Data.

CreationDate:Date. o.Data is the creation date of the MDO (o, v). For instance, o.CreationDate
may be “Thu Dec 4 10:00:19 MET 1997”.

MediaType:Media. o.MediaType ∈ Value(Media) is the type of the MDO (o, v). For instance,
o.MediaType = o13, where o13 ∈ π∗(Image) indicates that (o, v) represents an image
given by o.Data.

Format:String. o.Format identifies the format of the encoding o.Data. For instance, o.Format
= “gif” indicates that (o, v) is a gif encoded image. Of course for each media type
T there are several possible encodings. For instance, o.Format may assume one of the
following values ascii, rtf, tex, latex, doc, html, sgml, . . . (case Text), gif, tiff, eps, jpg,
pict, . . . (case Image), mpg, mov, . . . (case Video) and au, mid, aif, wav, . . . (case Video).

Author:String. o.Author identifies the author of the MDO (o, v). For instance, o.Author =
“Umberto Straccia” and o.MediaType = o13 ∈ π∗(Image) indicate that the author of the
image identified by o.Data is “Umberto Straccia”.

Of course, no restrictions are made in principle on the set of attributes of MDO.
Let us conclude this section with a simple example about MDOs and a possible class

hierarchy.
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Figure 4.1: Media data object type taxonomy.

Example 1 Suppose that the set of class names we are considering contains the classes MDO,
TextObject, ImageObject, LatexObject, HtmlObject, GifObject and EpsObject hierarchically or-
ganised as in Figure 4.1, according to their media type and format.
More formally, ≺ is defined as

TextObject ≺ MDO, ImageObject ≺ MDO, LatexObject ≺ TextObject,

HtmlObject ≺ TextObject, GifObject ≺ ImageObject, EpsObject ≺ ImageObject.

The types of the classes are:

MDO = [ Data : Location,
Size : Integer,
CreationDate : Date,
MediaType : Media,
Format : String,
Author : String ]

TextObject = [ Data : Location,
Size : Integer,
CreationDate : Date,
MediaType : Text,
Format : String,
Author : String ]

ImageObject = [ Data : Location,
Size : Integer,
CreationDate : Date,
MediaType : Image,
Format : String,
Author : String ]

LatexObject = [ Data : Location,
Size : Integer,
CreationDate : Date,
MediaType : Text,
Format : Latex,
Author : String ]
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HtmlObject = [ Data : Location,
Size : Integer,
CreationDate : Date,
MediaType : Text,
Format : Html,
Author : String ]

HtmlObject = [ Data : Location,
Size : Integer,
CreationDate : Date,
MediaType : Image,
Format : Gif,
Author : String ]

EpsObject = [ Data : Location,
Size : Integer,
CreationDate : Date,
MediaType : Image,
Format : Eps,
Author : String ]

where Latex = String, Html = String, Gif = String and Eps = String.
Our database contains two MDOs (o1, v1) and (o2, v2) which are objects of the classes

LatexObject and EpsObject, respectively. They are defined as

(o1, [ Data : oL1,
Size : 414,
CreationDate : “Thu Dec 4 10:17:31 MET 1997”,
MediaType : text,
Format : “latex”,
Author : “Straccia” ])

where GetData(oL1) is the text1

\documentstyle{article}
\begin{document}

Don’t worry, be happy.
\end{document}

and

(o2, [ Data : oL2,
Size : 61510,
CreationDate : “Fri Dec 5 11:36:48 MET 1997”,
MediaType : image,
Format : “eps”,
Author : “Straccia” ])

where GetData(oL2) is the image

1For simplicity, in the following we will put the byte sequence into a readable form.
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Of course, other kinds of MDOs, like video and audio, may be defined similarly.

4.3 Complex single media objects

So far, we have described the lowest level of representation, that is the representation of raw
multimedia data. But, a multimedia data contains a large amount of significant information
that cannot easily be managed unless its parts and the logical structure between these parts
are explicitly represented. For instance, a LATEX typed book [177] has a (automatically
computable) logical structure determined by its parts, i.e. chapters, sections, subsections,
paragraphs, etc. More often, the parts and logical structures among themselves are not
automatically computable, but mechanisms to explicit them are provided or are desirable.
For instance, it is desirable to allow to identify a house in a picture by starting to define it
as composed of some basic objects, e.g. the roof, the front, the window and its door.

Object oriented data models are well known to satisfy this kind of desiderata as they allow
the principles of aggregation, classification and generalisation [14]. As it happens in almost all
multimedia models (see e.g. [6, 66, 138, 158, 214, 215, 236, 288, 296]), we allow the description
of a Complex Single Media Object (CSMO) (denoted by csmo). A CSMO is meant to refer
to a relevant portion of data of a given MDO and allows its aggregation with other objects.
For instance, in the book example, the parts of the book (chapters, sections, etc.) may be
modelled as CSMOs, which refer to the corresponding sequence of bytes, and these objects are
related among themselves according the logical structure of the book. Whereas, in the image
example, we have five CSMOs (which refers to five regions/parts of the image): one refers to
the region representing the house, one to the roof, one to the front, one to the window and
one to the door, respectively. Similarly, in case of MDOs of type video and audio, parts are
simply sequences of video frames and timed intervals of audio streams, respectively.

4.3.1 Regions

A CSMO represents a piece of data of a MDO. We will call this piece of data region. The
topic of this section is, thus, to formally specify what we mean with “part” of a text, an
image, a video, etc., which a CSMO refers to.

Let us assume that there is a CN Region, the class of regions, i.e. each object (o, v) of
class Region allows us to identify uniquely a region in a MDO. In practice, each (o, v) encodes
a membership function. The class Region has type

Region = [A1:T1, . . . , An:Tn], (4.3)
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Figure 4.2: Regions in an image.

where A1, . . . , An are attributes useful for determining a region. We also assume that there
is a membership method mµ of the class Region with signature

mµ:Region×MDO× Byte → {0, 1}, (4.4)

where Byte ∈ TypeA is an atomic type such that Value(Byte) is the set of bytes. The
purpose of method mµ is to implement the membership function of a region in a MDO,
i.e. mµ determines whether a give byte belongs to a specified region of a MDO. This can best
be explained by means of the following example.

Example 2 Let us consider the MDO (o2, v) of the class EpsObject specified in Example 1.
Suppose the image (sequence of bytes) GetData(o2.Data) is viewed abstractly as a matrix M
of bytes. A region of it is identified as a submatrix Mk of M , i.e. a region is identified as a
“rectangle” (see Figure 4.2).
It is not important here to know how M is encoded in terms of byte sequence B = o2.Data.
Just let us assume that the class EpsObject has two methods mrow and mcol of signature

mrow:EpsObject× Byte → Integer
mcol:EpsObject× Byte → Integer

which given an object (o, v) of class EpsObject and a byte b ∈ o.Data return b’s row and
column position in the matrix of bytes M , respectively. Of course, in order to identify a
region Mk of M it is sufficient to consider the “coordinates” of the left bottom edge (r1, c1)
and the top right edge (r2, c2) of the matrix Mk. As a consequence, we could define the class
Region having four attributes like:

Region = [R1:Integer,C1:Integer,R2:Integer,C2:Integer]

and a method mµ:Region× EpsObject×Byte → {0, 1}. The method mµ is defined as follows:
let (o, v) be an object of class Region, let (o, v) be an object of the class EpsObject and
let b ∈ o.Data a byte. With Row(b) = mrow(o′, b) we indicate b’s row position and with
Col(b) = mcol(o′, b) we indicate b’s column position. Then
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mµ(o, o′, b) =




1 if both o.R2 ≤ Row(b) ≤ o.R1, and
o.C1 ≤ Col(b) ≤ o.C2

0 otherwise

It is easily verified that region R (set of bytes) identified by o w.r.t. o′ is

R = {b ∈ o′.Data:mµ(o, o′, b) = 1}.

Of course, rather than rectangular regions, other geometrical forms of regions can be defined
as well, like polygons etc. Our model does not impose any particular restriction. Moreover a
class hierarchy of regions can be defined too, like GeometricalRegion ≺ Region, PolygonRegion
≺ GeometricalRegion, CircleRegion ≺ GeometricalRegion, RectangleRegion ≺ PolygonRegion,
SquareRegion ≺ PolygonRegion, and so on. For instance, we may have

RectangleRegion = [R1:Integer,C1:Integer,R2:Integer,C2:Integer],

and

CircleRegion = [Radius:Float,CenterX:Integer,CenterY:Integer],

By relying on the introduced objects, as example, in case of object (o2, v), the region Mk in
Figure 4.2 is identified by the object (oMk

, vMk
) of class RectangleRegion, and is defined as:

(oMk
, [R1: r1,C1: c1,R2: r2,C2: c2])

4.3.1.1 **Topological space of regions

We have seen that a region is viewed as a set (of bytes). Therefore, it is quite useful to assume
that there are methods of the class Region which are typical operations on sets, like union,
intersection, complementation, subregion, superregion, . . . with signature

union:Region× Region×MDO → Region
intersection:Region× Region×MDO → Region
complement:Region×MDO → Region
subregion:Region×MDO → {Region}
superregion:Region×MDO → {Region}
. . .

(4.5)

Of course, these are not meant to be the only existing methods of class Region. Typically, for
each media type there are methods of class Region which automatically, semi-automatically
or manually determine the regions of a MDO. For instance, if a MDO is of class LatexObject
then certainly a large amount of regions (document’s structural parts) can be computed
automatically. In case of images, for instance a method determining the boundaries of objects
in it may help an user to select meaningful regions, and so on.

The above methods are called topological operators. The reason relies on the fact that the
regions referred by CSMOs w.r.t. a MDO determine a topological space.
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Formally, let B ∈ Value(ByteSeq) be a sequence of bytes. A region (denoted by R)
w.r.t. B is any subset R ⊆ B. In order to identify each region R, we assume that each region
R w.r.t. B has a membership function µR:B → {0, 1} such that ∀x ∈ B.µ(x) = 1 iff x ∈ R.
Of course, given a membership function µ w.r.t. B, the region R identified by µ is R = µ(1)−1.

A topology τ on B (see [263, Chapter 5]) is a set of regions τ ⊆ 2B such that

1. B, ∅ ∈ τ,

2. if R1, R2 ∈ τ then R1 ∩R2 ∈ τ , and

3. if Ri ∈ τ for i ∈ I then
⋃

i∈I Ri ∈ τ (I is an arbitrary index set).

A topological space is a pair (B, τ), where B is a byte sequence and τ is a topology on B.
Essentially, with a topology τ on B we will identify the set of relevant regions (parts) of a
byte sequence B, as we will see later on.

Example 3 Examples of topologies are the following:

1. Consider the byte sequence B ∈ Value(ByteSeq). Then τ = {∅, B} is a topology on B,
called the trivial topology on B.

2. Consider the byte sequence B ∈ Value(ByteSeq). Then τ = 2B is also a topology on
B, called the discrete topology on B.

It is an established mathematical practice to present mathematical objects as simple as possi-
ble. Hence, we will represent topologies in terms of topological bases, a subset of the topology
generating it, which may be of practical convenience. Let B ∈ Value(ByteSeq) be a byte
sequence. A set of regions R ⊆ 2B is a topological base on B if

1.
⋃

R∈R R = B, and

2. if R1, R2 ∈ R and x ∈ R1 ∩R2 then there is R3 ∈ R such that x ∈ R3 ⊆ R1 ∩R2.

It is worth noting that a topological base R on B generates a topology τR on B by letting

τR = {R : R = R1 ∪R2, R1, R2 ∈ R}. (4.6)

Example 4 Consider the three regions identified by three circles in Figure 4.3 (we may
imaging that they are regions of an image). Let B be the union of these three circles. These
three regions determine 7 pairwise disjoint subregions R1, R2, . . . , R7. The set

R = {R1,R2,R3,R4,R5,R6,R7}
is a topological base on B.

�

Of course, the class definition for topological bases is quite simple. Consider the CN TopoBase,
the class of topological bases, with type

TopoBase = {Region}, (4.7)

i.e. each object (o, v) of class TopoBase is such that the value v is a set of OIDs of Region
objects, that is v ⊆ π∗(Region).
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Figure 4.3: Topology of regions.

4.3.2 Complex objects

In this section we will define Complex Single Media Objects (CSMO) (denoted by csmo).
Roughly, CSMOs are structured objects (aggregates of objects) with the characteristics that
they refer to the same MDO. For instance, given a MDO of media type image, like the one
identified by (o2, v) in Figure 4.2, we are interested in building a CSMO (o, v) concerning a
face as composed of three parts: one referring to its eyes, one to its nose and another one to
its mouth. A common characteristics of (o, v) is that (o, v) and its parts refer to regions of
the same MDO (o2, v). Essentially, our model supports the aggregation of objects, referring
to regions of the same MDO.

From a formal point of view, we will consider the CN CSMO. The type definition of class
CSMO is quite general and is of the form

CSMO = [A1:T1, . . . , An:Tn]. (4.8)

As for MDO, there are no special restrictions on the number of attributes and the methods
defined for the class CSMO. Essentially, these are application dependent. As we did for MDO,
we describe rather which attributes and methods have to be there and which may be of
interest.

Let (o, v) be a CSMO (i.e. o ∈ π∗(CSMO)). The tuple [A1:T1, . . . , An:Tn] has to contain
the following attributes:

MediaDataObj:MDO. o.MediaDataObj ∈ π∗(MDO) is the MDO identifier pointing to the whole
real data o refers to.

ComposedOf:{CSMO}. o.ComposedOf = {o1, . . . , on} ⊆ π∗(CSMO) is a set of OIDs of CSMOs
which are the “structural components” of o. A restriction on this attribute is that each
component oi and o have to refer to the same MDO, i.e. ∀1 ≤ i ≤ n,

o.MediaDataObj = oi.MediaDataObj. (4.9)

Region:Region. o.Region = or ∈ π∗(Region) is the OID of the object of class Region which
identifies the region (portion of bytes) o refers to. That is, the object (o, v) of class
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CSMO is related to the MDO identified by om = o.MediaDataObj. Its raw data is
B = GetData(om.Data) and the addressed region Ro ⊆ B is the set of bytes

Ro = {b ∈ B:mµ(or, om, b) = 1}. (4.10)

It is worth noting that not necessarily Ro has to be the union of the regions referred
by o’s components. For instance, the CSMO referring to a face is composed of objects
referring to its eyes, its nose and its mouth, but the “union” of these regions does not
necessarily constitutes the region of face. Nevertheless, we impose that Ro has to contain
at least the union of the regions referred by o’s components, i.e.

{b ∈ B:∃oi ∈ o.ComposedOf such that mµ(ori , om, b) = 1} ⊆ Ro, (4.11)

where ori is oi.Region. If not specified otherwise, we assume that the default value of
o.Region is the union of these regions, i.e.

Ro = {b ∈ B:∃oi ∈ o.ComposedOf such that mµ(ori , omdo, b) = 1}, (4.12)

A final remark is that the region addressed by Ro may be the whole data B = GetData(om.Data),
according to the fact that by definition B is a region too.

Let us now present some examples explicating the notions introduced right now.

Example 5 Let us consider the already defined object (o2, v) of class EpsObject. We rely
our example on Figure 4.4.

Consider the CN CIO, the class of complex image objects. We impose that CIO ≺ CSMO,
i.e. a complex image object is a CSMO. CIO is defined as:

CIO = [MediaDataObj: ImageObject,ComposedOf: {CIO},Region:Region].

We have five CSMOs whose OIDs are o3, o4, o5, o6 and o7, respectively, all of which are
of class CIO, i.e. o3, o4, o5, o6, o7 ∈ π∗(CIO). The first four are “atomic” in the sense that
they have no aggregates, i.e. oi.ComposedOf = nil, for 3 ≤ i ≤ 6. Each object (oi, vi) is of
the form

(oi, [MediaDataObj:o2,ComposedOf:nil, Region:ori]),

where ori is the OID of the correspondent region depicted in GetData(o2.Data) in Figure 4.4.
They correspond to the left eye, the mouth, the right eye and the nose of the face, respectively.

The only object which is an aggregation of other CSMOs is the one identified by o7. In
fact, for it o7.ComposedOf = {o3, o4, o5, o6} holds, and thus, (o7, v7) is of the form

(o7, [MediaDataObj:o2,ComposedOf:{o3, o4, o5, o6},Region:or7]),

where or7 is the OID of the correspondent white face region. It is worth noting to observe
that in fact, relying on Equation (4.10),⋃

3≤i≤6

Roi ⊂ Ro7,

according to Equation (4.11).
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Figure 4.4: Complex single media objects involving image data.

Example 6 The following example concerns the case where the media type of the common
MDO is text (and the format is latex).

Consider the CN CTO, the class of complex text objects. We impose that CTO ≺ CSMO,
i.e. a complex text object is a CSMO. CTO is defined as:

CTO = [MediaDataObj:TextObject,ComposedOf: {CTO},Region:TextRegion].

Suppose (o1txt, v1txt) is a MDO of class TextObject such that its raw data B = GetData(o1txt.Data)
is

\documentstyle{book}
\title{Complex objects}

\author{Umberto Straccia}
\begin{document}
\maketitle
\chapter{Media data objects}

In this chapter we will discuss ...
\section{Background}

In this section we will address ...
\chapter{Complex single media objects}
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We have seen that ...
\section{Data model specification}

We are now redy to formally ...
\end{document}

We rely our example on Figure 4.5.

Figure 4.5: Complex single media objects involving text data.

Consider CNs Book, Title, Author, Chapter, and Section, all members of the set class names
CN, and the class hierarchy CH(CN,≺,=) such that

Book ≺ CTO, BookTitle ≺ CTO, BookAuthor ≺ CTO,
Chapter ≺ CTO, Section ≺ CTO.

Then, the definition of the objects in Figure 4.5 is immediate. The OID 02txt is a Book,
i.e. 02txt ∈ π∗(Book), composed of four parts, i.e. 02txt.ComposedOf = {03txt, 04txt, 05txt, 07txt}
: a title, 03txt ∈ π∗(BookTitle), an author, 04txt ∈ π∗(BookAuthor), and two chapters
05txt, 07txt ∈ π∗(Chapter). Each chapter 05txt, 07txt is composed of a section 06txt ∈ π∗(Section)
and 08txt ∈ π∗(Section), respectively.

The examples show that it is rather easy to describe arbitrarily complex text and image
objects and their structural aggregation.
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Finally, the following example shows how video can be represented in our framework.
Rather inventing some new model we will show how an existing model fits into our framework.
The video model of concern is OVID [215].

Example 7 In OVID [215], a data model for video is presented. Essentially, a video is viewed
a sequence of frames (and the contents of the video-frame sequence is described by a tuple
of attribute/value pairs). Complex video objects corresponds to a video-frame sequence. An
interval is represented by a pair (i1, i2), where i1 is the starting frame number and i2 is the
ending frame number and denotes a continuous sequence of video-frames. In OVID, since a
complex video object corresponds to more than one video-frame sequence, a set of intervals is
associated with the corresponding complex video objects. This is because a meaningful scene
does not always correspond to a single continuous sequence of video frames.

We now show how the video model of OVID can be mapped into our framework. At
first, we consider the CN VideoDataObject. VideoDataObject is the class of video data objects.
Hence, we impose that VideoDataObject ≺ MDO and define VideoDataObject as

VideoDataObject = [Data : Location,
Size : Integer,
CreationDate : Date,
MediaType : Video,
Format : String,
Author : String].

Regarding intervals, we consider a CN VideoRegion and impose that VideoRegion ≺ Region.
An interval is a video-frame sequence. Therefore, we define

VideoRegion = [Startframe: Integer,Endframe: Integer].

Moreover, the membership function of video regions has signature

mµ:VideoRegion× VideoObject× Byte → {0, 1},

which given a video region OID ovr and a video object OID ovo, returns the sequence of bytes
corresponding to the video-frame sequence determined by the interval ovr in the video ovo.

Finally, complex video objects are defined in terms of the class CVO. We impose that
CVO ≺ CSMO, i.e. a complex video object is a CSMO. Finally, CVO is defined as:

CVO = [MediaDataObj:VideoDataObject,ComposedOf: {CVO},Region: {VideoRegion}].

Similarly an audio stream, and of course, a relational and an object-oriented database can be
represented.

4.3.3 Media dependent topological operators

In Section 4.3.1 and Section 4.3.1.1 concerned topology on regions, the definition of the class
Region and topological operators (like union, intersection). A characteristics of these methods
is that they are quite general and are media type independent. Besides these topological
operators, additionally any particular media brings with it a set of (application dependent)
specific operators. For instance,
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• if we assume that there is a CN ImageRegion such that ImageRegion ≺ Region and
membership function

mµ: ImageRegion× ImageObject× Byte → {0, 1},

then w.r.t. image regions there could be topological operators (methods) like isLeftof,
isRightof, isAboveof, isBelowof, . . . , with signature

isLeftof: ImageRegion× ImageRegion× ImageObject → [0, 1]
isRightof: ImageRegion× ImageRegion× ImageObject → [0, 1]
isAboveof: ImageRegion× ImageRegion× ImageObject → [0, 1]
isBelowof: ImageRegion× ImageRegion× ImageObject → [0, 1]
. . .

For instance, isLeftof(or1 , or2 , oi) = 1 means that the region identified by or1 is spa-
tially to the left of the region identified by or2 in the image identified by oi, whereas
isLeftof(or1 , or2 , oi) = .8 means that the region identified by or1 is likely to the left of
the region identified by or2 .

• w.r.t. video regions, i.e. video-frames sequences, there could be topological operators
(methods) like before, after, next, previous, . . . , with signature

before:VideoRegion× VideoRegion× VideoObject → [0, 1]
after:VideoRegion× VideoRegion× VideoObject → [0, 1]
next:VideoRegion× VideoObject → VideoRegion
previous:VideoRegion× VideoObject → VideoRegion
. . .

For instance, before(or1 , or2 , ov) = 1 iff the video-frames sequence identified by or1 starts
before of the video-frames sequence identified by or2 in the video identified by oi.

The set of topological operators defined for the class Region and its subclasses is essentially ap-
plication dependent. For some mathematical background about spatial operators and calculi
on regions see e.g. [82, 230].

Finally, we can assume that all these methods m are defined for the class CSMO and its
subclasses too. Most of these can be defined by relying on the Region attribute of class CSMO
and its related method. For instance, for class of complex image objects CIO, isLeftof is a
method of this class with signature

isLeftof:CIO× CIO→ [0, 1],

such that for complex image objects (o1, v1) and (o2, v2) of class CIO,

isLeftof(o1, o2) = isLeftof(o1.Region, o2.Region, o1.MediaDataObject)

whenever the condition o1.MediaDataObject = o2.MediaDataObject holds. Just notice that
the above condition is necessary, as topological spatial relations between regions of different
MDOs are rarely defined. The other topological operators can be defined similarly.

The above example shows us that, in general, methods defined at the MDO level can be
inherited at the CSMO level too.
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4.3.3.1 **Induced topological space of regions

We briefly show that the set of regions of a MDO (o, v), referred by several CSMOs, induces a
topological base on GetData(o.Data). Consider, π∗(CSMO), i.e. the set of all OIDs of complex
single media objects of class CSMO, and π∗(MDO), i.e. the set of all OIDs of media data
objects of class MDO. For each media data object OID om ∈ π∗(MDO), let CSMO(om) be the
subset of π∗(CSMO) such that each CSMO in it refers to the MDO om, i.e.

CSMO(om) = {oc ∈ π∗(CSMO) : oc.MediaDataObj = om}. (4.13)

Let Region(om) ⊆ 2GetData(om.Data) be the set of all regions of GetData(om.Data) referred by
OIDs in CSMO(om), i.e. according to Equation (4.10)

Region(om) = {Roc ⊆ GetData(om.Data) : oc ∈ CSMO(om)}. (4.14)

Example 8 Consider Example 5 and Example 6. Suppose that our data base contains the
two MDOs

π∗(MDO) = {o3, 02txt}

and that

π∗(CSMO) = {o3, o4, o5, o6, o7, 02txt, 03txt, 04txt, 05txt, 06txt, 07txt}.

By definition of Equation (4.13), CSMO(o2) is

CSMO(o2) = {o3, o4, o5, o6, o7},

and thus, from Equation (4.14), Region(o2) is the set of regions Roi, depicted in GetData(o2.Data)
in Figure 4.4, and identified by OIDs ori, where 3 ≤ i ≤ 7:

Region(o2) = {Ro3,Ro4,Ro5,Ro6,Ro7}.

Let Bom = GetData(om.Data). Let Rom ⊆ 2Bom be the set of regions w.r.t. Bom defined as

Rom = {Bom , ∅} ∪ ℘(Region(om)),

where ℘(Region(om)) is the partition of

⋃
Ri∈Region(om)

Ri

into atomic subsets (see Figure 4.3). It can be verified that Rom is a topological base on Bom ,
and the generated topology τRom

on Bom is obtained from Equation (4.6):

τRom
= {R : R = R1 ∪R2, R1, R2 ∈ τRom

}. (4.15)
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4.3.4 Feature attributes

In this section we will address the description of content at the form level, i.e. physical
features of CSMOs. In particular, we will show how content of the form level is represented.
The description of content at the semantics level will be the topic of Chapter 10.

Each CSMO may contain several feature attributes: each of them may be measured
starting from the region the CSMO refers to. Of course, features are media dependent and,
thus, for each media type Text, Image, Video and Audio (see Section 4.2) there is a specific set
of feature types. Therefore, among the attributes A1, . . . , An of the class of CSMOs,

CSMO = [A1:T1, . . . , An:Tn],

there may be some feature attributes Aj of type Tj , where Tj is a feature type of some specific
media.

A feature is mainly characterised by a feature extraction function and by a feature sim-
ilarity function. The feature extraction function extracts and materialises useful intrinsic
properties of a CSMO. Color distributions, shapes, textures (media type: image), mosaiced
video-frame sequences (media type:video) and text index term weights (media type:text) are
examples of features that are extracted from regions. Each extracted feature value has its
own type. The feature similarity function measures the similarity between two feature values
of the same type.

Formally, we will consider CN Feature, the class of all features. Moreover, we will assume
that there is a feature CN for each media type: TextFeature, ImageFeature, VideoFeature and
AudioFeature. These are hierarchically ordered according to:

TextFeature ≺ Feature, ImageFeature ≺ Feature,
VideoFeature ≺ Feature, AudioFeature ≺ Feature.

Finally, for each of the above media dependent feature classes, we assume that there are
feature CNs for each specific feature between the same media type. For instance, w.r.t. images,
ColorDistr, Shape, Texture, . . . , are CNs which are subclasses of the class ImageFeature.

Each feature class is of type

F = [A1:T1, . . . , An:Tn], (4.16)

such that

1. there is a method mext
F , the feature extraction function, with signature

mext
F :MDO× Region→ F ; (4.17)

2. for any object (o, v) of class CSMO, v is the feature value extracted from region o.Region
of the MDO o.MediaDataObj, i.e.

mext
F (o.MediaDataObj, o.Region) = v; and

3. there is a method msim
F , the feature similarity function, with signature

msim
F :F × F → [0, 1] : (4.18)
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given two objects (o1, v1) and (o2, v2) of class F , then msim
F (o1, o2) measures the simi-

larity (according to some similarity measure) between feature values v1 and v2.

Example 9 Following the schema above, a definition of the class of complex image objects
CIO may be:

CIO = [ MediaDataObj : ImageObject,
ComposedOf : {CIO},
Region : RectangleRegion,
HasColor : ColorDistr,
HasShape : Shape,
HasTexture : Texture ],

whereas a definition of the class of complex text objects CTO may be:

CTO = [ MediaDataObj : TextObject,
ComposedOf : {CTO},
Region : TextRegion,
TermFrequency : TermVector ],

where TermVector is a binary vector of weighted terms2, i.e.

TermVector = [TermWeight:Array[1, n] of [0, 1]].

Notice that we assume that there is a similarity function (method) between two features of
the same type. Of course, it is highly desirable that similarity function (or several similarity
functions) comparing CSMOs for similarity are given. Multimedia systems provide such
functions which are used in order to answer the user’s queries. For instance, in an image
retrieval system, the user may provide an image and asks for a ranked list of all images
known to the system to be similar to the given one; in traditional text information retrieval
systems, the user’s query is a text, and the system looks for documents relevant to the user’s
query (here “relevant” is used in place of “similar”). Similarly, in case of video retrieval
systems and speech retrieval systems.

Given two CSMOs (o1, v1) and (o2, v2), instances of the same class C, where C is a
tuple type containing feature attributes/types A1:F1, . . . , An:Fn, then a similarity function is
usually a method of signature

msim:C × C → [0, 1], (4.19)

where msim(o1, o2) strongly depends on the values o1.A1, . . . , o1.An, o2.A1, . . . , o2.An: more
precisely, on the values msim

F1
(o1.A1, o2.A1), . . . , msim

Fn
(o1.An, o2.An). We call the similarity

between CSMOs form similarity as it refers to the form dimension of multimedia data and
the form similarity functions. As we will see in Chapter 10, there may be similarity functions
pertaining to the semantics dimension, which will be called semantics similarity functions.
Essentially, they specify the similarity between concepts, called content similarity.

2Value([0, 1]) is the set of reals in range [0, 1].
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4.4 Complex multimedia objects

So far, we allowed the specification of aggregation of objects which refers to the same MDO.
A natural extension of the aggregation principle is to extend it to the case in which an object
can be the aggregation of objects which refer to regions of different MDOs. Objects of this
type are called Complex Multimedia Objects (CMOs) (denoted by cmo). From a formal point
of view, we consider the CN CMO and that CSMO ≺ CMO, i.e. each complex single media
object is a complex multimedia object. The type definition of class CMO is quite general and
is of the form

CMO = [A1:T1, . . . , An:Tn]. (4.20)

As for CSMO, there are no special restrictions on the number of attributes and the methods
defined for the class CMO. Essentially, these are application dependent. But, one attribute
is mandatory. Let (o, v) be a CMO (i.e. o ∈ π∗(CMO)). The tuple [A1:T1, . . . , An:Tn] has to
contain the following attribute for aggregation:

ComposedOf:{CMO}. o.ComposedOf = {o1, . . . , on} ⊆ π∗(CMO) is a set of OIDs of CMOs
which are the “structural components” of o.

This property may be useful in the case of HTML documents [279]. HTML documents are
structured text documents in which text can be combined with references to images, video,
audio and links to other HTML documents. It might be useful to create an unique object
collecting these three pieces of data together.

Example 10 The following text is a simple HTML document.

<HTML><HEAD>
<TITLE>A Simple HTML Demo Page </TITLE>
</HEAD>
<BODY BGCOLOR="#FFFFFF" TEXT="#000000">

Hi, that’s about Snoopy.
<P>
<IMG SRC="snoopy.jpg" WIDTH="100" HEIGHT="150" ALIGN="BOTTOM" BORDER="0">
<P>

In the above Image, Snoopy and Woodstock are sweetly embraced.
Snoopy likes all sort of activities like Golf, Baseball, daydreaming....
If you are interested in then do not hesitate to go
to the official Snoopy home page.

<A HREF="http://www.snoopy.com"> Go there. </A>
</BODY></HTML>

whose aim is to mix a text with a reference to an image by means of the HTML command
<A HREF="http://www.snoopy.com"> Go there. </A>.

The output of the above document through a HTML browser can be seen in Figure 4.6.
Let us assume that the text region
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Figure 4.6: HTML file viewed from a browser.

In the above Image, Snoopy and Woodstock are sweetly embraced.
Snoopy likes all sort of activities like Golf, Baseball, daydreaming....
If you are interested in then do not hesitate to go
to the official Snoopy home page.

is referred by the CSMO (o1, v1), whereas the CSMO (o2, v2) refers to the whole image
snoopy.jpg3. Notice that

o1.MediaDataObj.MediaType = Text, and
o2.MediaDataObj.MediaType = Image.

Then

(o, [Composedby.{o1, o2}])

is a CMO.

Finally, w.r.t. features, essentially features attributes of an CMO with OID o, composed of
objects with OID o1, . . . , on, are given by the feature attributes of o1, . . . , on. As for CSMO,
there may be a similarity function testing two CMO for similarity: i.e. for each subclass C of
CMO there may be methods of signature

msim:C × C → [0, 1]. (4.21)
3o2.Region refers to the whole image.



58 Chapter 4. Representing the form

It is worth noticing that the concept of CMOs may profitably be used in indexing (at the
form level) CSMOs. In fact, suppose we have an image i about a person. The features
usually extracted from i concern color distribution, texture and shape detection. As it is
quite difficult to retrieve that picture by relying only on image features, often image retrieval
systems provide annotation methods, i.e. an image is annotated with a text describing the
content of the picture, and thus, image retrieval is performed via text retrieval (see e.g. [3,
137, 193, 255, 257]).

It is quite easy to see that the concept of annotated images may be implemented in our
framework in a straightforward way. In fact, we accomplish this through the aggregation
property of CMO. Given the image i, we (i) create an image object (a CIO) (o1, v1) which
refers to the region (or whole image) of the person in i, (ii) create a text object (a CTO)
(o2, v2) which refers to the text describing the image’s content. Thereafter, we create a
complex multimedia object with OID o with aggregates o1 and o2, i.e. we create the CMO

(o, [ComposedOf:{o1, o2}]).

Now, retrieval may be performed through the similarity functions for images, text or the
combination of both. Of course, the above method may be generalised to any kind of CMO,
i.e. it may be used in order to index a CMO through annotations of any media type.

4.5 Multimedia databases about form

Let us recall the main constituents of our simple object-oriented data model for multimedia
data. The main classes (concepts) we introduced are the following.

Media Data Object: An object of class MDO represents the raw multimedia data, like a
text, an image, a video and an audio, which are simply viewed as a sequence of bytes.
As shown in Figure 4.1, there may be a media data object type taxonomy.

Region: An object of class Region represents uniquely a region in a piece of data, i.e. a
portion of data in a MDO. There may be a type taxonomy on regions, representing
different kinds of regions, and topological operators, i.e. methods like union, intersection,
. . .

Complex Single Media Object: An object of class CSMO is a structured object, i.e. an
aggregate of CSMOs, with the characteristics that they rely on the same MDO (see
e.g. Figure 4.4). A CSMO (o, v) represents a region in a MDO which includes the union
of the regions referred by the components of (o, v). The aggregation determines the
structure of the object. There may be a type taxonomy on CSMOs, like Chapter ≺ CTO
and CTO ≺ CSMO, and topological operators, i.e. methods like isLeftof, isRightof, . . . ,
(case image objects). Usually, methods for determining similarity between CSMOs are
provided.

Feature attributes: The form level addresses the description of content in terms of the
usual physical features, like color distribution, shape and texture (case image objects),
which are media dependent. The class of features, Feature, is characterised by a feature
extraction function and by a feature similarity function.
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Complex Multimedia Object: An object of class CMO is a structured object, i.e. an
aggregation of objects which may refer to regions of different MDOs (see e.g. Figure 4.6).
The concept of CMOs is nothing else than a generalisation of the concept of CSMOs to
the case of multiple media. There may be a type taxonomy on CMOs and methods for
determining similarity between CMOs.

Given the classes above, a multimedia database about form (denoted by DBF) is an object-
oriented database (see Equation (3.4)

DBF = (CH,TY,MET, π,OID) (4.22)

where CH = (CN,=,≺) is a class hierarchy, CN is a set of class names which includes those
specified above, TY is the set of types over CN, MET is a set of methods m of classes in CN,
π is an OID assignment over CN and OID is a set of objects (o, v) instances of classes in CN.

4.6 Summary

We have defined the object-oriented multimedia data model we will rely on. Essentially,
we identified three types of data objects through which we will be able to represent all the
relevant information of multimedia data pertaining to the form dimension. Media data objects
represents the raw multimedia data, like a text, an image, a video or an audio. Complex
single media objects allow us to aggregate together parts of a media data object, forming
more complex objects. Finally, complex multimedia objects allow us to aggregate parts of
different media data objects. A collection of media data objects, complex single media objects
and complex multimedia objects forms a multimedia database about form. To complex single
media objects and to complex multimedia objects a semantics may be associated through a
logic which will be defined in the next part of this thesis.
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Part II

A logic for representing the
semantics of multimedia objects
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Chapter 5

Preview

In this part, the heart of our work, we present a logic for representing the semantics of complex
multimedia objects defined in the previous part. The logic will be used as query language
in Part III, too. The presentation of the logic proceeds step by step until our final logic is
defined. The logic, called fuzzy Horn-ALC, is characterised through:

• a Description Logic (DL) component which allows the representation of structured ob-
jects of the real world. In particular, through it we will model the real domain of
interest, i.e. it will define the ontology;

• a horn rule component which allows us to reason about these structured objects;

• a non-classical, four-valued, semantics [48, 182, 217, 222] which allows us to deal both
with (i) possible inconsistencies arising from the representation of document semantics;
and (ii) the caption of a simple form of relevance entailment in query answering [8];

• a fuzzy component which allows the treatment of the inherent uncertainty in multimedia
document representation and retrieval.

In the next chapter, a brief overview on DLs will be given. In Chapter 7 a four-valued seman-
tics will be defined for ALC, a significant representative for DLs. For readability purposes, the
semantics will be given at propositional level first and thereafter extended to the first-order
case. In Chapter 8, a fuzzy extension of the logic developed in Chapter 7 will be specified,
yielding our final logic fuzzy Horn-ALC.

In Appendix C and Appendix D all decision algorithms of the various logics are pre-
sented.
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Chapter 6

An overview on description logics

6.1 Introduction

In the last decade a substantial amount of work has been carried out in the context of
Description Logics (DLs, for short)1. DLs have their origin in semantic networks (e.g. [261])
and frame-based-systems (e.g. [234]). In particular, they are a logical reconstruction of the
so-called frame-based knowledge representation languages, with the aim of providing a simple
well-established Tarski-style declarative semantics to capture the meaning of the most popular
features of structured representation of knowledge [15, 59, 61, 58, 64, 101, 207, 286]. Concepts,
roles and individuals are the basic building blocks of these logics.

• Concepts are expressions which collects the properties, described by means of roles,
of a set of individuals. From a logical point of view, concepts can be seen as unary
predicates, interpreted as sets of objects over a domain, whereas roles are interpreted
as binary predicates. Examples of concepts are Team and Person;

• Roles are considered as binary predicates which are interpreted as binary relations
between the objects over a domain. An example of role is Member which may represent
a relation between a team and the persons belonging to the team.

• Individuals are interpreted as objects in the domain. For instance, a particular member
of a team would be represented by an individual.

In order to build a knowledge base one starts with the definition and construction of the
taxonomy of concepts, by means of specialisations (denoted by C ⇒ D, where C, D are
concepts) using the language connectives (such as intersection, union, role quantification).
An example of specialisation is

DreamTeam ⇒ Team � ∀Member.SuperStar

which specifies that a DreamTeam is a Team such that each Member is a SuperStar.
Also information about individuals can be told through assertions. An assertion states

either that an individual a is an instance of a concept C (denoted by C(a)) or that two
individuals a and b are related by means of a role R (denoted by R(a, b)). Examples of

1Description Logics have also been referred to as Terminological Logics, Concept Logics, KL-ONE-like
languages. The web page of the description logic community is found at address http://dl.kr.org/dl.
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assertions are DreamTeam(chicago) and Member(chicago,jordan). A DL knowledge base is a
set of specialisations and assertions.

Some of the reasoning tasks that a description logic systems supports, are

subsumption checking: typically concepts defined in a knowledge base are structured into
a hierarchy, induced by the subsumption relation and interpreted as set containment: a
concept C subsumes a concept D, iff the set of individuals denoted by the concept D is
a subset of the set of individuals denoted by C, i.e. in symbols D  C. It is a common
opinion that subsumption checking is an important reasoning task in DLs. This has
motivated a large body of research on the problem of subsumption checking in different
DLs [54, 62, 70, 95, 150, 152, 249, 253].

classification : classification is the process to build the is-a relationship, determined by the
subsumption relation, between the concepts defined in the knowledge base;

instance checking: a basic inference task with knowledge bases. It amounts to verify
whether the individual a is an instance of the concept C with respect to the knowl-
edge base Σ, i.e. in symbols Σ |= C(a).

The first DL system was KL-ONE [64]. Nowadays, a whole family of knowledge representa-
tion systems has been build using DLs and for the most of them complexity results for the
subsumption and instance checking algorithm are known. The systems differ with respect to
expressiveness of the DL and the complexity and completeness of the algorithms. Some of the
most used systems nowadays are BACK [227], CLASSIC [59, 58], KRIS [20], LOOM [196],
FACT [151] and CRACK [123].

DL systems has been used for building a variety of applications including (see [91]) sys-
tems supporting software management [90], browsing and querying of networked information
sources [112], knowledge mining [9], data archeology [65], planning [284], learning [175], nat-
ural language understanding [51], clinical information system [134], digital libraries [285],
software configuration management system [300], web source integration [165] and informa-
tion retrieval [197].

Experience in using DLs in applications has also shown that in many cases we would
like to extend the representational and reasoning capabilities of the DL with other types of
reasoning. Therefore, work has begun on extending DLs (see e.g. [11, 31, 96, 149, 157, 176,
185, 202, 250, 251, 264] and Appendix A). This lead to considering DLs as to be attractive
logics in knowledge based applications as they are a good compromise between expressive
power [23, 56, 184] and computational complexity [60, 62, 68, 95, 253, 277].

6.2 A quick look to ALC
The specific DL we employ in our model is the logic ALC, a significant representative of the
best-known and most important family of DLs, the AL family. The reason why we opt for
ALC is that ALC is universally considered the “standard” DL (as much as K is considered the
“standard” modal logic) and is therefore regarded as the most convenient testbed for carrying
out logical extensions and, in general, logical work of an experimental nature. Reverting to
one’s DL of choice may be taken as the very last (and usually straightforward) step in the
development of a logical DL-based model.
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We assume two alphabets of symbols, called primitive concepts and primitive roles. The
letter A will denote a primitive concept and the letter R will denote a primitive role. The
concepts (denoted by C and D) of the language ALC are formed out of primitive concepts
according to the following syntax rules:

C, D −→ A | (primitive concept)
C �D | (concept conjunction)
C !D | (concept disjunction)
¬C | (concept negation)

∀R.C | (universal quantification)
∃R.C (existential quantification)

(6.1)

We will use " (top concept) as a macro for A ! ¬A and ⊥ (bottom concept) as a macro for
A � ¬A.

Description logics have a clean, model-theoretic semantics, based on the notion of inter-
pretation. An interpretation I consists of a non empty set ∆I (called the domain) of domain
objects (denoted by the letter d) and of an interpretation function ·I mapping different indi-
viduals into different elements of ∆I , primitive concepts into functions from ∆I to the set of
truth values {t, f} and primitive roles into functions from ∆I×∆I to {t, f}. The assumption
that different individuals denote different objects of the domain is called the unique name
assumption. In compliance with the style of model-theoretic semantics, the interpretation
of complex concepts and roles is obtained by appropriately combining the interpretations of
their components. The semantics of ALC concepts is the following:

(C �D)I(d) = t iff CI(d) = t and DI(d) = t

(C !D)I(d) = t iff CI(d) = t or DI(d) = t

(¬C)I(d) = t iff CI(d) = f

(∀R.C)I(d) = t iff for all d′ ∈ ∆I , if RI(d, d′) = t then CI(d′) = t

(∃R.C)I(d) = t iff for some d′ ∈ ∆I , RI(d, d′) = t and CI(d′) = t

(6.2)

Notice that "I(d) = t for all d and ⊥I(d) = t for no d.
It can thus be verified that the interpretation of the concept Thesis � ∃Author.Italian

is such that: (Thesis � ∃Author.Italian)I(d) = t iff ThesisI(d) = t and for some d′ ∈ ∆I ,
AuthorI(d, d′) = t and ItalianI(d′) = t, describing the set of Thesises for which there is an
Italian Author.

Note that each concept C and role R can be mapped into an equivalent open first-order
formula FC(x) and FR(x, y), respectively:

FA(x) = A(x) (6.3)
FR(x, y) = R(x, y) (6.4)
FC	D(x) = FC(x) ∧ FD(x) (6.5)
FC
D(x) = FC(x) ∨ FD(x) (6.6)
F¬C(x) = ¬FC(x) (6.7)

F∀R.C(x) = ∀y.FR(x, y)→ FC(y) (6.8)
F∃R.C(x) = ∃y.FR(x, y) ∧ FC(y) (6.9)
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Two concepts C and D are said to be equivalent (denoted by C ≡2 D) when t = CI(d) iff
t = DI(d) for all d ∈ ∆I and for all interpretations I.

This definition allows us to point to some duality in our set of connectives. We may
notice, for instance, that " and ⊥ are dual, i.e. " ≡2 ¬ ⊥; similarly, � is the dual of !, as
(C�D) ≡2 ¬(¬C!¬D), and ∀ is the dual of ∃, as (∀R.C) ≡2 (¬∃R.¬C) (use Equations (6.3)–
(6.9) above).

Sometimes we will consider complex roles according the following
(i) syntax

R, Q −→ P | (primitive role)
R | C | (role restriction)
R ◦Q (role composition)

(6.10)

(ii) semantics

(R|C)I(d, d′) = t iff RI(d, d′) = t and CI(d′) = t

(R ◦Q)I(d, d′) = t iff for some d′′ ∈ ∆I , RI(d, d′′) = t and QI(d′′, d′) = t.
(6.11)

and (iii) first-order transformation

R|C '→ R(x, y) ∧ C(y) (6.12)
R ◦Q '→ ∃z.R(x, z) ∧Q(z, y). (6.13)

Role composition and role restrictions are reduced to basic ALC using the following equiva-
lences:

∃(R ◦Q).C ≡2 ∃R.∃Q.C (6.14)
∀(R ◦Q).C ≡2 ∀R.∀Q.C (6.15)
∃(R|C).D ≡2 ∃R.(C �D) (6.16)
∀(R|C).D ≡2 ∀R.(¬C !D) (6.17)

Notice that more expressive DLs may introduce other concept-forming connectives as well as
role-forming connectives. See Appendix B.

A concept C is in Negation Normal Form (NNF) iff every negated concept occurring in
C has a primitive concept as its argument. It is easily verified that each concept C can be
transformed in linear space into an equivalent concept C ′. Hence, without loss of generality
we will restrict our attention to those concepts already in NNF. Just note that roles all already
in NNF.

Let O be a new alphabet of symbols called individuals, denoted by a and b. An assertion
is an expression of type C(a) (meaning that a is an instance of C), or an expression of type
R(a, b) (meaning that a is related to b by means of R). For instance, the assertion Thesis(d)
states that d is a Thesis, while Author(d,umberto) states that umberto is an author of d. An
assertion made out by a primitive symbol is called a primitive assertion. An assertion made
out by a negated primitive symbol is called a negated primitive assertion. Note that R(a, b)
is always a primitive assertion. Primitive assertions or negated primitive assertions are called
atomic assertions.
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The semantics of assertions is specified by saying that the assertion C(a) (resp. R(a, b))
is satisfied by I iff CI(aI) = t (resp. RI(aI , bI) = t).

Specialisations allow instead to state the existence of a specialisation (“more specific
than”) relation between concepts or between roles. For instance, the specialisation

Father ⇒ Man � ∃HasChild.Child (6.18)

states that a father is a man having at least a child. The semantics of specialisations is specified
by saying that the specialisation C ⇒ D (resp. R1 ⇒ R2) is satisfied by I iff CI(d) = t
implies that DI(d) = t for all d ∈ ∆I (resp. R1

I(d, d′) = t implies that R2
I(d, d′) = t for all

d, d′ ∈ ∆I). We will use metavariables A for assertions and specialisations.
A set Σ of assertions and specialisations will be called a Knowledge Base (KB). With

ΣF we will denote the set of assertions in Σ, whereas with ΣT we will denote the set of
specialisations in Σ.

Often, DLs based systems support only a special form of specialisations. The form of
specialisations they allow is defined as follows. A concept definition is an expression of the
form

A: = C, (6.19)

where A is a primitive concept, called concept name, and C is an ALC concept. The goal of
a concept definition A: = C is to define concept A as being equivalent to concept C, i.e. A
is the name of concept C. Essentially, a concept definition A: = C is a macro which can
be expressed in terms of generic concept specialisations: each occurrence of A: = C will be
replaced by considering both specialisations A ⇒ C and C ⇒ A. An example of concept
definition is the following

PirateMovie: = Movie�
(∀HasMainCharacter.(Pirate � Captain))�
(∀HasMainLocation.SailingShip).

(6.20)

Consider a KB Σ such that ΣT �= ∅. Suppose ΣT contains only concept definitions A: = C
and specialisations of the form A ⇒ C, where A is a primitive concept. We will say that A
directly uses primitive concept B, if either (i) there is a concept definition A: = C ∈ ΣT such
that B occurs in C; or (ii) there is a specialisation A ⇒ C ∈ ΣT such that B occurs in C.
Let uses be the transitive closure of the relation directly uses in Σ. ΣT is cyclic iff there is A
such that A uses A through ΣT .

Finally, we will say that an ALC KB Σ is well formed iff if ΣT �= ∅ then

1. ΣT contains only concept definitions A: = C and specialisations of the form A ⇒ C,
where A is a primitive concept;

2. no A appears more than once on the left hand side of concept definitions or specialisa-
tions in ΣT ; and

3. ΣT is not cyclic.

An interpretation I satisfies (is a model of) a KB Σ iff I satisfies each element in Σ. A KB Σ
entails an assertion C(a) (denoted by Σ |=2 C(a)) iff every model of Σ also satisfies C(a). In
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this case, we will also say that C(a) is a logical consequence of Σ. It is worth noticing that an
assertion R(a, b) is satisfied by all models of Σ iff R(a, b) ∈ Σ. A KB Σ entails a specialisation
C ⇒ D (denoted by Σ |=2 C ⇒ D) iff every model of Σ also satisfies C ⇒ D. In this case,
we say that C is subsumed by D in Σ, and we will write C  Σ

2 D. For example, the concept
Father is subsumed by the concept Man in any KB containing specialisation (6.18). If C is
subsumed by D in an empty KB, we simply say that C is subsumed by D, and we will write
C  2 D. For example, the concept Man � ∃HasChild.Child is subsumed by the concept Man.

The problem of determining whether C �≡2⊥ is called the concept coherence problem; the
problem of determining whether C is subsumed by D is called subsumption problem; the prob-
lem of determining whether C is subsumed by D in Σ is called hybrid subsumption problem;
the problem of determining whether Σ is satisfiable is called knowledge base satisfiability prob-
lem, and the problem of determining whether Σ |=2 C(a) is called instance checking problem.
It can easily be verified that the following relations hold:

C is not satisfiable iff C  2⊥ (6.21)
C satisfiable iff {C(a)} is satisfiable (6.22)

C  2 D iff C � ¬D is not satisfiable (6.23)
C  2 D iff ∅ |=2 C ⇒ D (6.24)
C  2 D iff {C(a)} |=2 D(a) (6.25)
C  Σ

2 D iff Σ |=2 C ⇒ D (6.26)
Σ |=2 C ⇒ D iff Σ ∪ {(C � ¬D)(a)} is not satisfiable (6.27)

Σ |=2 C(a) iff Σ ∪ {¬C(a)} is not satisfiable (6.28)
Σ is not satisfiable iff Σ �|=2 " ⇒⊥ (6.29)
Σ is not satisfiable iff Σ �|=2⊥ (a) (6.30)

As a consequence, all the above problems can be reduced to the knowledge base satisfiability
problem. There exists a well known technique based on constraint propagation, which solves
this problem. The interested reader can consult e.g. [32, 69, 93, 95, 99, 100].

As specified early, given the object-oriented character of DLs and ALC in particular, they
are mainly used in order to model the domain of interest in terms of a taxonomy of concepts
(classes) and their properties.

Example 11 Consider the following taxonomy.

SportsKind ⇒ "
IndividualSports ⇒ SportsKind
TeamSports ⇒ SportsKind
SportsTool ⇒ "
Football ⇒ SportsTool
Basketball ⇒ SportsTool
TennisRacket ⇒ SportsTool
SportsMovie ⇒ "
TeamSportsMovie : = SportsMovie�

(∃KindOfSports.")�
(∀KindOfSports.TeamSports)
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IndividualSportsMovie : = SportsMovie�
(∃KindOfSports.")�
(∀KindOfSports.IndividualSports)

FootballMovie : = TeamSportsMovie�
(∃HasSportsTool.")�
(∀HasSportsTool.Football)

BasketMovie : = TeamSportsMovie�
(∃HasSportsTool.")�
(∀HasSportsTool.Basket)

TennisMovie : = IndividualSportsMovie�
(∃HasSportsTool.")�
(∀HasSportsTool.TennisRacket)

Now suppose that there are two video frame sequences identified by (o1,v1) and (o2,v2), in-
stances of the CVO class specified in Section 4.3, Example 7. Suppose that they are about
basket and tennis, respectively. We may represent the semantics of them through the asser-
tions

(∃Int As.BaskedMovie)(o1), (∃Int As.TennisMovie)(o2)

stating the o1 is interpreted as a basket movie, whereas o2 is interpreted as a tennis movie.
Let Σ be the resulting KB. It is quite easy to verify that

Σ |=2 BaskedMovie ⇒ SportsMovie

stating that a BaskedMovie is a SportsMovie, i.e. SportsMovie subsumes BaskedMovie w.r.t. Σ.
Similarly,

Σ |=2 TennisMovie ⇒ SportsMovie

holds. Therefore, if an user is interested in retrieving movies about sport, it may query Σ
through the query concept

Q = ∃Int As.SportsMovie.

The answer will be the list containing both (o1,v1) and (o2,v2), as

Σ |=2 Q(o1), and
Σ |=2 Q(o2)

hold. Finally, given the query concept

Q′ = ∃Int As.SportsMovie � ∃KindOfSports.IndividualSports,

i.e. “retrieve movies about individual sports”, it follows that

Σ �|=2 Q′(o1), whereas
Σ |=2 Q′(o2),

that is, only (o2, v2) will be retrieved.
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Chapter 7

A four-valued horn description logic

7.1 About relevance logic

To characterise information retrieval, one often relies on the notion of relevance: given a set of
documents and a query, the task of document retrieval is to retrieve those documents, and only
those, whose information content is relevant to the information content of the query (aka user
information need). The centrality of relevance is the main reason why the logical formalisation
of document retrieval is a non trivial problem: what is relevant, that is, is decided by the user
from session to session and from time to time, and is then heavily dependent on judgments
where highly subjective and scarcely reproducible factors are brought to bear [45, 246]. The
possibility of a logical theory of document retrieval is then dependent on the possibility of
giving a formal definition of relevance capable of approximating the operational definition of
relevance given above. In order to do so, it is of fundamental importance to at least identify
part or all of those subjective and contingent factors that contribute to relevance, and wire
them into one’s adopted logic.

In his seminal 1986 papers [273, 274], van Rijsbergen argued that an approach combining
conditional reasoning and reasoning about imprecision should be used, leading to the deter-
mination through logical inference of P (d → q) (“the probability that d implies q”) as an
estimation of the probability of relevance of document d to query q. The rationale of using
conditional reasoning is clear: if we were able to give to a document and a query perfect rep-
resentations d and q of the information content that the user attributes to them, document
retrieval could be seen just as the task of establishing the validity of the formula d → q in
a logic in which “→” mirrors “information containment”. The rationale of using reasoning
about imprecision is also clear: such perfect representations cannot be obtained because of
the above-mentioned elusive character of relevance, and the system can then only make a
subjective estimation of how likely it is that the user will deem the document relevant to her
information need.

Concerning this point, the addition of imprecision on top of a calculus for conditional
reasoning can indeed work as a “correction factor” for bridging the gap between the rigidity
of logical calculi and the flexible, human-centered notion of relevance, as in principle it allows
to fine-tune the system estimation of relevance as a function of contextual factors, user pref-
erences and so on. Moreover, however, that in order to arrive at a successful logical model of
document retrieval some effort should be made in order to wire as much relevance as possible
into the implication connective, i.e. to design a calculus for (without imprecision) conditional
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reasoning where the factors that influence relevance, as perceived by the user, are taken into
account. This will be the topic of this Chapter.

The history of logic has seen a flurry of logics motivated by the need to give a natural
account of the implication connective. Quite interestingly, the accounts proposed by classical,
modal and other logics, have been criticised on the account that they license, as theorems
of the pure calculus, sentences that suffer from fallacies of relevance. In other words, some
conditional sentences are theorems of the given logic even if their premise is not relevant to
their conclusion. For instance, the sentence (α → (β → α)) (asserting that a true proposition
is implied by any proposition) is a theorem of classical logic. And this should strike one as
peculiar, in that the fact that β holds does not have any “relevance” to the fact that α holds.

Among the first to put forth such a criticism, Nelson [210] argued that, in order for any
conditional notion “→” to be adequate, a sentence such as α → β should be valid only if
there be “some connection of meaning between α and β” (and this consideration should strike
the document retrieval theorist as familiar!). To the surprise of many orthodox logicians who
considered these issues to more properly belong to rhetoric rather than logic, the idea of a
“connection of meaning between α and β” (or, more generally, the idea of α being relevant to
β) has been shown to be amenable to formal treatment by a circle of logicians who defined a
class of logical calculi called relevance (or relevant) logics [8, 111]. Relevance logics attempt
to formalise a conditional notion in which relevance is a primary concern. By doing this, they
challenge classical logic and its extensions in a number of ways, i.e. by introducing a new,
non truth-functional connective (denoted by “→”) into the syntactic apparatus of classical
logic, by rejecting some classical rules of inference for classical connectives, and by changing
the notion of validity itself by “wiring” into it considerations of relevance.

Although relevance logics might not be a panacea for all the problems concerning the
logical formalisation of document retrieval, the insights provided by relevance logics are valu-
able to information retrieval. In fact, even a brief analysis of the motivations put forth by
relevance logicians and by document retrieval theorists, respectively, indicates a surprising
coincidence of underlying tenets and purposes (see e.g. [139, Chapter 10]), much beyond the
case of omonimy. Therefore, it seems just natural to think that, if we view retrieval as essen-
tially consisting of a disguised form of logical inference [275], relevance logic and document
retrieval might constitute the theoretical side and the applied side of the same coin. This
eventually calls for the adoption of a relevance logic as the kernel of a full-blown logic for doc-
ument retrieval. Given that the description logic we have presented in the previous chapter is
essentially based on classical logic, we intend to propose the switch to a relevance description
logic.

As with modal logics, there are many relevance logics, each formalising a different notion
of relevance. The relevance logic that seems to best comply with the requirements of the
document retrieval world is the logic Efde, also called the logic of first degree (tautological)
entailments [110]. This consists of the fragment of the famous relevance logics E and R that
deals with first degree entailments only, i.e. pairs of propositional (classical) formulae sepa-
rated by one “→” symbol. This logic seems well suited to formalise a state of affairs in which
both document and query have a boolean representation, and in which the relevance of one
to the other is the parameter of interest. In addition, Efde has a four-valued denotational
semantics (independently developed by Belnap [47] and Dunn [110]). Compliance with the
denotational approach makes it amenable to the various extensions (e.g. to reasoning about
imprecision) needed for modelling document retrieval. The logic Efde has also been investi-
gated from the standpoint of its computational properties: while decision in the general case
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Figure 7.1: Partition of document collection.

is co-NP-complete [219], whenever α and β are formulae in Conjunctive Normal Form there
exists an O(|α| · |β|) algorithm that tests the validity of α → β [182]. Relevance description
logics based on a four-valued semantics have already proposed by Patel-Schneider for use in
knowledge representation, and have been proven to possess a generally better computational
behaviour than their two-valued analogues [216, 217, 218, 220, 221, 222, 223].

We conclude by noticing that the goal of relevance logic can be reformulated in terms of the
well-known notions of precision and recall [244], too. Precision is the percentage of relevant
documents among the retrieved ones, while recall is the percentage of the retrieved documents
among the relevant ones. If a cut is made through the document collection to distinguish
retrieved documents from non retrieved ones on the one hand as shown in Figure 7.1, the
standard recall R and standard precision P may be defined as

P =
|RETREL|
|RET | (7.1)

R =
|RETREL|
|REL| , (7.2)

where RET = RETREL ∪ RETNREL and REL = RETREL ∪ NRETREL are the retrieved
documents and the relevant documents in the collection, respectively.

In other words1,

1|S| is the cardinality of set S.
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P = P (REL|RET) =
|REL ∩ RET|

|RET| (7.3)

and

R = P (RET|REL) =
|REL ∩ RET|

|REL| , (7.4)

respectively.
Let RETCl be the set of retrieved documents through classical logic, and RETR be the

set of retrieved documents with respect to a relevance logic. It can be shown that according
to four-valued semantics, RETR ⊂ RETCl holds.

The empirical assumption of relevance logics is that a document d ∈ RETR is more likely
to be relevant to the user’s information need, than a document d ∈ RETCl \ RETR, i.e. in
probabilistic terms

P (REL|RETR) ≥ P (REL|(RETCl \ RETR)). (7.5)

Using Bayes’ Theorem, this may be rewritten as

P (REL|RETR) ≥ P (REL|RETCl), (7.6)

which simply says that the probability of a document to be relevant is higher for documents
retrieved by means of a relevance logic than for the ones retrieved according to classical logic,
i.e. we have higher precision. On the other hand, since RETR ⊂ RETCl, it follows easily
that P (RETR|REL) < P (RETCl|REL), i.e. we have less recall. But, the aim of relevance
logics is to define tautological entailment in such a way that only few of the documents of
RETCl \ RETR are really considered relevant. This is expressed by

P (REL|(RETCl \ RETR)) ≈ 0. (7.7)

Consequently,

P (RETR|REL) ≈ P (RETCl|REL) (7.8)

follows, i.e. we have similar recall. The two relations in Equation (7.5) and (7.7) can be
explained through Figure 7.2 below. Equation (7.7) says us that the set NRETRELR is
quite small w.r.t. RETCl \ RETR, i.e. NRETRELR ∪ NRETNRELR. On the other hand,
Equation (7.5) says us that the set NRETNRELR is huge w.r.t. RETCl \ RETR.
Certainly, the relations would probably be subscribed by a relevance logician, but no ”statis-
tical” results, to the best of our knowledge, have been given. It is worth noticing that these
relations can be hopefully verified experimentally on statistically significant large collections
of documents.

7.2 About inconsistencies

It has long been recognised that inconsistencies may easily arise in knowledge based in-
formation processing [48, 110]. This may be due to some rules or data being recorded in
the knowledge base system. Removing inconsistencies from a knowledge base is difficult and
expensive since, as we know, inconsistencies may not lie on the surface and in most cases
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NRETNRELR : not retrieved according relevance logic and not relevant,
retrieved according classical logic and not relevant

NRETRELR : not retrieved according relevance logic and relevant,
retrieved according classical logic and relevant

Figure 7.2: Partition of document collection: classical vs. relevance logic.

there is no single solution to eliminate them. Furthermore, before a knowledge base is even
discovered to be inconsistent, the user might have been using them for quite some time.

Example 12 To be more concrete, in the context of the representation of the semantics of
multimedia data, we may have a fiction video v showing the earth with the sun and moon
moving around it. Now, if there are rules in our knowledge base saying that e.g. “earth is
a planet having only one satellite”, an inconsistency in classical terms arises. Formally, one
could have the following: suppose we use the set Σ1 of first-order formulae

Σ1 = {Satellite(sun),Satellite(moon),Star(sun),
MovingAround(earth, sun),MovingAround(earth,moon)} (7.9)

representing the semantics of video v, and background knowledge Σ2

Σ2 = {∀x∀y.MovingAround(x, y) ∧ Satellite(y)→ Planet(x),
∀x.Planet(x)→ ¬Star(x),
∀x.Satellite(x)→ ¬Star(x),
∀x.Star(x)→ VeryBigObj(x)}

(7.10)

stating that a satellite is moving around a planet, a planet is not a star, a satellite is not a
star and a star is a very big object, respectively. It is quite straightforward to see that Σ1∪Σ2

is inconsistent in classical terms, as both Star(sun) and ¬Star(sun) follows. A consequence
of this inconsistency is that if we are looking for very big objects and formulate the query
through the determination of the set
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{a : a occurs in Σ1 ∪ Σ2, and Σ1 ∪ Σ2 |= VeryBigObj(a)} (7.11)

then the answer set is

AS1 = {earth, sun,moon} (7.12)

which is certainly not what we want. The right answer should be

AS2 = {sun}. (7.13)

It is not immediate how to deal with such kind of situations.

A great deal of research has been devoted to constructing systems that allow reasoning in
the presence of inconsistency. Most of them are based on some kind of multivalued logic (see
[8, 48, 77, 160, 190, 191, 235, 280], to name just a view). These systems avoid to falling
into triviality, i.e. concluding every sentence in the underlying language, in the presence of
inconsistency. They vary in their semantics and, in particular, in their behaviour. So, the
question is: which one is the most appropriate in the case of multimedia document retrieval?

As we will see below, the four-valued semantics developed in [48, 110, 182] not only specifies
a notion of relevance, but has the property to deal with inconsistencies in the right way,
simplifying our formal treatment in the following sections. In fact, consider the inconsistent
set of formulae

Σ = {p,¬p, q, q → r, p → s} (7.14)

where p,¬p, q express the semantics of multimedia objects (see (7.9) above), and q → r, p → s
is some background knowledge (see (7.10) above). According to e.g. [48], from Σ we infer the
facts, q, and both p and ¬p. This last point seems to be correct in the context of multimedia
document retrieval as both p and ¬p represents object’s semantics, and thus, there is no
reason to disregard them. An important point concerns the ability to reason about facts,
i.e. (i) whether from q, q → r we should infer r and (ii) whether from p, p → s we should infer
s. We want to be able to to conclude r from the “safe” fact q, since normal reasoning about
q and r should not be disrupted by the inconsistency in p. According to [182], Σ entails r.
For instance, by considering Example 12 above, we infer e.g. Planet(earth) through the first
rule. Point (ii) is more controversial. Should we infer s from p, p → s notwithstanding there
is an inconsistency about p? In our context the answer is yes. Again, this is motivated by the
fact that the fact formulae represent multimedia object’s semantics, and thus, if an object
has been indexed to be about p and p → s, then the object is about s too, no matter whether
the could be an inconsistency about p. For instance, by considering Example 12 above, from
Star(sun) and ∀x.Star(x) → VeryBigObj(x) we infer, according to [48], VeryBigObj(sun). Just
note that this last inference is not allowed in some systems, like e.g. [191]. In conclusion,
according to [48], we infer correctly the facts {p,¬p, q, r, s}, i.e. in terms of Example 12, the
answer set is AS2.

7.3 Preliminaries: four-valued propositional logic

7.3.1 The logic L and its properties

At first, we start with propositional tautological entailment [8, 47, 48, 182].
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Let L be the language of propositional logic, with connectives ∧,∨ and ¬. We will use
metavariables A, B, C, . . . and p, q, r, . . . for propositions and propositional letters, respec-
tively. Propositions in negation normal form (NNF), Conjunctive Normal Form (CNF) and
Disjunctive Normal Form (DNF) are defined as usual.

The key difference between classical propositional logic and propositional tautological
entailment is that, while the semantics of the former relies on the classical set of truth values
{t, f}, the semantics of the latter relies on its powerset 2{t,f}, which contains the four values
{t}, {f}, {t, f} and ∅. These values may be understood as representing the status of a
proposition in the epistemic state of a reasoning agent. Under this view, if the value of
a proposition contains t, then the agent has evidence to the effect – or beliefs – that the
proposition is true. Similarly, if it contains f , then the agent has evidence to the effect that
the proposition is false. The value ∅ corresponds to a lack of evidence, while the truth value
{t, f} corresponds to the possession of contradictory evidence.

A four-valued interpretation I maps a proposition into an element of 2{t,f} and has to
satisfy the following equations:

t ∈ (A ∧B)I iff t ∈ AI and t ∈ BI

f ∈ (A ∧B)I iff f ∈ AI or f ∈ BI

t ∈ (A ∨B)I iff t ∈ AI or t ∈ BI

f ∈ (A ∨B)I iff f ∈ AI and f ∈ BI

t ∈ (¬A)I iff f ∈ AI and
f ∈ (¬A)I iff t ∈ AI .

(7.15)

It is worth noting that a two-valued interpretation is just a four-valued interpretation I such
that AI is either {t} or {f}, for each A.

Example 13 Consider C = (A∨B)∧ (¬A∨B)∧ (¬A∨¬B). The following table enumerates
the possible models of C.

Models of C A B

I1 {t, f} ∅
I2 {t} {t, f}
I3 {f} {t}
I4 ∅ {t, f}
I5 {t, f} {t}
I6 {t, f} {f}
I7 {t, f} {t, f}
I8 {f} {t, f}

As we can notice, in a four-valued setting there are more models than two-valued models
w.r.t. proposition C. In fact, only I3 is a two-valued model of C.

We might characterize the distinction between two-valued and four-valued semantics as the
distinction between implicit and explicit falsehood: in a two-valued logic a formula is (implic-
itly) false in an interpretation iff it is not true, while in a four-valued logic this need not be
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the case. Note that our truth conditions are always given in terms of belongings ∈ (and never
in terms of non belongings �∈) of truth values to interpretations.

Let I be an interpretation, let A, B be two propositions and let Σ be a set of propositions
(i.e. a knowledge base). I satisfies (is a model of ) A iff t ∈ AI ; A and B are equivalent
(denoted by A ≡4 B) iff they have the same models; I satisfies (is a model of) Σ iff I is a
model of A, for all A ∈ Σ; Σ entails A (denoted by Σ |=4 A) iff all models of Σ are models
of A.

For ease of notation, we will often omit braces, thus writing e.g. A, B |=4 C in place of
{A, B} |=4 C and |=4 A in place of ∅ |=4 A.

Without loss of generality, we can restrict our attention to propositions in NNF only. In
fact, by means of the following equivalences, every proposition A can be transformed in linear
time and space into an equivalent proposition in NNF, denoted by ANNF :

¬¬A ≡4 A (7.16)
¬(A ∧B) ≡4 ¬A ∨ ¬B (7.17)
¬(A ∨B) ≡4 ¬A ∧ ¬B (7.18)

It is easy to see that every proposition A can be put into an equivalent CNF, denoted by ACNF

(similarly for propositions in DNF). In fact, just transform A into an ANNF and thereafter
by applying to ANNF the equivalences (7.19) and (7.20) below we obtain an ACNF .

A ∧ (B ∨ C) ≡4 (A ∧B) ∨ (A ∧ C) (7.19)
A ∨ (B ∧ C) ≡4 (A ∨B) ∧ (A ∨ C) (7.20)

The following relations can easily be verified.

A |=4 ACNF and ACNF |=4 A (7.21)
A |=4 B and B |=4 C implies A |=4 C (7.22)
A ∧B |=4 A and A |=4 A ∨B (7.23)

It is well known that the above Equations (7.21), (7.22) and (7.23) constitutes a simple ax-
iomatization of L (see, e.g. [48]).

In the following we list some properties of L. For each of such cases below, a interpretation
I confirming the property is given.

A ∧ (¬A ∨B) �|=4 B (no modus ponens) (7.24)
AI = {t, f}, BI = ∅

A �|=4 B ∨ ¬B (i.e. no tautologies) (7.25)
AI = {t}, BI = ∅

A ∧ ¬A �|=4 B (i.e. every KB is satisfiable) (7.26)
AI = {t, f}, BI = ∅

Σ |=4 A implies Σ |=2 A (7.27)
every two-valued model of Σ is a four-valued model of Σ
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(7.24) states that modus ponens is not a valid rule of inference (which is certainly an undesired
property), whereas (7.25) and (7.26) states that the so-called paradoxes of logical implication
do not hold, e.g. A∧¬A �|=4 B states that from a classical inconsistent KB not every thing can
be inferred. It is worth noticing that in L every KB is satisfiable. Moreover, a consequence of
the fact that every KB is four-valued satisfiable, the classical relation “A |=2 B iff A∧¬B not
two-valued satisfiable” can not be applied in a four-valued setting, i.e. “A |=4 B iff A∧¬B not
four-valued satisfiable” does not hold, as A∧¬B is four-valued satisfiable. Finally, (7.27) states
that tautological entailment is sound with respect to classical logic, i.e. every inference that
can be drawn within four-valued semantics can also be drawn within two-valued semantics.
In other words, those inferences that conform to four-valued intuitions also conform to two-
valued ones, which means that a two-value-reasoning user does not run the risk of being
offered a conclusion she does not subscribe to. This is a consequence of the fact that the
set of two-valued interpretations is a (proper) subset of the set of four-valued interpretations.
Hence, from (7.25) and (7.27) it follows that |=4⊂|=2.

We conclude this section by pointing out that in e.g. [48] entailment has been defined as
follows: A |=4 B iff for all I,

1. if t ∈ AI then t ∈ BI , and

2. if f ∈ BI then f ∈ AI .

Just note that with respect to our definition of entailment, condition 2 is missing. Notwith-
standing, it is well known that the two definitions are equivalent. This is a direct consequence
of the following proposition.

Proposition 1 In L, A |=4 B iff ¬B |=4 ¬A. �

Proof: We show only A |=4 B implies ¬B |=4 ¬A. The other direction can simply be
obtained by replacing in A |=4 B, A with ¬B and B with ¬A and applying relation (7.16).

Suppose A |=4 B. Assume to the contrary that there is model I of ¬B not being a model
of ¬A. Hence, f ∈ BI and f �∈ AI . Let Ĩ be the following interpretation: for all propositional
letters p, let

t ∈ pĨ iff f �∈ pI

f ∈ pĨ iff t �∈ pI

We show on induction on the numbers of connectives in A that t ∈ AĨ .

A is a literal: Suppose A is a letter. Hence, f �∈ AI implies t ∈ AĨ , by definition. If A is a
literal ¬p, then f �∈ AI implies t �∈ pI . By definition, f ∈ pĨ and, thus, t ∈ AĨ follows.

induction step: Suppose A is C ∧ D. Hence, f �∈ AI implies f �∈ CI and f �∈ DI . By
induction on C and D, t ∈ C Ĩ and t ∈ DĨ follow. Therefore, t ∈ AĨ . The case A is
C ∨D is similar.

In a similar way, it can be shown (by induction on the number of connectives in B) that t �∈ BĨ ,
e.g. if B is ¬C, then from f ∈ BI , t ∈ pI follows, and thus, f �∈ pĨ . Therefore, t �∈ BĨ . As a
consequence, Ĩ is a model of A but not a model of B, contrary to our assumption. Q.E.D.

Hence, if A |=4 B then condition 1 is satisfied and by Proposition 1, condition 2 is satisfied
too (and vice-versa). A simple consequence of the above proposition is the following.
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Proposition 2 In L, A ≡4 B iff ¬B ≡4 ¬A. �

Proof: A ≡4 B iff (A |=4 B and B |=4 A) iff (¬B |=4 ¬A and ¬A |=4 ¬B) iff ¬B ≡4 ¬A.
Q.E.D.

7.3.2 The logic L+ and its properties

In Section 7.3.1 we have seen that modus pones is not a valid inference rule in L (see relation
(7.24). This property is certainly a limitation of L from an inference power point of view.
In this section we will overcome to this limitation by introducing a new connective →. Let
L+ be L extended to the set of propositions of type A → B, where → can be nested. For
instance, (A ∨ (B ∧ C))→ (B ∨ E) is a proposition in L+, so as A → (B → (C ∨ E))

From a semantics point of view, an interpretation I has also to satisfy the following
conditions:

t ∈ (A → B)I iff t ∈ AI implies t ∈ BI

f ∈ (A → B)I iff t ∈ AI and f ∈ BI (7.28)

Notice, that now

A, A→ B |=4 B (7.29)

holds. Most of the properties of L, i.e. (7.16)–(7.27), hold for L+ too. In particular, all L+

KBs are satisfiable. Moreover, the following relations can easily be verified.

¬(A → B) ≡4 A ∧ ¬B (7.30)
(A → B) ∧ (B → C) |=4 A → C (7.31)
(A → B) ∧ (A → C) ≡4 A → (B ∧ C) (7.32)
(A → C) ∧ (B → C) ≡4 (A ∨B)→ C (7.33)

As for L, some properties, which hold in a two-valued framework, do not hold in a L+. For
instance, in the following we list some of these and give also a counterexample interpretation.

A → B �|=4 ¬B → ¬A (7.34)
t ∈ AI and BI = {t, f}

A → B ��|=4 ¬A ∨B (7.35)
AI = BI = ∅

¬A ∨B �|=4 A → B (7.36)
AI = {t, f} and BI = ∅

A → B �≡4 ¬A ∨B (7.37)
AI = BI = ∅

Here, relation (7.34) states that contraposition is not valid in L+.
Further, note that Proposition 1 and Proposition 2 do not hold in L+, e.g. ¬(A → B) |=4

A ∧ ¬B does not imply ¬A ∨B |=4 A → B.
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An axiomatization can simply be obtained by extending the axioms of L with the modus
ponens schema rule (7.29), i.e.

A |=4 ACNF and ACNF |=4 A (7.38)
A |=4 B and B |=4 C implies A |=4 C (7.39)
A ∧B |=4 A and A |=4 A ∨B (7.40)
A, A→ B |=4 B (7.41)

is a sound and complete axiomatization of L+.
Of course, for all two-valued interpretations I (A → B)I = (¬A ∨B)I holds. Hence, in a

two-valued setting A → B is noting else as a macro in place of ¬A ∨B.
Finally, as for the two-valued case, the deduction theorem holds in L+, too.

Proposition 3 In L+, A, B |=4 C iff A |=4 B → C. �

Proof: Straightforward. Q.E.D.

For example, it is easily verified that

A, A→ B, C |=4 B ∧ C iff A, A→ B |=4 C → (B ∧ C) (7.42)

holds. A direct consequence of this fact is that, to the contrary to what happens in L, in L+

there are tautologies. For instance, since A |=4 B → A, from the deduction theorem it follows
that

|=4 A → (B → A). (7.43)

Example 14 Let Σ be the KB

Σ = { Gil→ Adult,
Adult→ Tall,
Karl→ Child,
Child→ Tall
Gil ∨ Karl }.

It can easily be verified that,

Σ |=4 Tall.

7.3.3 The logic Horn-L
We conclude the part about four-valued propositional logic by considering a special case of
the logic L+ on which our final logic is founded: Horn-L.
Horn-L is a restriction of L+ to the case where the implications of the form A → B are

horn rules. Formally, let Horn-L be L extended with horn rules (denoted by R) of the form



84 Chapter 7. A four-valued horn description logic

A ← A1, . . . , An, (7.44)

with n ≥ 1 and A, A1, . . . , An propositional letters. A is called head and A1, . . . , An is called
body.

A fact is any proposition A ∈ L. It is worth noting that e.g. A ∨ (B ∧ ¬C) is a fact: we
do not limit ourself to facts which are horn propositions.

A goal (denoted by G) is an expression of the form

← A1, . . . , An, (7.45)

with n ≥ 0 and A1, . . . , An propositional letters. The case n = 0 is called empty goal and is
indicated with ← .

A query (denoted by Q) is an expression of the form

A1 ∧ . . . ∧An, (7.46)

with n ≥ 1 and A1, . . . , An propositional letters.
A Horn-L KB Σ is a finite set of horn rules and facts. With ΣR ⊆ Σ we indicate the set

of horn rules in Σ and with ΣF ⊆ Σ we indicate the set of facts in Σ. A horn KB is a finite
set of horn rules and horn facts.

We will say that a Horn-L KB Σ is safe iff no head A of a rule R ∈ ΣR appears in ΣF .
For instance, the KB in Example 14 is a safe Horn-L KB, whereas {A∨B, A← B} is not a
safe Horn-L KB (ΣF = {A ∨B}, ΣR = {A ← B} and head A of A ← B appears in ΣF ).

Finally, the definition of recursive Horn-L KBs Σ is as usual: for all horn rules A ←
A1, . . . , An ∈ Σ we will say that A directly uses Ai for all 1 ≤ i ≤ n. Let uses be the transitive
closure of the relation directly uses in Σ. We will say that a Horn-L KB Σ is recursive iff
there is A such that A uses A trough the rules in Σ. The KBs we will interested in are safe
and non recursive Horn-L KBs.

From a semantics point of view, we rely on the semantics of expressions A → B ∈ L+.
Remember that I satisfies A → B iff if t ∈ AI then t ∈ BI . Therefore, an interpretation I

1. satisfies a horn rule A ← A1, . . . , An iff if t ∈ (A1 ∧ . . . ∧An)I then t ∈ AI ;

2. satisfies a goal ← A1, . . . , An iff t �∈ (A1 ∧ . . . ∧An)I and n ≥ 1.

Notice that the empty goal is never satisfied.
An interpretation I satisfies (is a model of ) a Horn-L KB Σ iff I satisfies each element

of it. Satisfiability is extended to an arbitrary set S of horn rules, facts and goals, as usual.
Finally, a Horn-L KB Σ entails a query Q (denoted by Σ |=4 Q) iff every model of Σ satisfies
Q.

Let Q be a query of the form A1 ∧ . . . ∧An. The associated goal of Q (denoted by GQ) is
← A1, . . . , An. It is easily verified that

Σ |=4 Q iff Σ ∪ {GQ} not satisfiable. (7.47)

Just let us mention that in case of horn KB, equivalence between four-valued entailment and
two-valued entailment holds.

Proposition 4 In Horn-L, let Σ be a horn KB and let Q be a query. Then Σ |=4 Q iff
Σ |=2 Q. �
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In the general case where Σ is a Horn-LKB, then Σ |=4 A1∧. . .∧An implies Σ |=2 A1∧. . .∧An,
but not vice-versa. In fact, consider Σ = {¬A ∨B, A}. Then Σ |=2 B, but Σ �|=4 B.

Example 15 Let Σ be the KB

Σ = { Adult← Gil,
Tall← Adult,
Gil }.

It can easily be verified that, Σ is safe, non-recursive, horn and that

Σ |=4 Tall iff Σ |=2 Tall

holds, confirming Proposition 4.

7.4 Four-valued horn ALC
7.4.1 Four-valued ALC
The four-valued semantics for ALC is similar to the four-valued semantics described in [222].

7.4.1.1 Syntax and semantics

Syntax: From a syntax point of view, we refer to the definitions of Section 6.1 about ALC.

Semantics: From a semantics point of view, as usual, the four truth values are the elements
of 2{t,f}. An interpretation I = (∆I , ·I) consists of a non empty set ∆I (the domain of I)
and a function ·I (the interpretation function of I) such that

1. ·I maps every concept into a function from ∆I to 2{t,f};

2. ·I maps every role into a function from ∆I ×∆I to 2{t,f};

3. ·I maps every individual into ∆I ;

4. aI �= bI , if a �= b.

The interpretation function can best be understood as an extension function of two separate
two-valued extensions – the positive extension and the negative extension – defined next.

Given an interpretation I, the positive extension of a concept C (denoted by [[CI ]]+) is
defined as the set {d ∈ ∆I : t ∈ CI(d)}, whereas the negative extension of a concept C
(denoted by [[CI ]]−) is defined as the set {d ∈ ∆I : f ∈ CI(d)}. The positive and negative
extension of a role is defined similarly. It is easily verified that a two-valued interpretation is
an interpretation I such that for every concept C, [[CI ]]− = ∆I \ [[CI ]]+ and for all roles R,
[[RI ]]− = ∆I \ [[RI ]]+. Unlike two-valued semantics, the positive extension and the negative
extension need not to be complement of each other. Domain elements that are members of
neither set are not known to belong to the concept and are not known not to belong to the
concept. This is a perfectly reasonable state for a system that is not a perfect reasoner or
does not have complete information. Domain elements that are members of both sets can be
thought of as inconsistent with respect to that concept in that there is evidence to indicate
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that they are in the extension of the concept and, at the same time, not in the extension of
the concept. This is a slightly harder state to rationalize but can be considered a possibility
in the light of inconsistent information.

The extensions of concepts have to meet certain restrictions, designed so that the formal
semantics respects the informal meaning of concepts and roles.

For example, the positive extension of the concept A�B must be the intersection of the
positive extension of A and B and its negative extension must be the union of their negative
extensions, thus formalizing the intuitive notion of conjunction in the context of the four-
valued semantics.

Let I = (∆I , ·I) be an interpretation. The interpretation function ·I has to meet the
following equations:

[[(C �D)I ]]+ = [[CI ]]+ ∩ [[DI ]]+ (7.48)
[[(C �D)I ]]− = [[CI ]]− ∪ [[DI ]]− (7.49)
[[(C !D)I ]]+ = [[CI ]]+ ∪ [[DI ]]+ (7.50)
[[(C !D)I ]]− = [[CI ]]− ∩ [[DI ]]− (7.51)

[[(¬C)I ]]+ = [[CI ]]− (7.52)
[[(¬C)I ]]− = [[CI ]]+ (7.53)

[[(∃R.C)I ]]+ = [[(¬∀R.¬C)I ]]+ (7.54)
[[(∃R.C)I ]]− = [[(¬∀R.¬C)I ]]− (7.55)

Just notice that the above equations are equivalent to the following reformulation:

t ∈ (C �D)I(d) iff t ∈ CI(d) and t ∈ DI(d) (7.56)
f ∈ (C �D)I(d) iff f ∈ CI(d) or f ∈ DI(d) (7.57)
t ∈ (C !D)I(d) iff t ∈ CI(d) or t ∈ DI(d) (7.58)
f ∈ (C !D)I(d) iff f ∈ CI(d) and f ∈ DI(d) (7.59)

t ∈ (¬C)I(d) iff f ∈ CI(d) (7.60)
f ∈ (¬C)I(d) iff t ∈ CI(d) (7.61)

t ∈ (∃R.C)I(d) iff t ∈ (¬∀R.¬C)I(d) (7.62)
f ∈ (∃R.C)I(d) iff f ∈ (¬∀R.¬C)I(d) (7.63)

It is worth noting that the semantics for the (∃) connective is given in terms of the (∀)
connective (see Equations (7.54) and (7.55)).

For it, we present two different semantics:

Type A: for each d, d′ ∈ ∆I

t ∈ (∀R.C)I(d) iff ∀ e ∈ ∆I , t ∈ RI(d, e) implies t ∈ CI(e)
f ∈ (∀R.C)I(d) iff ∃ e ∈ ∆I , t ∈ RI(d, e) and f ∈ CI(e)

(7.64)
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Type B: for each d, d′ ∈ ∆I

t ∈ (∀R.C)I(d) iff ∀ e ∈ ∆I , f ∈ RI(d, e) or t ∈ CI(e)
f ∈ (∀R.C)I(d) iff ∃ e ∈ ∆I , t ∈ RI(d, e) and f ∈ CI(e)

(7.65)

Notice that type B semantics is used in [222], whereas type A semantics has been proposed
in [203, 266]. It is worth noting that the type A semantics for the ∀ connective follows the
schema of the semantics for the → connective in L+. In particular, with respect to type A
semantics, the concept ∀R.C is viewed as the formula

∀y.R(x, y)→ C(y),

while with respect to the type B semantics ∀R.C is viewed as the formula

∀y.¬R(x, y) ∨ C(y).

In the following, the default will be the semantics of type A. A concept C is equivalent to a
concept D (denoted by C ≡A

4 D) iff [[CI ]]+ = [[DI ]]+, for every interpretation I. A concept
C subsumes a concept D (denoted by D  A

4 C) iff [[DI ]]+ ⊆ [[CI ]]+, for every interpretation
I. A concept C is coherent iff there is an interpretation I such that [[CI ]]+ �= ∅.

With respect to assertions, we have the following definitions. An interpretation I satisfies
an assertion C(a), iff t ∈ CI(aI), whereas I satisfies an assertion R(a, b) iff t ∈ RI(aI , bI).
Given two ALC assertions A and B, A is equivalent to B (denoted by A ≡A

4 B) iff for every
interpretation I, I satisfies A iff I satisfies B.

The semantics of specializations is specified by saying that the specialization C ⇒ D
(resp. R1 ⇒ R2) is satisfied by I iff [[CI ]]+ ⊆ [[DI ]]+ (resp. [[R1

I ]]+ ⊆ [[R2
I ]]+).

An interpretation I satisfies (is a model of ) a knowledge base Σ (a set of assertions and
specializations) iff I satisfies all elements in Σ. A knowledge base Σ entails an assertion C(a)
(denoted by Σ |=A

4 C(a)) iff all models of Σ satisfy C(a). Similarly, a knowledge base Σ
entails a specialization C ⇒ D (denoted by Σ |=A

4 C ⇒ D) iff all models of Σ satisfy C ⇒ D.
Finally, all the above definitions are given for the case of type B semantics too. In this

case we will use ·B4 , in place of ·A4 . For instance, we will write Σ |=B
4 C(a), if Σ entails C(a)

with respect to type B semantics.

7.4.1.2 Discussion of the semantics

At first, let us resume which of the properties (6.21) − (6.30) hold for four-valued ALC too.
It can easily be verified that the following properties hold2:

C  A
4 D iff ∅ |=A

4 C ⇒ D (7.66)
C  A

4 D iff {C1(a)} |=A
4 D(a) (7.67)

C  A,Σ
4 D iff Σ |=A

4 C ⇒ D (7.68)

2They hold for type B semantics too.
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Since every KB is (four-valued) satisfiable, i.e. all concepts are coherent, properties (6.21),
(6.22), (6.23), (6.27), (6.28), (6.29) and (6.30) do not hold in a four-valued setting. As the
above table shows, unlike classical DLs, the only interesting problems in a four-valued setting
is the subsumption problem and the instance checking problem. Moreover, the subsumption
problem can easily be reduced to the instance checking problem. This property holds for all
four-valued DLs we will analyse in this thesis.

It easy to see that all the properties with respect to four-valued propositional logic, as
(7.16)-(7.27) and (7.29)-(7.33), can be reformulated in a four-valued DL setting. These prop-
erties can be used in order to formulate subsumption relations and entailment relations both
holding and not holding in our four-valued DL. Rather to address all these points, we show
only some of these.

Soundness of the semantics: Reasoning in our logic is sound with respect to two-valued
semantics. In fact, it is easily verified that for all knowledge bases Σ, for all assertions A and
for all concepts C and D, D  A

4 C implies D  2 C and Σ |=A
4 A implies Σ |=2 A. From

A�¬A  2 B and A�¬A � A
4 B, it follows that  A

4 ⊂ 2 and |=A
4 ⊂|=2 hold. Similarly for type

B semantics.

A subsumption relation: In [203, 222, 266] it has already shown that  B
4 and |=A

4 capture
an interesting subset of  2 and |=2, respectively. For instance,

(A ! B) � ∀R.(C � D)  A
4 (A � ∀R.C) ! (B � ∀R.D) (7.69)

The above relation is obtained by applying the DL variants of (7.19) and (7.32), and by
viewing ∀R.C as the formula ∀y.R(x, y)→ C(y).

Modus ponens on specialisations: Our semantics allows bottom up propagation through
a taxonomy. In fact, the following relations hold.

{C(a), C ⇒ D} |=B
4 D(a) (7.70)

{A(a), A: = C} |=B
4 C(a) (7.71)

{C(a), A: = C} |=B
4 A(a) . (7.72)

Please, note that contraposition does not hold, i.e.

{¬D(a), C ⇒ D} �|=A
4 C(a) . (7.73)

Not licensed relations: In what follows we will show which inferences, licensed in two-
valued semantics, are left out by our semantics. It is quite obvious that the so-called paradoxes
of logical implication, i.e. {C(a),¬C(a)} |=2 D(b) and |=2 (C ! ¬C)(a) do not hold in our
type A and type B semantics (see (7.25), (7.26)).

Generally, modus ponens is not a valid inference rule in our logic, i.e. {(C � (¬C !
D))(a)} �|=A

4 D(a) (see (7.24).
But, the semantics of type A allows a restricted form of modus ponens, called modus

ponens on roles: for all concepts C, D, for any role R, and for all individuals a, b,
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{(∀R.C)(a), R(a, b)} |=A
4 C(b) (7.74)

and
(∃R.C) � (∀R.D)  A

4 ∃R.(C �D) (7.75)

For instance,

(∀Author.Italian)(d),Author(d, umberto) |=A
4 Italian(umberto),

asserts that “if d is a document whose Authors are Italian and umberto is an Author of d, then
umberto is Italian”. On the other hand,

(∃Author.Researcher) ∧ (∀Author.Italian)  A
4 ∃Author.(Researcher ∧ Italian)

asserts that “each document having Italian Authors such that one of it is Researcher, is also a
document of an Italian Researcher”.

This kind of inference is a direct consequence of viewing viewing ∀R.C as ∀y.R(x, y) →
C(y) and, thus, R(a, b) ∧ (∀y.R(a, y)→ C(y)) |=4 C(b). This kind of inference is not allowed
in type B semantics, since3 R(a, b) ∧ (∀y.¬R(a, y) ∨ C(y)) �|=4 C(b). Hence, |=B

4 �=|=A
4 and

 B
4 �= A

4 hold. Finally, in Section C.4.4 we will show that type B semantics is weaker than
type A semantics, i.e.  B

4 ⊂ A
4 and |=B

4 ⊂|=A
4 hold.

Unfortunately, the above additional inference has a cost in terms of computational com-
plexity. In fact, as it has been shown in [266], checking whether Σ |=A

4 C(a) is harder than
checking whether Σ |=B

4 C(a) if Σ is a set of assertions.

Reasoning by cases (puzzle mode reasoning): Reasoning by cases does not work within
our type A and type B semantics. Consider the following situation (see Figure 7.3). There is

S
t
a
c
k
s

Green

¬Green

a

b

c

Figure 7.3: The block example.

a stack s with three blocks a, b and c. Block a is green, block c is not green and the colour
of block b is unknown. Suppose we represent this situation by means of the following KB:

3Just consider an interpretation which maps R(a, b) into {t, f} and C(b) into ∅.
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ΣB = {Onstack(s, a),Onstack(s, b),Onstack(s, c),
Block(a),Block(b),Block(c),
On(a, b),On(b, c), (7.76)
Green(a),¬Green(c)}.

The question is: is there a green block on a non-green block in the stack s? We may represent
the query AB by means of the assertion

(∃Onstack.Block � Green � (∃On.(Block � ¬Green)))(s). (7.77)

By reasoning by cases (puzzle mode reasoning), it can be verified that ΣB |=2 AB holds. In
fact, ΣB |=2 AB since in each two-valued interpretation I satisfying ΣB, either Green(b) is
true or Green(b) is false. In the former case, there is a green block (b) on a non-green block
(c). In the latter case, there is green block (a) on a non-green block (b). Therefore, in both
cases the query is satisfied.

On the other hand, ΣB �|=A
4 AB holds. In fact, ΣB �|=A

4 AB holds since it could be the case
GreenI(bI) = ∅. That is, we are uncertain about b’s color, i.e. Green(b) is neither true nor false
in I, which blocks the preceding piece of reasoning. In other words, the absence of evidence
supporting the truth of Green(b) and the simultaneous absence of evidence supporting the
falsity of Green(b) prevents the inference from being drawn.

It is worth noting that there is no “top” concept within type A and type B semantics,
i.e. there is no concept C such that ∅ |=A

4 C(a), for all individuals a. This plays an important
role in the example above. In fact, suppose that we would admit a “top” concept " with
semantics [["I ]]+ = ∆I and [["I ]]− = ∅. If we replace in ΣB and AB above, Green and ¬Green
with ∃R." and ∀R.A, respectively, then it can be verified that Σ′

B |=A
4 A′

B and Σ′
B �|=B

4 A′
B

hold, where Σ′
B and A′

B are the result of the substitutions. This is due to the fact that
Σ′

B |=A
4 A′

B relies on the relations Green ! ¬Green ≡A
4 " and ∃R." ! ∀R.A ≡A

4 ", whereas
∃R." ! ∀R.A �≡B

4 ". As it has been shown in [266], admitting a top concept changes the
computational complexity of instance checking.

Example 16 Consider Example 11, i.e.

SportsKind ⇒ "
IndividualSports ⇒ SportsKind
TeamSports ⇒ SportsKind
SportsTool ⇒ "
Football ⇒ SportsTool
Basketball ⇒ SportsTool
TennisRacket ⇒ SportsTool
SportsMovie ⇒ "
TeamSportsMovie : = SportsMovie�

(∃KindOfSports.")�
(∀KindOfSports.TeamSports)
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IndividualSportsMovie : = SportsMovie�
(∃KindOfSports.")�
(∀KindOfSports.IndividualSports)

FootballMovie : = TeamSportsMovie�
(∃HasSportsTool.")�
(∀HasSportsTool.Football)

BasketMovie : = TeamSportsMovie�
(∃HasSportsTool.")�
(∀HasSportsTool.Basket)

TennisMovie : = IndividualSportsMovie�
(∃HasSportsTool.")�
(∀HasSportsTool.TennisRacket)

(∃Int As.BaskedMovie)(o1),
(∃Int As.TennisMovie)(o2).

It is quite easy to verify that

Σ |=B
4 BaskedMovie ⇒ SportsMovie

stating that a BaskedMovie is a SportsMovie. Similarly,

Σ |=B
4 TennisMovie ⇒ SportsMovie

holds. Therefore, given the query concept

Q = ∃Int As.SportsMovie,

Σ |=B
4 Q(o1), and

Σ |=B
4 Q(o2)

hold. It is worth noting that, given the query concept

Q′ = ∃Int As.SportsMovie � ∃KindOfSports.IndividualSports

it follows that

Σ �|=A
4 Q′(o1),

Σ �|=B
4 Q′(o2), whereas

Σ |=A
4 Q′(o2)

confirming the adequacy of |=A
4 .

To sum up, what kind of relevance relation is captured by |=4? A first answer is that,
roughly speaking, a KB Σ entails everything that is in the transitive closure of Σ by means
of modus ponens on roles (in case of type A semantics) and the connectives �,!,¬,∃. All
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other inferences are left out. More precisely, in order for Σ |=4 A to hold, the structural
components of A must have an analogue in Σ, modulo modus ponens on roles (in case of
type A semantics). A second answer is that a knowledge base Σ entails everything for which
there is explicit support (or, we might say, everything for which there are relevant premises),
where explicit support means the presence of supporting evidence rather than the absence of
evidence supporting the contrary. A third, equally true but even more intuitive answer may be
given by recalling that, in our last example, at a first, superficial look it would have seemed
that there was no entailment between Σ and A. We may say that four-valued semantics
models superficial, shallow reasoning, i.e. a mode of reasoning in which the agent only draws
quick inferences that do not overtax her brain cells and cognitive resources. Those inferences
that two-valued semantics licenses and four-valued semantics does not are those for drawing
which the agent must reason, as Levesque says [183], in puzzle mode, i.e. in the style that
we adopt once we try to prove a challenging mathematical problem or a logic puzzle. This
interpretation clearly shows that the four-valued setting of ALC, rather than two-valued ALC,
is the interesting tool for document retrieval, unless we are prepared to defend the thesis that
the user of an IR system reasons in “puzzle mode” when she must decide whether a retrieved
document is relevant or not to her query.

7.4.2 The logic Horn-ALC
Although ALC is an expressive DL, we will extend it from an expressive power point of view,
as it will be of use in our multimedia context. In particular, we extend ALC with horn rules
following the line of CARIN [186, 187, 188] (see [29, 97] for similar extensions). Essentially,
this section is an adaption to the ALC case of Section 7.3.3.

Expressions of the logic Horn-ALC are defined as follows. Consider a new alphabet of
n-ary predicates, called ordinary predicates. A Horn-ALC predicate (denoted by P ) is either
a primitive concept, a role or an ordinary predicate.

Consider a new alphabet of horn variables (denoted by X, Y, Z).
A horn rule (denoted by R) is an expression of the form

P ( 8X)← P1( 8X1), . . . , Pn( 8Xn), (7.78)

where n ≥ 1 and 8X1, . . . , 8Xn, 8X are tuples of horn variables or individuals. Of course, horn
rules are universally quantified. We require that a horn variable which appears in 8X also
appears in 8X1, . . . , 8Xn. The predicates P, P1, . . . Pn are Horn-ALC predicates. P ( 8X) is
called head and P1( 8X1), . . . , Pn( 8Xn) is called body.

For instance, suppose that we have the following specialisation

SuperVisor: =Professor � ∃Teaching.AdvancedCourse

then the horn rule

MayDoThesis(X, Y, Z)← Student(X),SuperVisor(Y ),Expert(Y, Z)

establishes that a student X may do thesis about Z with a professor Y , teaching an advanced
course, which is Expert on topic Z. Here, MayDoThesis and Expert are ordinary predicates.

A fact (denoted by P (8a)) is either an ALC assertion (where an ALC variable can occur)
or a ground instance of some ordinary predicate. It is worth noting that e.g. (Professor �
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∃Teaching.Course)(paul) and Expert(paul, kr) are facts: we do not limit ourself to facts which
are horn. It is worth anticipating that the semantics of a complex multimedia object will be
described through a set of facts.

A goal is an expression of the form

← P1( 8X1), . . . , Pn( 8Xn) (7.79)

with n ≥ 0 and P1( 8X1), . . . , Pn( 8Xn) are Horn-ALC predicates. The case n = 0 is called
empty goal and is indicated with ← .

A query is an expression of the form

∃ 8X.P1( 8X1) ∧ . . . ∧ Pn( 8Xn), (7.80)

with n ≥ 1, 8X is the tuple of variables appearing in 8X1, . . . , 8Xn and P1( 8X1), . . . , Pn( 8Xn)
Horn-ALC predicates.

A Horn-ALC KB Σ is a finite set of ALC specialisations and definitions, horn rules
and facts. With ΣT ⊆ Σ we indicate the set of specialisations and definitions in Σ, with
ΣR ⊆ Σ we indicate the set of horn rules in Σ and with ΣF ⊆ Σ we indicate the set of facts
in Σ. A horn KB is a finite set of horn rules and horn facts. Note that in a horn KB Σ, the
terminology ΣT is empty.

We will say that a Horn-ALC KB Σ is safe iff for all rules P ( 8X) ← P1( 8X1), . . . , Pn( 8Xn)
in ΣR, P is an ordinary predicate. It should be noted that a safe Horn-ALC KB Σ does
not allow primitive concepts and roles to appear in the head of any rule R ∈ ΣR because
of the underlying assumption that the terminological component completely describes the
hierarchical structure of classes in the domain, and thus, the horn rules should not allow to
make new inferences about that structure.

Finally, the definition of recursive Horn-ALC KBs Σ is as usual: for all horn rules P ( 8X)←
P1( 8X1), . . . , Pn( 8Xn) ∈ Σ we will say that P directly uses Pi for all 1 ≤ i ≤ n. Let uses be the
transitive closure of the relation directly uses in Σ. We will say that a Horn-ALC KB Σ is
recursive iff there is P such that P uses P trough rules in Σ. The KBs which will be of our
interest are the safe and non recursive Horn-ALC KBs.

From a semantics point of view, we extend the semantics of horn rules defined in Sec-
tion 7.3.3. Let I be an interpretation. I maps horn variables into elements of the domain
∆I and maps a n-ary ordinary predicate P into a function from (∆I)n into 2{t,f}. Let
8X = (X1, . . . , Xn) be a tuple of distinct horn variables and let 8d = (d1, . . . , dn) be a tuple of
elements of the domain ∆I . The interpretation I %d

%X
is as I, except that each variable Xi in

8X is mapped into di, i.e.

Y
I �d

�X =

{
Y I if for all i, Y �= Xi;
di if for some i, Y = Xi.

(7.81)

We will say that an interpretation I

1. satisfies a horn rule P ( 8X)← P1( 8X1), . . . , Pn( 8Xn) iff for all 8d ∈ (∆I)k, if I %d
%Y

does satisfy

all P1( 8X1), . . . , Pn( 8Xn), then I %d
%Y

does satisfy P ( 8X), where 8Y is the tuple of all the k
variables occurring in the rule;
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2. satisfies a goal ← P1( 8X1), . . . , Pn( 8Xn) iff n ≥ 1 and for all 8d ∈ (∆I)k, I %d
%Y

does not

satisfy some Pi( 8Xi), 1 ≤ i ≤ n, where 8Y is the tuple of all the k variables occurring in
the goal;

3. satisfies a query ∃ 8X.P1( 8X1) ∧ . . . ∧ Pn( 8Xn) iff for some 8d ∈ (∆I)k, I %d
%X

does satisfy all

P1( 8X1), . . . , Pn( 8Xn)), where 8X is the tuple of all the k variables occurring in the query.

Note that the empty goal is never satisfied.
An interpretation I satisfies (is a model of ) a Horn-ALC KB Σ iff I satisfies each element

of it. Satisfiability is extended to an arbitrary set S of horn rules, facts and goals, as usual.
Finally, a Horn-ALC KB Σ entails a query Q = ∃ 8X.P1( 8X1) ∧ . . . ∧ Pn( 8Xn) (denoted by
Σ |=4 Q) iff every model of Σ satisfies Q.

Let Q = ∃ 8X.P1( 8X1)∧ . . .∧Pn( 8Xn) be a query. The associated goal of Q (denoted by GQ)
is ← P1(8x1), . . . , Pn(8xn). It is easily verified that

Σ |=4 Q iff Σ ∪ {GQ} not satisfiable. (7.82)

Finally, an answer to the query Q is a substitution θ of all variables in Q. An answer is
correct w.r.t. a Horn-ALC KB Σ iff Σ |=4 Qθ, where Qθ is (P1( 8X1) ∧ . . . ∧ Pn( 8Xn))θ4. As
usual, the answer set of a query Q w.r.t. a KB Σ (denoted by AnswerSet(Σ, Q)) is the set of
correct answers, i.e.

AnswerSet(Σ, Q) = {θ: Σ|≈4Qθ}. (7.83)

As for Proposition 4, in case of horn KBs, equivalence between four-valued entailment and
two-valued entailment can be established.

Proposition 5 In Horn-ALC, let Σ be a horn KB. Let Q be a query. Then Σ |=4 Q iff
Σ |=2 Q. �

As pointed out in Section 7.3.3, the proposition is not true in case of general Horn-ALC
KBs with empty terminology. Moreover, the proposition is not true in case of not empty
terminology. For instance, consider Σ = {A ⇒ B,¬A ⇒ B}. It is easily verified that
Σ |=2 B(a), whereas Σ �|=4 B(a) (note that even ΣR = ∅).

Example 17 Consider the following simple Horn-ALCKB.

Σ = {SuperVisor: =Professor � ∃Teaching.AdvancedCourse,

MayDoThesis(X, Y, Z)← Student(X),SuperVisor(Y ),Expert(Y, Z),

Professor(paul),Teaching(paul, ai),AdvancedCourse(ai),
Student(tom),Expert(paul, kr)}

Consider the query

Q = ∃Y, Z.MayDoThesis(tom, Y, Z)

4The definition of satisfiability for expressions of the form Qθ is obvious.



7.4. Four-valued horn ALC 95

i.e. we are asking whether tom is doing a thesis. It can be verified that

Σ |=4 ∃Y, Z.MayDoThesis(tom, Y, Z)

holds and a correct answer is θ = {Y/paul, Z/kr}.
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Chapter 8

A four-valued fuzzy horn
description logic

8.1 Introduction

The logic we have described so far is still insufficient for describing real retrieval situations,
as retrieval is usually not only a yes-no question:

• the representations of documents and queries which the system (and the logic) have
access to are inherently imperfect;

• and the relevance of a document to a query can thus be established only up to a limited
degree of imprecision.

Because of this, we need a framework in which, rather than deciding tout court whether a
document satisfies a query or not, we are able to rank documents according to how strongly
the system believes in their relevance to a query. To this end, we will extend our DL with
fuzzy assertions.

Fuzzy assertions take inspiration from Zadeh’s work on fuzzy sets [113, 239, 290, 291,
292, 298]. A fuzzy set A with respect to a set X is characterized by a membership function
µA : X → [0, 1], assigning an A-membership degree, µA(x), to each element x in X. This
membership degree gives us an estimation of the belonging of x to A. Typically, if µA(x) = 1
then x definitely belongs to A, while µA(x) = 0.8 means that x is “likely” to be an element of
A. Moreover, according to Zadeh, the membership function has to satisfy three well-known
restrictions, for all x ∈ X and for all fuzzy sets A, B with respect to X:

µA∩B(x) = min{µA(x), µB(x)},
µA∪B(x) = max{µA(x), µB(x)}, and

µA(x) = 1− µA(x),

where A is the complement of A in X. Other membership functions have been proposed, but it
is not our aim to investigate them here (the interested reader may consult e.g. [105, 170, 292]).

When we switch to logic, and to DLs in particular, we have concepts which are fuzzy sets
and, thus, speak about of membership degrees.

97
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For instance, the assertion that individual a is an instance of concept C, formally denoted
by C(a), may have as a degree of membership any real number in between 0 and 1: if the
degree of membership of C(a) is 1, then a is definitely an instance of C, while if the degree of
membership of C(a) is 0.8 then a is likely to be an instance of C. Similarly for role assertions.
Hence, in a fuzzy DL, concepts become imprecise (or vague). As a consequence, given e.g. a
query concept Q, the retrieval process produces a ranking of individuals: the rank of a, for
each individual a, is the degree of membership of Q(a), and will be interpreted as the degree
of relevance of the document identified by a to the query Q.

The choice of fuzzy set theory as a way of endowing a DL with the capability to deal with
imprecision is not uncommon [84, 295, 267] and can be motivated both from the syntactical
and the semantical point of view.

• From a semantical point of view, fuzzy logics capture the notion of vague concept, that
is a concept that is intrinsically imprecise and for which a clear and precise definition
is not possible. For instance, “hot” and “tall” are vague concepts. The key fact about
vague concepts is that while they are not well defined, assertions involving them may
be quite well defined. For instance, the boundaries of the Mount Everest are ill-defined,
whereas the assertion stating that the Mount Everest is the highest mountain of the
world is clearly definite, and its definiteness is not compromised by the ill-definiteness of
the exact boundaries of the mountain. It is easy to see that fuzzy assertions play a key
role in meaning descriptions of documents (most of human’s concepts are vague). For
example, in the context of images, the semantics of an image region r may be described
by means of a fuzzy assertion like “r represents the Mount Everest with degree 0.8”.

• From a proof theoretical point of view, there exist well-known techniques for reasoning in
fuzzy logics (see e.g. [78, 156, 179, 195, 290]). This is not the case for alternative logics,
such as, for instance, probabilistic DLs [146, 157, 252]. In particular, [142, 143] shows
that probabilistic reasoning is computationally more difficult than non-probabilistic
reasoning, and in most cases a complete axiomatization is missing.

Fuzzy logic is not appropriate to deal with uncertain assertions, that is assertions which are
only true or false, but, due to the lack of precision of the available information, one can
only estimate to what extent it is possible or necessary that they are true. For instance,
“line”, and “polygon” are precise concepts, but due to the lack of precision of the available
information we may only be able to estimate to what degree a certain object in an image is
e.g. a polygon. The logics dealing with this kind of uncertainty have been called Possibilistic
Logics [103, 106, 108, 109, 153, 178]. Possibilistic DLs are discussed in [149].

The combination of possibilistic and fuzzy logic would lead to the treatment of uncertain
fuzzy assertions, i.e. fuzzy assertions for which the available reference information is not
precise. While this combination is possible, and may even be desirable for retrieval purposes,
our model only provides fuzzy assertions. A DL allowing uncertain fuzzy assertions can be
obtained by combining the approach in [149] with our logic.

The Chapter is organised as follows. At first, in the following sections, we present the four-
valued fuzzy propositional logic Lf which extends L to the fuzzy case: syntax, semantics and
examples will be given. In Section 8.3 we extend the propositional case to the first-order case.
In particular, we will specify the extension of ALC to the fuzzy case. Finally, in Section 7.4.2
our final logic will be presented, i.e. fuzzy Horn-ALC. Essentially, fuzzy Horn-ALC extends
Horn-ALC by dealing with imprecision.
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8.2 Preliminaries: four-valued fuzzy propositional logic

Following Chapter 7, we start first with propositional logic. We first recall briefly Zadeh’s
standard two-valued fuzzy propositional logic [78, 179] and, thereafter, we present the four-
valued counterpart.

8.2.1 The logic Lf and its properties

In a two-valued semantics framework (see [78, 179]), a fuzzy valuation is a function | · |mapping
propositions of L into [0, 1]. |A| will naturally be interpreted as the degree of truth of A.
Following Zadeh, | · | has also to satisfy the well known equations:

|A ∧B| = min{|A|, |B|},
|A ∨B| = max{|A|, |B|}, and
|¬A| = 1− |A|.

(8.1)

Switching to the four-valued case, consistently with our approach of distinguishing explicit
from implicit falsehood (i.e. distinguishing f ∈ AI from t �∈ AI), we will use rather two fuzzy
valuations, | · |t and | · |f : |A|t will naturally be interpreted as the degree of truth of A, whereas
|A|f will analogously be interpreted as the degree of falsity of A. Whereas in the classical
“two-valued” fuzzy case, | · |t and | · |f are such that |A|f = 1 − |A|t, for each A, we might
well have |A|t = .6 and |A|f = .8. This is a natural consequence of our four-valued approach.

Now, a fuzzy proposition is an expression of type (A ≥ n), where A is a proposition in
L and n ∈ [0, 1]; Lf is just the set of fuzzy propositions. We will use γ as metavariable
for fuzzy propositions. For instance, (ItsCold ≥ .7) is a fuzzy proposition and its intended
meaning is that the degree of truth of ItsCold is at least .7, while (ItsCold ≥ 1) means that it
is definitely cold. On the other hand (¬ItsCold ≥ .7) means that it is likely to be not cold,
while (¬ItsCold ≥ 1) may be interpreted as saying that it is definitely not cold.

A fuzzy interpretation1 I is a triple I = ((·)I , | · |t, | · |f ), where | · |t and | · |f are fuzzy
valuations and (·)I maps each fuzzy proposition into an element of 2{t,f}. Additionally,
(·)I , | · |t and | · |f have to satisfy the following equations

|A ∧B|t = min{|A|t, |B|t}
|A ∧B|f = max{|A|f , |B|f}

|A ∨B|t = max{|A|t, |B|t}
|A ∨B|f = min{|A|f , |B|f}

|¬A|t = |A|f
|¬A|f = |A|t

(8.2)

which are the four-valued counterpart of Equations (8.1), and

t ∈ (A ≥ n)I iff |A|t ≥ n

f ∈ (A ≥ n)I iff |A|f ≥ n.
(8.3)

It is easy to see that, e.g. |A ∧B|t = |¬A ∨ ¬B|f . Similarly for |A ∨B|t.
1In the following called interpretation.
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It is worth noting that there is a simple connection between the four-valued semantics given
in Section 7.3 and the fuzzy counterpart. In fact, the above conditions can be reformulated
as e.g.

t ∈ (A ∧B ≥ n)I iff t ∈ (A ≥ n)I and t ∈ (B ≥ n)I ;
f ∈ (A ∧B ≥ n)I iff f ∈ (A ≥ n)I or f ∈ (B ≥ n)I

(8.4)

(the other cases, ∨ and ¬ are quite similar). Just note that if both |A|f = 1 − |A|t and
(A ≥ n)I ∈ {{t}, {f}}, classical “two-valued” fuzzy logic is obtained.

Fuzzy satisfiability, fuzzy equivalence and fuzzy entailment are defined as the natural
extensions of the non fuzzy case. Let I be an interpretation, let (A ≥ n), (B ≥ m) be two
fuzzy propositions and let Σ be a set of fuzzy propositions: I satisfies (is a model of ) (A ≥ n)
iff t ∈ (A ≥ n)I ; (A ≥ n) and (B ≥ m) are equivalent (denoted by (A ≥ n) ≈4 (B ≥ m)) iff
they have the same models; I satisfies (is a model of ) Σ iff I is a model of (A ≥ n), for all
(A ≥ n) ∈ Σ; Σ entails (A ≥ n) (denoted by Σ|≈4(A ≥ n)) iff all models of Σ are models of
(A ≥ n). Since |≈4(A ≥ 0), we will not consider those (A ≥ n) for n = 0.

Given a KB Σ and a proposition A, we define the maximal degree of truth of A with respect
to Σ (denoted by Maxdeg(Σ, A)) to be max{n > 0 : Σ|≈4(A ≥ n)} (max ∅ = 0). Notice that
Σ |≈4 (A ≥ n) iff Maxdeg(Σ, A) ≥ n.

A fuzzy proposition (A ≥ n) is in Negation Normal Form – respectively, in Conjunctive
Normal Form (CNF) – iff A is in NNF – respectively in CNF. As for L, without loss of
generality, we can restrict our attention to fuzzy propositions in NNF only. In fact, it is easy
to verify that the corresponding fuzzy version of the relations (7.16)− (7.18) hold too, e.g.

(¬(A ∨B) ≥ n) ≈4 (¬A ∧ ¬B ≥ n) (8.5)

Thus,

(A ≥ n) ≈4 (ANNF ≥ n) (8.6)

Similarly for the CNF case: it can easily be verified that

(A ≥ n) ≈4 (ACNF ≥ n) (8.7)

There is a strict relation between fuzzy propositions and propositions. Given a KB Σ, let Σ
be the (crisp) KB

Σ = {A : (A ≥ n) ∈ Σ}. (8.8)

Proposition 6 Let Σ ⊆ Lf and A ∈ L. For all n > 0, if Σ|≈4(A ≥ n) then Σ |=4 A. �

Proof: Assume Σ|≈4(A ≥ n). Now, suppose to the contrary that Σ �|=4 A. Therefore there
is a (four-valued) model I of Σ not being a model of A. Let Ĩ = ((·)I , | · |t, | · |f ) be the
following fuzzy interpretation. For all propositional letters B,

|B|t = 1 if t ∈ BI

|B|t = 0 if t �∈ BI

|B|f = 1 if f ∈ BI

|B|f = 0 if f �∈ BI
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It is easy to see that Ĩ is in effect a fuzzy interpretation. Now, we will show that Ĩ is a fuzzy
interpretation satisfying Σ, but not satisfying (A ≥ n) which is contrary to our assumption.

First of all, we show on induction on the number of connectives of B that if (B ≥ m) ∈ Σ
then t ∈ (B ≥ m)Ĩ and, thus, Ĩ satisfies Σ.

B is a literal: If (B ≥ m) ∈ Σ and B is a letter, then B ∈ Σ follows and, thus, t ∈ BI . By
definition of Ĩ, |B|t = 1 ≥ m. Hence, t ∈ (B ≥ m)Ĩ . If B is (¬p ≥ m) ∈ Σ, then ¬p ∈ Σ
follows and, thus, f ∈ pI . By definition of Ĩ, |p|f = 1 ≥ m. Hence, t ∈ (¬p ≥ m)Ĩ .

Induction step: Suppose B is (C ∧D ≥ m) ∈ Σ. Therefore, C ∧ D ∈ Σ and t ∈ C ∧DI .
Therefore, t ∈ CI and t ∈ DI . By induction on C and D, t ∈ (C ≥ m)Ĩ and t ∈ (D ≥ m)Ĩ .
Hence, t ∈ (C ∧D ≥ m)Ĩ . The case B is (C ∨D ≥ m) ∈ Σ is similar.

Therefore, Ĩ satisfies Σ.
By induction on the number of connectives of A we show that if t �∈ AI then |A|t = 0 and,

thus, Ĩ does not satisfy (A ≥ n).

A is a literal: If A is a letter, then t �∈ AI implies |A|t = 0, by definition. Otherwise, A
is ¬p. t �∈ ¬pI implies f �∈ pI . Therefore, we have |p|f = 0, by definition. Hence,
|A|t = |¬p|t = 0.

Induction step: If A is B ∧ C then t �∈ B ∧ CI implies t �∈ BI or t �∈ CI . By induction,
|B|t = 0 or |C|t = 0. Therefore, |A|t = min{|B|t, |C|t} = 0. The case A is B ∨ C is
similar.

Q.E.D.

Proposition 6 states that there cannot be fuzzy entailment without entailment. For instance,

{(p ≥ .7), (¬p ≥ .5)} �|≈4(q ≥ n), for all n > 0.

In fact, consider an interpretation I such that |p|t = .7, |p|f = .5, |q|f = 0 and |q|t = n
2 .

Example 18 Let Σ be the set

Σ = {(p ≥ .1), (p ∧ q ≥ .5), (q ∨ r ≥ .6)}

Let A be p ∨ r. One may check that Σ |≈4 (A ≥ .5) and Maxdeg(Σ, A) = .5. Σ is

Σ = {p, p ∧ q, q ∨ r}

and Σ |=4 A is easily verified, thereby confirming Proposition 6.

A simple version of the converse of Proposition 6 states the following:

Proposition 7 Let A, B ∈ L. If A |=4 B then for all n > 0 (A ≥ n)|≈4(B ≥ n). �

Proof: Assume A |=4 B. Suppose to the contrary that for some n > 0, (A ≥ n) �|≈4(B ≥ n).
Therefore, there is a (fuzzy) interpretation I = ((·)I , | · |t, | · |f ) such that |A|t ≥ n and
|B|t < n. Let Ĩ be the following four-valued interpretation: for all letters p
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t ∈ pĨ iff |p|t ≥ n

f ∈ pĨ iff |p|f ≥ n.

Since |A|t ≥ n, it can easily be verified, by induction on the number of connectives in A, that
t ∈ AI . In a similar way, it can be verified that from |B|t < n, t �∈ BI follows. Therefore,
A �|=4 B, contrary to our assumption. Q.E.D.

The following proposition can easily be shown.

Proposition 8 Let A, B ∈ L. For all n > 0, Maxdeg({(A ≥ n)}, B) = n iff A |=4 B. �

Proof:

⇒ .) If Maxdeg({(A ≥ n)}, B) = n, then (A ≥ n)|≈4(B ≥ n), by definition. Therefore, from
Proposition 6, A |=4 B.

⇐ .) If A |=4 B then by Proposition 7, (A ≥ n)|≈4(B ≥ n) follows. Therefore, Maxdeg({
(A ≥ n) }, B) ≥ n. Let Ĩ be the following fuzzy interpretation: for all letters p

|p|t = |p|f = n

Ĩ satisfies both (A ≥ n) and (B ≥ n), but Ĩ does not satisfy any (B ≥ m) with m >
n. Therefore it cannot be the case (A ≥ n)|≈4(B ≥ m), for some m > n. Hence,
Maxdeg({(A ≥ n)}, B) = n. Q.E.D.

Proposition 9 Let A, B ∈ L. The following hold: for all n > 0

1. (A ≥ n)|≈4(B ≥ n) iff (¬B ≥ n)|≈4(¬A ≥ n);

2. (A ≥ n) ≈4 (B ≥ n) iff A ≡4 B. �

Proof: The proof is simple. By using Propositions 1, 6 and 7 we have

1. (A ≥ n)|≈4(B ≥ n) iff A |=4 B iff ¬B |=4 ¬A iff (¬B ≥ n)|≈4(¬A ≥ n);

2. (A ≥ n) ≈4 (B ≥ n) iff ((A ≥ n)|≈4(B ≥ n) and (B ≥ n)|≈4(A ≥ n)) iff (A |=4 B and
B |=4 A) iff A ≡4 B

Q.E.D.

Given these strict analogies between the fuzzy case and the not fuzzy case, most properties
are the fuzzy analogous of those of L ((7.19)− (7.27)) and are resumed here for readability:

(A ≥ n)|≈4(A ≥ m), ∀n ≥ m (8.9)
(A ≥ n)|≈4(ACNF ≥ n) and (ACNF ≥ n)|≈4(A ≥ n) (8.10)
(A ≥ n)|≈4(B ≥ l) and (B ≥ l)|≈4(C ≥ m) implies (A ≥ n)|≈4(C ≥ m) (8.11)
(A ∧B ≥ n)|≈4(A ≥ n) and (A ≥ n)|≈4(A ∨B ≥ n) (8.12)
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Similarly as for L, the above Equations (8.9), (8.10), (8.11) and (8.12) constitutes a simple
axiomatization of Lf . Additionally,

(A ≥ n), (¬A ∨B ≥ m) �|≈4(B ≥ k), ∀k > 0 (no modus ponens) (8.13)
|A|t = n, |A|f = m, |B|t = |B|f = 0

(A ≥ n) �|≈4(B ∨ ¬B ≥ m), ∀m > 0 (i.e. no tautologies) (8.14)
|A|t = |A|f = n, |B|t = |B|f = 0

(A ∧ ¬A ≥ n) �|≈4(B ≥ m), ∀m > 0 (i.e. every KB is satisfiable) (8.15)
|A|t = |A|f = n, |B|t = |B|f = 0

Σ|≈4(A ≥ n) implies Σ|≈2(A ≥ n) (8.16)
every two-valued fuzzy model is a four-valued fuzzy model

hold.

8.2.2 The logic Lf
+ and its properties

In this section we extend Lf to the case where a form of modus ponens is allowed.
From a syntax point of view, we extend Lf to Lf

+, where Lf
+ is Lf union the set of fuzzy

proposition of type (A → B ≥ n), where A, B ∈ Lf and n ∈ [0, 1]. It is worth noting that no
nesting of → is allowed.

From a semantics point of view, the restriction to the fuzzy valuation functions is given
as a natural extension to the four-valued case of Zadeh’s view of implication: in a two-valued
setting, we have

|A → B| = max{1− |A|, |B|} (8.17)

which is motivated by viewing A → B as ¬A∨B. Hence, in case of a four-valued setting, the
restrictions which the fuzzy valuation functions, | · |t and | · |f , have to satisfy are:

|A → B|t = max{1− |A|t, |B|t} (8.18)
|A → B|f = min{|A|t, |¬B|t} (8.19)

Equation (8.18) enables us a simple form of modus ponens:

(A ≥ m), (A → B ≥ n)|≈4(B ≥ n) if m > 1− n (8.20)

whereas Equation (8.19) establishes the obvious equivalence

(¬(A → B) ≥ n) ≈4 (A ∧ ¬B ≥ n) (8.21)

Equation (8.20) is certainly not the unique definition which can be given for the→ connective.
In the literature, a long list of alternative definitions can be found (see e.g. [170]) and a
snapshot is given in Table 8.1 (|¬A| is always 1− |A|).
The discussion about which of them is the most appropriate one in our context is beyond our
purposes.
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Type |A → B| Motivation
Zadeh max{1− |A|, |B|} A → B = ¬A ∨B

Gougen min{1, |B|t
|A|t } A → B = ‖B∩A‖

‖A‖

Lukasiewicz min{1, 1− |A|+ |B|} A → B = ¬A ∨B
|A ∨B| = min{1, |A|+ |B|}

Mamdani min{|A|, |B|}
Yager |B||A|

Max-Min max{1− |A|,min{|A|, |B|}} A → B = ¬A ∨ (A ∧B)

Table 8.1: Some alternative definitions for the conditional implication connective.

As for Lf , a simple axiomatization of Lf
+ is obtained by adding axiom 8.20 to the axioms

of Lf , i.e. axiom (8.9), (8.10), (8.11) and (8.12).
As for L+, most of the properties are inherited by Lf

+:

|≈4(A → A ≥ .5), (i.e. there are tautologies) (8.22)
every KB is satisfiable (8.23)
Σ|≈4(A ≥ n) implies Σ|≈2(A ≥ n) (8.24)

Example 19 Let Σ be the fuzzy KB

Σ = { (Jon→ Student ∧ Adult ≥ .6),
(Gil→ Adult ≥ .7),
(Adult→ Tall ≥ .8),
(Karl→ Child ≥ .9),
(Child→ Tall ≥ .2),
(Student→ Tall ≥ .5)}

By applying the simple modus ponens inference schema (8.20), it can easily be verified that

Σ ∪ {(Gil ≥ .8)}|≈4(Tall ≥ .8),

Σ ∪ {(Jon ≥ .3)} �|≈4(Tall ≥ n), for all n > 0, and

Σ ∪ {(Gil ∨ Karl ≥ .4)}|≈4(Tall ≥ .2).

It is worth noting that the values are maximal.

As for Lf , there are some relations between fuzzy entailment in Lf
+ and entailment in L+.

By a straightforward extension of the proof, it can be verified that Proposition 6 holds in Lf
+

too.

Proposition 10 Consider Σ ⊆ Lf
+, A ∈ L+ and n > 0. If Σ|≈4(A ≥ n) and n > 0 then

Σ |=4 A. �
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By relying on Example 19, it can be easily verified that

Σ ∪ {(Gil ≥ .8)} |=4 Tall, and

Σ ∪ {(Gil ∨ Karl ≥ .4)} |=4 Tall,

confirming Proposition 10. Moreover, the KB in Example 19 shows us immediately that the
converse of Proposition 6 does not hold. In fact,

Σ ∪ {(Jon ≥ .3)} |=4 Tall, but

Σ ∪ {(Jon ≥ .3)} �|≈4(Tall ≥ n), for all n > .

We conclude this section by showing that a version of the deduction theorem similar to
Proposition 3 holds. This is stated by means of the following two theorems.

Proposition 11 Let A, B, C ∈ L. For all 0 < n, m, k ≤ 1, if (A ≥ n), (B ≥ m) |=4 (C ≥ k)
then (A ≥ n) |=4 (B → C ≥ l), where l = min{k, 1−m}. �

Proof: Let I be an interpretation such that |A|t ≥ n. By definition, |B → C|t = max{1−
|B|t, |C|t} = h. There are two cases to be analyzed: (i) if |B|t ≥ m then, from hypothesis
|C|t ≥ k ≥ l. Hence, h ≥ l; (i) if |B|t < m then 1−|B|t ≥ 1−m ≥ l. Hence, h ≥ l. Therefore,
|B → C|t = h ≥ l. Q.E.D.

For example, (see Equation 7.42 for the crisp case)

(A ≥ .4), (A → B ≥ .7), (C ≥ .8) |=4 (B ∧ C ≥ .7)
iff

(A ≥ .4), (A → B ≥ .7) |=4 (C → (B ∧ C) ≥ .2)
(8.25)

where .2 = min{.7, 1− .8}.

Proposition 12 Let A, B, C ∈ L and n > 0. For all 0 < n, k ≤ 1 and 0 < ε ≤ k, if
(A ≥ n) |=4 (B → C ≥ k) then (A ≥ n), (B ≥ m) |=4 (C ≥ k), where m = 1− k + ε. �

Proof: Let I be an interpretation such that |A|t ≥ n and |B|t ≥ m. By hypothesis,
|B → C|t = max{1−|B|t, |C|t} ≥ k. Therefore, from |B|t ≥ m = 1−k+ε, k > k−ε ≥ 1−|B|t
follows. Hence, k ≤ max{1− |B|t, |C|t} = |C|t. Q.E.D.

For instance,

(A ≥ .4), (A → B ≥ .7) |=4 (C → (B ∧ C) ≥ .2)
iff for all 0 < ε ≤ .2

(A ≥ .4), (A → B ≥ .7), (C ≥ .8 + ε) |=4 (B ∧ C ≥ .2)
(8.26)

where .8 + ε = 1− .2 + ε.
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8.2.3 The logic Horn-Lf

Consider (A → B ≥ n). A drawback of the semantics we have given (according to Zadeh) to
the connective → is that, for al interpretations I satisfying (A → B ≥ n), |B|t has constant
value n, if m = |A|t > 1 − n. This means that |B|t does not depend on the value of |A|t.
This is a characteristic of Zadeh’s semantics for the implication connective. As we have seen,
there are several different semantics for the → (see e.g. Table 8.1 and [290]). Some of these
are such that |B|t has to depend on |A|t. For instance, the Gougen semantics is such that

(A ≥ m), (A → B ≥ n) |=4 (B ≥ nm)

which models a sort of conditional probability: if P (A) ≥ m and P (B|A) ≥ n then P (A∧B) ≥
nm, which is a consequence of the hypothesis: “the probability of the conditional → is the
same as the conditional probability”, i.e.

P (A → B) = P (B|A), whenever P (A) > 0.

This hypothesis has come to be known as Stalnaker’s Hypothesis. But, notwithstanding it
seems to be a quite reasonable hypothesis, there are several arguments against it. See, for
instance, [141] in which it is shown that it cannot be right in general, and that it in fact fails
in all situations in which it would have the most obvious applicability.

In logic, the different semantics for→ aim to model some sort of modus pones: i.e. for some
predefined function f : [0, 1]× [0, 1]→ [0, 1], for all interpretations I satisfying (A → B ≥ n), if
|A|t ≥ m then |B|t ≥ f(n, m). The drawback of those approaches is that, ones the semantics
for → has been chosen, then the function f is fixed.

The aim of this section is to define the semantics in such a way that any arbitrary function
f can be chosen, as it is in works like [114, 161, 163, 171, 172, 254, 272].

Consider a new alphabet of variables, called fuzzy variables (denoted by V, W ). A fuzzy
value (denoted by T, U) is either a fuzzy variable or a real in [0, 1].

Let F be a set of degree functions such that

F = {f : [0, 1]n → [0, 1] : n = 1, 2, . . . ,
f defined on [0, 1]n,
f nondecreasing on all arguments}.

An n-ary function f ∈ F determines how to combine the degrees of its arguments. For
instance,

f1(m1, . . . , mn) = min{m1, . . . , mn},
f2(m1, . . . , mn) = max{m1, . . . , mn},
f3(m1, . . . , mn) = m1 · . . . ·mn,
f4(m1, . . . , mn) = m1+...+mn

n ,

and so on, are all degree functions. The condition of being nondecreasing is quite natural
(see e.g. [46]). Moreover, we assume that for all n ∈ [0, 1], n ∈ F , i.e. the constant function
returning n is a degree function.

A horn rule in Horn-Lf is an expression of the form

(A ≥ V )← (A1 ≥ V1), . . . , (An ≥ Vn), 〈V, f(V1, . . . , Vn)〉, (8.27)
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with n ≥ 1, A, A1, . . . , An propositional letters, V, V1, . . . , Vn distinct fuzzy variables and f a
degree function. (A ≥ V ) is called head and (A1 ≥ V1), . . ., (An ≥ Vn), 〈V, f(V1, . . . , Vn)〉 is
called body. Of course, horn rules are universally quantified on the fuzzy variables V, V1, . . . , Vn.
For instance, suppose f is the degree function

f(n, m) = n ·m.

Then the horn rule

(Tall ≥ V )← (Adult ≥ V1), (Male ≥ V2), 〈V, f(V1, V2)〉

establishes that male adults are Tall to a degree depending on f , i.e. on the degree of being
adult and male.

A fact is any fuzzy proposition (A ≥ n) ∈ Lf . It is worth noting that e.g. (A ∨ (B ∧ ¬C) ≥ .4)
is a fact: we do not limit ourself to facts which are horn, i.e. expressions of type (p ≥ n) ∈ Lf

(p is a propositional letter).
A set of fuzzy value restrictions V R is a set {U ≤ T : U, T fuzzy values}. We will write

U = T in place of U ≤ T and T ≤ U .
A goal is an expression of the form

← (A1 ≥ V1), . . . , (An ≥ Vn),
〈Vf1 , f1(Vf1

1
, . . . , Vf1

n1
)〉, . . . ,

〈Vfk , fk(Vfk
1
, . . . , Vfk

nk
)〉 : V R

(8.28)

with n ≥ 0, A1, . . . , An propositional letters, f i fuzzy degree functions and V R a set of fuzzy
value restrictions. The case n = 0, k = 0 is called empty goal and is indicated with ← : V R.
Moreover, the following conditions have to be satisfied. Let 8Vf i be the set {Vf i

1
, . . . , Vf i

ni
}.

Then

1. the fuzzy variables V1, . . . , Vn, Vf1 , . . . , Vfk are all distinct;

2. for all 1 ≤ i < j ≤ k, 8Vf i ∩ 8Vfj = ∅;

3. there is 1 ≤ l ≤ k such that Vf l occurs in no 8Vf i , 1 ≤ i ≤ k;

4. for each 1 ≤ i ≤ k, i �= l, there is exactly one li such that Vf i ∈ 8Vf li .

5. {V1, . . . , Vn} = (
⋃

1≤i≤k
8Vf i) \ {Vf1 , . . . , Vfk}.

An example of goal is

← (Adult ≥ V1), (Student ≥ V3), 〈V, f1(V1, V2)〉, 〈V2, f
2(V3)〉.

Notice that, the above points are satisfied. Let 8Vf1 = {V1, V2} and let 8Vf2 = {V3}.

1. the fuzzy variables V1, V3, V, V2 are all distinct;

2. 8Vf1 ∩ 8Vf2 = ∅;

3. for l = 1, Vf l occurs in no 8Vf i , 1 ≤ i ≤ 2;
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4. for i = 2, there is exactly one li = 1 such that Vf i ∈ 8Vf li .

5. {V1, V3} = (
⋃

1≤i≤2
8Vf i) \ {Vf1 , Vf2}.

A query is an expression of the form

∃V1, . . . , Vn.(A1 ≥ V1) ∧ . . . ∧ (An ≥ Vn), (8.29)

with n ≥ 1, A1, . . . , An propositional letters and V1, . . . , Vn distinct fuzzy variables.
The associated goal GQ of a query Q = ∃V1, . . . , Vn.(A1 ≥ V1)∧ . . .∧ (An ≥ Vn) is the goal

← (A1 ≥ V1), . . . , (An ≥ Vn), 〈V, 1〉 : ∅,

where V new fuzzy variable.
A Horn-Lf KB Σ is a finite set of horn rules and facts. With ΣR ⊆ Σ we indicate the

set of horn rules in Σ and with ΣF ⊆ Σ we indicate the set of facts in Σ. A horn KB is a
finite set of horn rules and horn facts.

We will say that Horn-Lf KB Σ is safe iff no A of head (A ≥ V ) of a rule R ∈ ΣR

appears in ΣF . Finally, the definition of recursive Horn-Lf KBs Σ is as usual: for all horn
rules (A ≥ V ) ← (A1 ≥ V1), . . . , (An ≥ Vn), 〈V, f(V1, . . . , Vn)〉 ∈ Σ we will say that A directly
uses Ai for all 1 ≤ i ≤ n. Let uses be the transitive closure of the relation directly uses in Σ.
We will say that a Horn-Lf KB Σ is recursive iff there is A such that A uses A trough rules
in Σ.

From a semantics point of view, let I be an interpretation. I maps fuzzy variables into
[0, 1] and for n ∈ [0, 1], nI = n. Moreover, if V R is a set of fuzzy value restrictions then I
satisfies V R iff for all U ≤ T ∈ V R, UI ≤ T I holds.

Let f be a degree function. Then I has to satisfy

t ∈ 〈V, f(V1, . . . , Vn)〉I iff V I ≤ f(V1
I , . . . , Vn

I). (8.30)

I satisfies 〈V, f(V1, . . . , Vn)〉 iff t ∈ 〈V, f(V1, . . . , Vn)〉I .
Let 8V = (V1, . . . , Vn) be a tuple of distinct fuzzy variables and let 8m = (m1, . . . , mn) be a

tuple of elements in [0, n]n. The interpretation I %m
%V

is as I, except that each fuzzy variable Vi

in 8V is mapped into mi, i.e.

W
I �m

�V =

{
W I if for all i, W �= Vi;
mi if for some i, W = Vi.

(8.31)

With respect to horn rules, we extend the semantics of A ← A1, . . . , An ∈ Horn-L. Just
remember that I satisfies satisfies A ← A1, . . . , An iff if I satisfies each A1, . . . , An then I
satisfies A. Equivalently, I satisfies A ← A1, . . . , An iff I satisfies A or I does not satisfy
some Ai. An interpretation I

1. satisfies a horn rule

(A ≥ V )← (A1 ≥ V1), . . . , (An ≥ Vn), 〈V, f(V1, . . . , Vn)〉

iff for all 8m ∈ [0, 1]n+1 such that I %m
%V

satisfies 〈V, f(V1, . . . , Vn)〉, if I %m
%V

satisfies all

(A1 ≥ V1), . . . , (An ≥ Vn), then I %m
%V

satisfies (A ≥ V ), where 8V is the tuple of all the
n + 1 fuzzy variables appearing in the rule;
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2. satisfies a goal

← (A1 ≥ V1), . . . , (An ≥ Vn),
〈Vf1 , f1(Vf1

1
, . . . , Vf1

n1
)〉, . . . ,

〈Vfk , fk(Vfk
1
, . . . , Vfk

nk
)〉 : V R

iff n + k ≥ 1 and for all 8m ∈ [0, 1]l such that I %m
%V

satisfies V R and I %m
%V

satisfies all

〈Vfj , f j(V
fj
1
, . . . , V

fj
nj

)〉, I %m
%V

does not satisfy some (Ai ≥ Vi), 1 ≤ i ≤ n, where 8V is the

tuple of all the l fuzzy variables appearing in the goal;

3. satisfies a query

∃V1, . . . , Vn.(A1 ≥ V1) ∧ . . . ∧ (An ≥ Vn),

iff for some 8m ∈ [0, 1]n, I %m
%V

satisfies all (A1 ≥ V1), . . . , (An ≥ Vn), where 8V is the tuple
of all the n fuzzy variables appearing in the query.

Note that the empty goal is never satisfied.
An interpretation I satisfies (is a model of ) a Horn-Lf KB Σ iff I satisfies each element

of it. Satisfiability is extended to an arbitrary set S of horn rules, facts and goals, as usual.
Finally, a Horn-Lf KB Σ entails a query Q (denoted by Σ|≈4Q) iff every model of Σ satisfies
Q.

Let Q be a query ∃V1, . . . , Vn.(A1 ≥ V1) ∧ . . . ∧ (An ≥ Vn). An answer to the query Q is
a substitution θ of all variables in Q, i.e. θ = {V1/m1, . . . , Vn/mn}. If θ is an answer, with 8θ
we will denote the tuple (m1, . . . , mn).

An answer is correct w.r.t. a Horn-Lf KB Σ iff Σ|≈4Qθ, where Qθ is (A1 ≥ m1) ∧ . . . ∧
(An ≥ mn). As usual, the answer set of a query Q w.r.t. a KB Σ (denoted by AnswerSet(Σ, Q))
is the set of correct answers, i.e.

AnswerSet(Σ, Q) = {θ: Σ|≈4Qθ}. (8.32)

Now, let l, h ∈ [0, 1] be two reals, let 8n = (n1, . . . , nk) and 8m = (m1, . . . , mk) be two tuples
of reals in [0, 1], let N = {8n1, . . . , 8nr, . . .} be a set of reals and tuple of reals in [0, 1], let
θ1 = {V1/n1, . . . , Vk/nk} and θ2 = {V1/m1, . . . , Vk/mk} be two answers of query Q w.r.t. KB
Σ and let Θ = {θ1, . . . , θq, . . .} be a set of answers of query Q w.r.t. KB Σ. We define

l ↑ h = sup{l, h}
8n ↑ 8m = (n1 ↑ m1, . . . , nk ↑ mk)
↑ N = 8n1 ↑ . . . ↑ 8nr ↑ . . .

l ↓ h = inf{l, h}
8n ↓ 8m = (n1 ↓ m1, . . . , nk ↓ mk)
↓ N = 8n1 ↓ . . . ↓ 8nr ↓ . . .

8n ≥ 8m iff 8n = 8m ↑ 8n
8n ≤ 8m iff 8m ≥ 8n
8n > 8m iff 8n ≥ 8m,8n �= 8m
8n < 8m iff 8m > 8n

(8.33)
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θ1 ↑ θ2 = {V1/n1 ↑ m1, . . . , Vk/nk ↑ mk}
↑ Θ = θ1 ↑ . . . ↑ θq ↑ . . .
θ1 ↓ θ2 = {V1/n1 ↓ m1, . . . , Vk/nk ↓ mk}
↓ Θ = θ1 ↓ . . . ↓ θq ↓ . . .

θ1 ≥ θ2 iff θ1 = θ1 ↑ θ2

θ1 ≤ θ2 iff θ2 ≥ θ1

θ1 > θ2 iff θ1 ≥ θ2, θ1 �= θ2

θ1 < θ2 iff θ2 > θ1

(8.34)

Let Σ be a Horn-Lf KB, let Q be a query and let θ1, θ2 ∈ AnswerSet(Σ, Q). It is easily
verified that θ1 ↑ θ2 ∈ AnswerSet(Σ, Q) too. Therefore, AnswerSet(Σ, Q) has an unique
maximal correct answer according to ≤ which is ↑ AnswerSet(Σ, Q). We will define

Maxdeg(Σ, Q) = ↑ AnswerSet(Σ, Q). (8.35)

Notice that if Maxdeg(Σ, Q) = θ and 8θ = 8m, then it is possible to define the maximal degree
of the query Q to be e.g. min{m1, . . . , mn} (of course, any other degree function can be used).
In a more principled way, if we were interested in to determine a degree value m ∈ [0, 1] in
terms of f(m1, . . . , mn), then it is sufficient to add the rule

(A ≥ V )← (A1 ≥ V1), . . . , (An ≥ Vn), 〈V, f(V1, . . . , Vn〉

to Σ, where A is a new propositional letter. Thereafter we have to consider the new query

∃V.(A ≥ V ).

Let Q = ∃V1, . . . , Vn.(A1 ≥ V1) ∧ . . . ∧ (An ≥ Vn). Let GQ be the associated goal. It is easily
verified that

Σ|≈4Q iff Σ ∪ {GQ} not satisfiable. (8.36)

Just let us mention that in case of horn KB, equivalence between four-valued fuzzy entailment
and two-valued fuzzy entailment holds.

Proposition 13 In Horn-Lf , let Σ be a horn KB and let Q be a query. Then Σ|≈4Q iff
Σ|≈2Q. �

In the general case where Σ is a Horn-Lf KB, then Σ|≈4Q implies Σ|≈2Q, but not vice-versa.
In fact, consider Σ = {(¬A ∨B ≥ 1), (A ≥ 1)}. Then Σ|≈2(B ≥ 1), but Σ �|≈4(B ≥ 1).

Example 20 Consider the following Horn-Lf KB

Σ = {(Hungry ≥ V )← (Adult ≥ V1), (Male ≥ V2), 〈V, max{0, V1 + V2 − 1}〉,
(Adult ≥ V )← (Murray ≥ V1), 〈V, V1〉,
(Male ≥ V )← (Murray ≥ V1), 〈V, .9〉,
(Adult ≥ V )← (Murphy ≥ V1), 〈V, V1〉,
(Male ≥ V )← (Murphy ≥ V1), 〈V, .7〉,
(Murphy ∨Murray ≥ .6)}.
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Just notice here that max{0, V1 + V2 − 1} is the degree of truth of a conjunction according
to Lukasiewicz (see Table 8.1). In principle, there is no restriction on degree functions.
Any arbitrary degree function can be used and mixed together. It is easily verified that
Σ|≈4(Hungry ≥ .3). Moreover, Maxdeg(Σ,∃V.(Hungry ≥ V )) = {V/.3}.

8.3 Four-valued fuzzy horn ALC
The four-valued fuzzy semantics for ALC is a simple first-order extension of the semantics de-
veloped in Section 8.2. Most considerations and propositions are a straightforward extension
of those seen in Section 8.2. Hence, we will not be to verbose in this section.

8.3.1 Four-valued fuzzy ALC
8.3.1.1 Syntax and semantics of fuzzy assertions

Syntax: A fuzzy assertion is an expression of type (A ≥ n), where A is an assertion in ALC
and n ∈ [0, 1]. We will use γ as metavariable for fuzzy assertions. An atomic fuzzy assertion
is of the form (A ≥ n), where A is an atomic assertion.

In fuzzyALC, a concept is interpreted as a fuzzy set. Therefore, concepts and roles become
imprecise (or vague). According to this view, the intended meaning of e.g. (C(a) ≥ n) we will
adopt is: “the membership degree of individual a being an instance of concept C is at least
n”. Similarly for roles.

Similarly for roles: the intended meaning of e.g. (R(a, b) ≥ n) we will adopt is: “the
membership degree of individual a being related to b by means of R is at least n” For
instance, (i) (About(i1, basket) ≥ .7) means that the degree of being “image” i1 About basket
is at least .7, i.e. i1 is likely About basket; (About(i1, basket) ≥ .7) means that i1 is definitely
about basket; and (ii) (Tall(umberto) ≥ .7) means that the degree of tom being Tall is at
least .7, i.e. umberto is likely tall; (Tall(umberto) ≥ 1) means that umberto is tall, whereas
(¬Tall(umberto) ≥ 1) means that umberto is not tall. Hence, by switching to DLs, the degree
of truth of C(a) will be interpreted as degree of membership of the individual a to the fuzzy
concept (set) C.

Semantics: With respect to ALC, a fuzzy valuation is now is a function | · | mapping (i)
ALC concepts into a membership degree function ∆ → [0, 1] (∆ is the domain); and (ii)
ALC roles into a membership degree function ∆ × ∆ → [0, 1]. If C is a concept then |C|
will naturally be interpreted as the membership degree function of the fuzzy concept (set) C,
i.e. if d ∈ ∆ is an object of the domain ∆ then |C|(d) gives us the degree of being the object
d an element of the fuzzy concept C. Similar arguments holds for roles.

As for four-valued fuzzy propositional case, we will have two valuation functions: | · |t and
| · |f : |C|t will naturally be interpreted as the membership degree function of C, whereas |C|f
will analogously be interpreted as the non-membership degree function of C. For instance,
|Tall|t(umberto) gives us the degree of umberto being Tall, whereas |Tall|f (umberto) gives us
the degree of umberto being not Tall.

The classical “two-valued” fuzzy case is obtained, as usual, whenever |C|f = 1− |C|t, for
each concept C. Similarly for roles.

A fuzzy interpretation2 in the context of ALC, is a tuple I = ((·)I , | · |t, | · |f ,∆I), where
2In the following called interpretation.
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1. | · |t and | · |f are fuzzy valuations, i.e. | · |t and | · |f map concepts into a function from
∆I into [0, 1] and map roles into a function from ∆I ×∆I into [0, 1];

2. ·I maps every fuzzy assertion into an element of 2{t,f};

3. ·I maps every individual into ∆I ;

4. aI �= bI , if a �= b.

Additionally, | · |t and | · |f have to satisfy the following equations: for all d ∈ ∆I

|C �D|t(d) = min{|C|t(d), |D|t(d)}
|C �D|f (d) = max{|C|f (d), |D|f (d)}

|C !D|t(d) = max{|C|t(d), |D|t(d)}
|C !D|f (d) = min{|C|f (d), |D|f (d)}

|¬C|t(d) = |C|f (d)
|¬C|f (d) = |C|t(d)

|∃R.C|t(d) = |(¬∀R.¬C)|t(d)
|∃R.C|f (d) = |(¬∀R.¬C)|f (d)

|∀R.C|t(d) = infd′∈∆I{max{1− |R|t(d, d′), |C|t(d′)}}
|∀R.C|f (d) = supd′∈∆I{min{|R|t(d, d′), |C|f (d′)}}.

(8.37)

These equations are the standard interpretation of conjunction, disjunction, and negation.
Just note that that the semantics of the ∃ connective has been given in terms of the ∀
connective. For the ∀ connective,

|∀R.C|t(d) = inf
d′∈∆I

{max{1− |R|t(d, d′), |C|t(d′)}} (8.38)

is the result of viewing ∀R.C as the open first order formula ∀y.R(x, y) → C(y). Now, the
universal quantifier ∀ is viewed as a conjunction over the elements of the domain and, thus,
|∀x.P (x)|t = infd′∈∆I{|P |t(d′)}, where P is an unary predicate, whereas an implication F →
G follows the semantics of Lf

+ and, thus, |F → G|t = max{1−|F |t, |G|t} (see Equation (8.17)).
The combination of these two points of views yields

|∀R.C|t(d) = inf
d′∈∆I

{max{1− |R|t(d, d′), |C|t(d′)}}.

Observe that the semantics of the ∀ connective gives us a sort of modus ponens over roles as
for any n ∈ [0, 1], |∀R.C|t(d) ≥ n iff for all d′ ∈ ∆I if |R|t(d, d′) > 1 − n then |C|t(d′) ≥ n.
Thus, |∀R.C|t(d) reflects the type A semantics for the ∀ connective too ( see Equation (7.64)).
By the way, in order to reflect the type B semantics for the ∀ connective (see Equation(7.65)),
just define

|∀R.C|t(d) = inf
d′∈∆I

{max{|R|f (d, d′), |C|t(d′)}}. (8.39)

In the following we will not consider this case.
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By definition, |∃R.C|t(d) is |(¬∀R.¬C)|t(d) which is |∀R.¬C|f (d) and which leads to

|∃R.C|t(d) = sup
d′∈∆I

{min{|R|t(d, d′), |C|t(d′)}}. (8.40)

The above equation is the result of viewing ∃R.C as the open first order formula ∃y.R(x, y)∧
C(y). Now, the existential quantifier ∃ is viewed as a disjunction over the elements of the
domain and, thus, |∃x.P (x)|t = supd′∈∆I{|P |t(d′)}, where P is an unary predicate. Hence,
this view yields to (8.40).

The definitions for | · |t and | · |f in (8.37) are, thus, complementary with respect to the ¬
connective.

Moreover, (·)I has to satisfy (see Equation (8.3))

t ∈ (C(a) ≥ n)I iff |C|t(aI) ≥ n

f ∈ (C(a) ≥ n)I iff |C|f (aI) ≥ n

t ∈ (R(a, b) ≥ n)I iff |R|t(aI , bI) ≥ n

f ∈ (R(a, b) ≥ n)I iff |R|f (aI , bI) ≥ n.

(8.41)

As for the propositional case Lf
+, there is a simple connection between the four-valued se-

mantics given in Section 7.4.1 (Equations (7.56)–(7.63)) and the fuzzy counterpart. In fact,
the above conditions can be reformulated as e.g.

t ∈ ((C �D)(a) ≥ n)I iff t ∈ (C(a) ≥ n)I and t ∈ (D(a) ≥ n)I ;
f ∈ ((C �D)(a) ≥ n)I iff f ∈ (C(a) ≥ n)I or f ∈ (D(a) ≥ n)I

(8.42)

(the other cases, !,¬,∀ and ∃ are quite similar).
A concept C is equivalent to a concept D (denoted by C ≈4 D) iff |C|t = |D|t, for every

interpretation I. A concept C is coherent iff there is an interpretation I and an object d ∈ ∆I

such that |C|t(d) > 0.
An interpretation I satisfies a fuzzy assertion γ, iff t ∈ γI . Given twoALC fuzzy assertions

γ1 and γ2, γ1 is equivalent to γ2 (denoted by γ1 ≈4 γ2) iff for every interpretation I, I satisfies
γ1 iff I satisfies γ2.

An interpretation I satisfies (is a model of ) a knowledge base Σ (a set of fuzzy assertions)
iff I satisfies all elements in Σ. A knowledge base Σ entails a fuzzy assertion γ (denoted by
Σ|≈4γ) iff all models of Σ satisfy γ.

Given a KB Σ and an assertion A, we define the maximal degree of truth of A with respect
to Σ (denoted by Maxdeg(Σ, A)) to be max{n > 0 : Σ|≈4(A ≥ n)} (max ∅ = 0). Notice that
Σ |≈4 (A ≥ n) iff Maxdeg(Σ, A) ≥ n.

8.3.1.2 Syntax and semantics of fuzzy specialisations

We have seen that in ALC a generic specialisation is of the form C ⇒ D whose first-order
view is of the form ∀x.C(x) → D(x). A natural extension to the fuzzy case is the following.
From a syntax point of view, a fuzzy specialisation is an expression of type (C ⇒ D ≥ n),
where C, D are ALC concepts and n ∈ [0, 1]. From a semantics point of view, we have that

|C ⇒ D|t = infd∈∆I{max{1− |C|t(d), |D|t(d)}}
|C ⇒ D|f = supd∈∆I{min{|C|t(d), |D|f (d)}}. (8.43)
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A consequence of this is that if n ∈ [0, 1] then |C ⇒ D|t ≥ n iff for all d ∈ ∆I if |C|t(d) > 1−n
then |D|t(d) ≥ n. In other words, by abuse of notation, (C ⇒ D ≥ n) is viewed as the FOL
formula

∀x.((¬C(x) ∨ (D(x)) ≥ n),

i.e. (C ⇒ D ≥ n) is

∀x.(C(x) ≤ 1− n) ∨ (D(x) ≥ n).

Therefore,

{(C(a) ≥ m), (C ⇒ D ≥ n)}|≈4(D(a) ≥ n) if m > 1− n. (8.44)

A drawback of the above property is that whatever the degree m is (as long as m > 1 − n),
from (C(a) ≥ m) and (C ⇒ D ≥ n) we infer (D(a) ≥ n) , where n is a priori fixed value. In
particular, for m1 > m2 and m1, m2 > 1− n it follows that

if Σ = {(C(a) ≥ m1), (C(b) ≥ m2), (C ⇒ D ≥ n)}
then

Maxdeg(Σ, D(a)) = n and
Maxdeg(Σ, D(b)) = n,

(8.45)

contrary to the intuition that Maxdeg(Σ, D(a)) should be greater than Maxdeg(Σ, D(b)).
As it is easily verified, the problem relies on the semantics of fuzzy specialisations.

Example 21 Suppose we have two images i1 and i2. In image i1 we recognise with degree
.6 a Ferrari, whereas in image i2 we recognise with degree .8 a Porsche. Of course, both are
cars. Let us consider

Σ = {(About(i1, c1) ≥ .6), (About(i2, c2) ≥ .8),
(Ferrari(c1) ≥ 1), (Porsche(c2) ≥ 1),
(Ferrari⇒ Car ≥ 1),
(Porsche ⇒ Car ≥ 1)}.

If we are looking for images in which there is a car, then from Σ we may infer that Σ |≈4

((∃About.Car)(i1) ≥ 1) and Σ|≈4((∃About.Car)(i2) ≥ 1), contrary to our intuition on consid-
ering image i2 about a car to a stronger extent than image i1.

In the following we will present an alternative semantics for specialisations which overcomes
the above problem.

Syntax: A fuzzy specialisation is an expression of type C → D, where C and D are ALC
concepts. We will use γ as metavariable for fuzzy specialisation. The intended meaning of
a fuzzy specialisation C → D is: for all instances a of concept C, if C(a) has membership
degree n then D(a) has membership degree n too.
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Semantics: Given a fuzzy interpretation I, additionally (·)I has to satisfy

t ∈ (C → D)I iff ∀d ∈ ∆I ∀n ∈ (0, 1]. |C|t(d) ≥ n implies |D|t(d) ≥ n

f ∈ (C → D)I iff ∃d ∈ ∆I ∃n ∈ [0, 1]. |C|t(d) ≥ n and |D|t(d) < n.
(8.46)

It is easily verified that the above semantics is an adaption of the semantics of Horn-Lf rules
to the DL case. In fact, a first-order point of view, C → D is viewed as the formula

∀x∀y ∈ [0, 1].(C(x) ≥ y)→ (D(x) ≥ y),

where F → G is interpreted in terms of the horn connective ←, i.e. as G ← F (rather than
as ¬F ∨G). Therefore, C → D is

∀x∀y ∈ [0, 1].(C(x) < y) ∨ (D(x) ≥ y). (8.47)

The definitions of satisfiability and entailment are extended to specialisations in the usual
way.

It is straightforward to verify that for m1 > m2

Σ = {(C(a) ≥ m1), (C(b) ≥ m2), C → D}
implies

Maxdeg(Σ, D(a)) = m1 and
Maxdeg(Σ, D(b)) = m2,

(8.48)

according to our intuition about specialisations.

Example 22 Consider Example 21, i.e. in image i1 we recognise with degree .6 a Ferrari,
whereas in image i2 we recognise with degree .8 a Porsche. We assume both that a Ferrari
and a Porsche are a car. Let us consider

Σ = {(About(i1, c1) ≥ .6), (About(i2, c2) ≥ .8),
(Ferrari(c1) ≥ 1), (Porsche(c2) ≥ 1),
Ferrari→ Car,
Porsche → Car}.

If we are looking for images in which there is a car, then from Σ we may infer that Σ
|≈4 ((∃About.Car)(i1) ≥ .6) and Σ|≈4((∃About.Car)(i2) ≥ .8), and thus, reasonably image i2 is
considered about a car to a stronger extent than image i1.

8.3.1.3 Properties of four-valued fuzzy ALC

A fuzzy assertion (A ≥ n) is in Negation Normal Form – respectively, in Conjunctive Normal
Form (CNF) – iff A is in NNF – respectively in CNF. Similarly, a fuzzy specialisation C → D
is in Negation Normal Form – respectively, in Conjunctive Normal Form (CNF) – iff C and D
are in NNF – respectively in CNF. Since every concept can be transformed into an equivalent
concept in NNF (respectively in CNF), as for the non fuzzy case, without loss of generality,
we can restrict our attention to fuzzy assertions and fuzzy specialisations in NNF only.

Let Σ be a fuzzy ALC KB. With Σ we indicate the (crisp) KB (see also (8.8))

Σ = {A : (A ≥ n) ∈ Σ} ∪ {C ⇒ D : C → D ∈ Σ}. (8.49)
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Concerning the part about fuzzy assertions, it is straight obvious that fuzzy ALC is nothing
else than an extension of Lf

+ to the DLs case. Therefore, as Lf
+ inherits mostly all the

properties of its non fuzzy counter-part L+, we will see that fuzzy ALC inherits mostly all
the properties of its non fuzzy counter-part ALC.

At first, a similar proposition as Proposition 10 holds in fuzzy ALC too.

Proposition 14 Let Σ be an ALC fuzzy KB and A an ALC assertion. For all n > 0, if
Σ|≈4(A ≥ n) then Σ |=A

4 A. �

Proof: Straightforward extension of proof of Proposition 6. Q.E.D.

As for the propositional case, Proposition 14 states that there cannot be fuzzy entailment
without entailment in ALC.

Example 23 Consider, the reasoning by cases example at Page 89. Consider the following
fuzzy KB

ΣB = {(Onstack(s, a) ≥ .6), (Onstack(s, b) ≥ .7), (Onstack(s, c) ≥ .8),
(Block(a) ≥ .9), (Block(b) ≥ .8), (Block(c) ≥ .7),
(On(a, b) ≥ .6), (On(b, c) ≥ .7), (8.50)
(Green(a) ≥ .8), (¬Green(c) ≥ .9)}

consider the query

C(s) = (∃Onstack.Block � Green)(s) (8.51)

asking whether there is a green block on the stack s, and the query

CB(s) = (∃Onstack.Block � Green � (∃On.(Block � ¬Green)))(s) (8.52)

asking whether there is a green block on a non-green block in the stack s.
Consider C(s). Since

{(Onstack(s, a) ≥ .6), (Block(a) ≥ .9), (Green(a) ≥ .8)} ⊂ ΣB,

from min{.6, .9, .8} = .6 it follows that ΣB|≈4(C(s) ≥ .6). Moreover, it is easy to see that
Maxdeg(ΣB,C(s)) = .6.

With respect to CB(s) we have, ΣB �|≈4(CB(s) ≥ n), for all n > 0. This is a direct con-
sequence of Proposition 14 and of the fact that reasoning by cases does not hold in crisp
four-valued ALC.

It worth noticing that the two-valued case is more sophisticated. In fact, let n > 0.
Consider a two-valued fuzzy interpretation I satisfying ΣB. In I either |Green|t(bI) ≥ n or
|Green|t(bI) < n, i.e. |¬Green|t(bI) > 1− n (note that | · |f = 1− | · |t).

If |Green|t(bI) ≥ n, then

|CB|t(sI) ≥ min{.7, |Green|t(bI)}

whereas, if |Green|t(bI) < n then
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|CB|t(sI) ≥ min{.6, |¬Green|t(bI)}.

Therefore,

ΣB|≈2(CB(s) ≥ min{.6, .7, |Green|t(bI), |¬Green|t(bI)}).

Since,

min{.6, .7, |Green|t(bI), |¬Green|t(bI)} ≥ .5

it follows that with respect to two-valued semantics,

Maxdeg(ΣB,CB(s)) = .5.

As already specified, our four-valued fuzzy semantics for the ∀ connective follows the type A
semantics. In particular, there is a restricted form of modus ponens, called modus ponens on
roles: for all concepts C, for any role R, and for all individuals a, b,

{((∀R.D)(a) ≥ n), (R(a, b) ≥ m)}|≈4(D(b) ≥ n) if m > 1− n (8.53)

{((∀R.D)(a) ≥ n), ((∃R.C)(a) ≥ m)}|≈4((∃R.C �D)(a) ≥ min{n, m})
if m > 1− n

(8.54)

which are quite similar to Equation (7.74) and Equation (7.75) of the crisp ALC case, and is
strictly related to Equation (8.20). As a consequence, the inverse of Proposition 14 does not
hold. In fact just consider that

{((∀R.D)(a) ≥ .6), (R(a, b) ≥ .2)} �|≈4(D(b) ≥ n), (8.55)

for all n > 0, whereas

{(∀R.C)(a), R(a, b)} |=4 C(b).

We can give a weaker form of the inverse of Proposition 14, by observing that, if Σ |=B
4 A,

i.e. no modus ponens over roles has been applied, then Σ|≈4(A ≥ n), for some n > 0.

Proposition 15 Let Σ be an ALC fuzzy KB and A an ALC assertion. If Σ |=B
4 A then

Σ|≈4(A ≥ n) for some n > 0. �

Finally, Proposition 14 and Proposition 15 are applicable to fuzzy specialisations, too. In
particular, it follows that

Proposition 16 Let Σ be an ALC fuzzy KB and C → D a fuzzy specialisation. Then
Σ|≈4C → D iff Σ |=B

4 C ⇒ D. �

which allows us to reduce fuzzy subsumption to subsumption w.r.t. type B semantics.
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8.3.2 The logic fuzzy Horn-ALC
We conclude this chapter by presenting the logic fuzzy Horn-ALC. Essentially, this logic is
an extension of Horn-ALC to the fuzzy case, i.e. with features we have seen for Horn-Lf . In
particular, almost all properties are the result of the combination Horn-Lf and Horn-ALC
(see Section 8.2.3 and Section 7.4.2). The logic fuzzy Horn-ALC will be our final logic.
At first, we extend the definition of fuzzy degree function.

Let W be a set of ALC objects (ALC individuals or variables) and let F be a set of degree
functions such that

F = {f : [0, 1]k ×Wm → [0, 1] : k = 1, 2, . . . ,
m = 1, 2, . . . ,

f defined on [0, 1]k ×Wm,
f nondecreasing on the first k arguments}.

A k +m-ary degree function f ∈ F takes as input k degrees n1, . . . , nk in [0, 1] and m objects
w1, . . . , wm. f(n1, . . . , nk, w1, . . . , wm) gives us a degree in [0, 1] depending on the values of
n1, . . . , nk, w1, . . . , wm. Moreover, we assume that for all n ∈ [0, 1], n ∈ F , i.e. the constant
function returning n is a degree function.

For instance, suppose we would like to specify a degree function f(h) which defines the
degree n = f(h) of being tall in terms of the height h = height(x) of a person x. A simple
function may be (the height is expressed in cm)

fheight(h) = min{1, (h/200)2}. (8.56)

The above function specifies that a person whose height is greater or equal than 200 is
definitely a tall person: e.g. if 180 = height(tom) then .81 = fheight(180), i.e. tom is likely
tall. On the other hand, if 225 = height(tom) then 1 = fheight(225), i.e. tom is definitely tall.
Just notice that fheight(h) depends only on the value (object) h. Now suppose we are unable
to determine precisely the height of tom. For instance, we guess its height from a picture,
e.g. we determine that 180 = height(tom) only to a degree n, say .7. It is certainly desirable
to define fheight not only parametric w.r.t. height h but also parametric w.r.t. the degree of
confidence we have on the value h. A function which does the job is

fheight(n, h) = min{1, n · (h/200)2}. (8.57)

Just notice that fheight(n, h) is nondecreasing on n, which is compatible with our intuition that
if the degree of confidence n w.r.t. the data h grows, then the degree of being tall fheight(n, h)
does not decrease.

A horn rule in fuzzy Horn-ALC is an expression of the form

(P ( 8X) ≥ V )← (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn), 〈V, f(8V , 8Y )〉, (8.58)

with n ≥ 1, and

1. 8X1, . . . , 8Xn, 8X are tuples of horn variables or individuals;

2. a horn variable which appears in 8X also appears in 8X1, . . . , 8Xn;

3. 8Y is the tuple of objects appearing in 8X1, . . . , 8Xn;
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4. V, V1, . . . , Vn are distinct fuzzy variables and f is a degree function;

5. 8V is the tuple of variables V1, . . . , Vn;

6. the predicates P, P1, . . . Pn are Horn-ALC predicates, i.e. they are either primitive
concepts, roles or ordinary predicates.

7. (P ( 8X) ≥ V ) is called head and (P1( 8X1) ≥ V1), . . ., (Pn( 8Xn) ≥ Vn), 〈V, f(V1, . . . , Vn)〉 is
called body.

Of course, horn rules are universally quantified on the fuzzy variables V, V1, . . . , Vn and on
the horn variables occurring in 8X1, . . . , 8Xn, 8X.

For instance, the horn rule

(Tall(X) ≥ V )← (Person(X) ≥ V1), (Height(X, Y ) ≥ V2), 〈V, fheight(V2, Y )〉 (8.59)

establishes that a person X is tall to a degree V = fheight(V2, Y ) if its height is Y with
precision V2 and fheight is defined as in Equation 8.57.

A fact (denoted by (P (8w) ≥ n)) is an expression of the form (A ≥ n), such that A is
either an ALC assertion (where an ALC variable can occur) or a A is ground instance
P (w1, . . . , wn) of some ordinary predicate and w1, . . . , wn are objects. For instance, (Person
�∃Friend.President)(tom) ≥ .7 and (Height(tom, 180) ≥ .6) are facts. It is worth anticipating
that the semantics of multimedia objects will be described through fuzzy Horn-ALC facts.

A goal is an expression of the form

← (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn),
〈Vf1 , f1(8Vf1 , 8Yf1)〉, . . . ,
〈Vfk , fk(8Vfk , 8Yfk)〉 : V R

(8.60)

with n ≥ 0, P1( 8X1), . . . , Pn( 8Xn) Horn-ALC predicates, f i fuzzy degree functions and V R a
set of fuzzy value restrictions. The case n = 0, k = 0 is called empty goal and is indicated
with ← : V R. Moreover, the following conditions are satisfied:

1. for all 1 ≤ i < j ≤ k, 8Yf i ∩ 8Yfj = ∅;

2. the fuzzy variables V1, . . . , Vn, Vf1 , . . . , Vfk are all distinct;

3. for all 1 ≤ i < j ≤ k, 8Vf i ∩ 8Vfj = ∅;

4. there is 1 ≤ l ≤ k such that Vf l occurs in no 8Vf i , 1 ≤ i ≤ k;

5. for each 1 ≤ i ≤ k, i �= l, there is exactly one li such that Vf i occurs in vecVf li .

6. {V1, . . . , Vn} = (
⋃

1≤i≤k
8Vf i) \ {Vf1 , . . . , Vfk}.

An example of goal is

← (Person(X) ≥ V1), (Height((X, Y ) ≥ V3), 〈V, f1(V1, V2, X)〉, 〈V2, f
2(V3, Y )〉.

Notice that, the above points are satisfied.
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A query is an expression of the form

∃ 8X∃8V .(P1( 8X1) ≥ V1) ∧ . . . ∧ (Pn( 8Xn) ≥ Vn), (8.61)

with n ≥ 1, 8X is the tuple of horn variables appearing in 8X1, . . . , 8Xn, 8V is the tuple of distinct
fuzzy variables V1, . . . , Vn and P1( 8X1), . . . , Pn( 8Xn) are Horn-ALC predicates.

The associated goal GQ of a query Q = ∃ 8X∃8V .(P1( 8X1) ≥ V1) ∧ . . . ∧ (Pn( 8Xn) ≥ Vn) is
the goal

← (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn), 〈V, 1〉 : ∅,

where V is a new fuzzy variable.
As usual, a fuzzy Horn-ALC KB Σ is a finite well formed set of ALC specialisations

and definitions, horn rules and facts. With ΣT ⊆ Σ we indicate the set of specialisations and
definitions in Σ, with ΣR ⊆ Σ we indicate the set of horn rules in Σ and with ΣF ⊆ Σ we
indicate the set of facts in Σ. A horn KB is a finite set of horn rules and horn facts. Note
that in a horn KB Σ, the terminology ΣT is empty. We will say that a Horn-ALC KB Σ is
safe iff for all rules R, the head of R involves ordinary predicates only. Finally, the definition
of recursive fuzzy Horn-ALC KBs Σ is as usual.

From a semantics point of view, we combine the definitions of Section 8.2.3 with those
of Section 7.4.2. Let I be an interpretation and let f be a degree function. Then I has to
satisfy the condition

t ∈ 〈V, f(8V , 8Y )〉I iff V I ≤ f(8V I , 8Y I). (8.62)

I satisfies 〈V, f(8V , 8Y )〉 iff t ∈ 〈V, f(8V , 8Y )〉I . Moreover, we extend | · |t and | · |f to n-ary
ordinary predicate P , as usual:

|P |t: ∆I × . . .×∆I → [0, 1]
|P |f : ∆I × . . .×∆I → [0, 1]

and

t ∈ (P (8w) ≥ n)I iff |P |t(8wI) ≥ n

f ∈ (P (8w) ≥ n)I iff |P |f (8wI) ≥ n.

I satisfies a horn fact (P (8w) ≥ n) iff t ∈ (P (8w) ≥ n)I .
With respect to horn rules, goals and queries we have:

1. let R be the horn rule

(P ( 8X) ≥ V )← (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn), 〈V, f(8V , 8Y )〉.

where 8Y is the tuple of all the k horn variables occurring in R and 8W is the tuple of
all the n + 1 fuzzy variables appearing in R. An interpretation I satisfies horn rule R

iff for all 8m ∈ [0, 1]n+1, for all 8d ∈ (∆I)k such that I %m,%d
%W,%Y

satisfies 〈V, f(8V , 8Y )〉, if I %m,%d
%W,%Y

satisfies all (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn), then I %m,%d
%W,%Y

satisfies (P ( 8X) ≥ V );
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2. let G be the goal

← (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn),
〈Vf1 , f1(8Vf1 , 8Yf1)〉, . . . ,
〈Vfk , fk(8Vfk , 8Yfk)〉 : V R.

Let 8Y be the tuple of all the k horn variables occurring in R and let 8V be the tuple of all
the l fuzzy variables appearing in R. An interpretation I satisfies goal G iff n + k ≥ 1
and for all 8m ∈ [0, 1]l such that I %m

%V
satisfies V R, for all 8d ∈ (∆I)k such that I %m,%d

%V ,%Y

satisfies all 〈Vfj , f j(8Vfj , 8Yfj )〉, I %m,%d
%V ,%Y

does not satisfy some (Pi( 8Xi) ≥ Vi), 1 ≤ i ≤ n;

3. let Q be the query

∃ 8X∃8V .(P1( 8X1) ≥ V1) ∧ . . . ∧ (Pn( 8Xn) ≥ Vn),

where 8V is an l-tuple and 8X is an k-tuple. An interpretation I satisfies a query Q

iff for some 8m ∈ [0, 1]l and for some 8d ∈ (∆I)k, I %m,%d
%V ,%Y

satisfies all (P1( 8X1) ≥ V1), . . . ,

(Pn( 8Xn) ≥ Vn).

Note that the empty goal is never satisfied.
An interpretation I satisfies (is a model of) a fuzzy Horn-ALC KB Σ iff I satisfies each

element of it. Satisfiability is extended to an arbitrary set S of horn rules, facts and goals,
as usual. Finally, a fuzzy Horn-ALC KB Σ entails a query Q (denoted by Σ|≈4Q) iff every
model of Σ satisfies Q. We extend the definition entailment to ground facts as follows: Σ
entails a ground fact (P (8w) ≥ n) (denoted by Σ|≈4(P (8w) ≥ n)) iff every model of Σ satisfies
(P (8w) ≥ n).

Let Q be a query ∃ 8X∃8V . (P1( 8X1) ≥ V1) ∧ . . . ∧ (Pn( 8Xk) ≥ Vk). An answer to the query Q
is a substitution θ of all horn variables and fuzzy variables in Q, i.e. θ = {X1/w1, . . ., Xq/wq,
V1/n1, . . ., Vk/nk}. We define θ

%X = {X1/w1, . . . , Xq/wq} and θ
%V = {V1/n1, . . . , Vk/nk}. Of

course, θ
%X ∩ θ

%V = ∅ and θ = θ
%X ∪ θ

%V . If θ is an answer, with 8θ we will denote the tuple
(n1, . . . , nk).

An answer is correct w.r.t. a fuzzy Horn-ALC KB Σ iff Σ|≈4Qθ. As usual, the answer set
of a query Q w.r.t. a fuzzy KB Σ (denoted by AnswerSet(Σ, Q)) is the set of correct answers,
i.e.

AnswerSet(Σ, Q) = {θ: Σ|≈4Qθ}. (8.63)

Now, let l, h ∈ [0, 1] be two reals, let 8n = (n1, . . . , nk) and 8m = (m1, . . . , mk) be two tuples
of reals in [0, 1], let N = {8n1, . . . , 8nr, . . .} be a set of reals and tuples of reals in [0, 1]. We
assume, l ↑ h, 8n ↑ 8m, ↑ N , l ↓ h, 8n ↓ 8m, ↓ N , 8n ≥ 8m, 8n ≤ 8m, 8n > 8m and 8n < 8m defined
as in Equation (8.33). The analogue definitions concerning answers θ is more complex as
objects are involved in θ. So, let θ1 = {X1/w1, . . . , Xq/wq, V1/n1, . . . , Vk/nk} and θ2 =
{X1/v1, . . . , Xq/vq, V1/m1, . . . , Vk/mk} be two non empty answers of query Q w.r.t. KB Σ.
We define3

3See Equation (8.34) for the definitions of θ
�V
1 ↑ θ

�V
2 and θ

�V
1 ↓ θ

�V
2 .
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θ1 ↑ θ2 =

{
∅ if θ

%X
1 �= θ

%X
2

θ
%X
1 ∪ (θ%V

1 ↑ θ
%V
2 ) otherwise

θ1 ↓ θ2 =

{
∅ if θ

%X
1 �= θ

%X
2

θ
%X
1 ∪ (θ%V

1 ↓ θ
%V
2 ) otherwise

θ1 ≥ θ2 iff θ1 = θ1 ↑ θ2

θ1 ≤ θ2 iff θ2 ≥ θ1

θ1 > θ2 iff θ1 ≥ θ2, θ1 �= θ2

θ1 < θ2 iff θ2 > θ1.

(8.64)

Unlike the case of Horn-Lf , if Σ is a Horn-Lf KB, Q is a query and θ1, θ2 ∈ AnswerSet(Σ, Q)
then it could be that neither θ1 ≥ θ2 nor θ2 ≥ θ1. So, let Θ = {θ1, . . . , θs, . . .} be a set of
answers of query Q w.r.t. KB Σ. We define,

↑ Θ = {θ ∈ Θ: θ maximal according to ≤}
↓ Θ = {θ ∈ Θ: θ minimal according to ≤} (8.65)

Example 24 Let Σ be the following fuzzy Horn-ALC KB.

Σ = {(A(a) ≥ .2), (B(a) ≥ .7),
(A(b) ≥ .4), (B(b) ≥ .6)}

and consider the query Q

Q = ∃X∃V1, V2.(A(X) ≥ V1) ∧ (B(X) ≥ V2).

Consider the two correct answers

θ1 = {X/a, V1/.2, V2/.7}
θ2 = {X/b, V1/.4, V2/.6}.

It is easily verified that each answer θ such that θ ≤ θ1 or θ ≤ θ2 is a correct answer,
i.e. θ = {X/a, V1/m, V2/n} with m ≤ .2, n ≤ .7, or θ = {X/b, V1/m, V2/n} with m ≤ 4, n ≤ .6.
As a consequence, the answer set is the set

AnswerSet(Σ, Q) = {θ: θ ≤ θ1} ∪ {θ: θ ≤ θ2}.

Notice that neither θ1 ≤ θ2 nor θ2 ≤ θ1. In fact, θX
1 = {X/a} �= {X/b} = θX

2 . Essentially,
θ1 and θ2 are incomparable. As a consequence, the maximal elements of AnswerSet(Σ, Q)
w.r.t. ≤ is not unique. In fact,

↑ AnswerSet(Σ, Q) = {θ1, θ2}.
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Finally, let us define

Maxdeg(Σ, Q) = ↑ AnswerSet(Σ, Q), (8.66)

which defines Maxdeg(Σ, Q) as the set of correct and maximal answers.
Notice that if θ ∈Maxdeg(Σ, Q) and 8θ = 8m, then it is possible to define a maximal degree

of the query Q to be e.g. min{m1, . . . , mn} (of course, any other degree function can be used).
In a more principled way, if we were interested in to determine a degree value m ∈ [0, 1] in
terms of f(m1, . . . , mn), then it is sufficient to add rule

(P ( 8X) ≥ V )← (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn), 〈V, f(V1, . . . , Vn〉

to Σ, where P is a new ordinary predicate and 8X is the tuple of all horn variables appearing
in the body. Thereafter we have to consider the new query

∃ 8X∃V.(P ( 8X) ≥ V ).

Given a query Q and its associated goal GQ then it is easily verified that

Σ |=4 Q iff Σ ∪ {GQ} not satisfiable. (8.67)

As in all horn extensions, we have that in case of horn KBs, equivalence between four-valued
fuzzy entailment and two-valued fuzzy entailment holds.

Proposition 17 Let Σ be a horn fuzzy Horn-ALC KB and let Q be a query. Then Σ|≈4Q
iff Σ|≈2Q. �

In the general case where Σ is a fuzzy Horn-ALC KB, then Σ|≈4Q implies Σ|≈2Q, but not
vice-versa. In fact, consider Σ = {((¬A ∨B)(a) ≥ 1), (A(a) ≥ 1)}. Then Σ|≈2(B(a) ≥ 1), but
Σ �|≈4(B(a) ≥ 1).

We conclude this section with an example.

Example 25 Consider the following fuzzy Horn-ALC KB

Σ = {(Tall(X) ≥ V )← (Person(X) ≥ V1), (Height(X, Y ) ≥ V2), 〈V, fheight(V2, Y )〉,
GoodFriend: = Person � ∃Friend.President,
(Person(tom) ≥ 1),
(Friend(tom, clinton) ≥ .7),
(Height(tom, 180) ≥ .6),
(President(clinton) ≥ 1),
(Person(tim) ≥ 1),
(Friend(tim, nixon) ≥ .3),
(Height(tim, 225) ≥ .6),
(President(nixon) ≥ 1)}.

Notice that in the above KB (Friend(tom, clinton) ≥ .7) expresses a kind of imprecision whether
clinton is tom’s friend. Similarly, (Height(tom, 180) ≥ .6) says us that we are not completely
sure that tom’s high is 180. The case for tim is similar.

Let Q be the query
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∃X∃V1, V2.(Tall(X) ≥ V1) ∧ (GoodFriend(X) ≥ V2).

i.e. we are asking whether there is tall good friend.
It is easily verified that

Σ|≈4(Tall(tom) ≥ .486)
Σ|≈4(GoodFriend(tom) ≥ .7)
Σ|≈4(Tall(tim) ≥ .66)
Σ|≈4(GoodFriend(tom) ≥ .3)

i.e. θ1 = {X/tom, V1/.486, V2/.7} and θ2 = {X/tim, V1/.66, V2/.3} are correct answers. From
the fact that neither θ1 ≤ θ2 nor θ2 ≤ θ1 it is easily verified that

Maxdeg(Σ, Q) =↑ AnswerSet(Σ, Q) = {θ1, θ2}.

8.4 Summary

In this part we have described the logic fuzzy Horn-ALC which will be used in the following
Part III in order to describe the semantic meaning of complex multimedia objects defined in
the previous Part I. The logic fuzzy Horn-ALC has several components addressing different
topics of modelling:

• a description logic component which allows the representation of structured objects of
the real world;

• a horn rule component which allows us to reason about these structured objects;

• a four-valued semantics which allows us to deal both with inconsistency and relevance
entailment;

• a fuzzy component which allows the treatment of the inherent imprecision in complex
multimedia objects meaning representation and their retrieval.



Part III

Reasoning about form and
semantics of multimedia objects
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Chapter 9

Preview

In Chapter 4 we formally described a simple object-oriented model for representing multimedia
data along the form dimension. In particular, we have defined complex single media objects
(CSMOs). A CSMO represents nothing else than a portion of data of interest in a single
media document. Moreover, CSMOs can be combined together in order to form more complex
objects, called complex multimedia objects (CMOs), which allow the aggregation of portions
of data of different documents. As a consequence, a CMO allows the representation a portion
of data of a multimedia document. A collection of such CMOs constitutes a multimedia
database about form (see Section 4.5). Now, given a multimedia database about form DBF
(see Equation (4.22)), at least three questions arise.

1. How can we query the database DBF?

2. How can we represent the semantics of the complex multimedia objects in DBF?

3. How can we query a database containing both information about form and information
about semantics of complex multimedia objects?

These three questions will be the topic of the following chapters. In particular, concerning
Point 1., in order to query DBF we have to formally specify a query language and successively
specify what the results of a query w.r.t. DBF are. This will be the topic of the next chapter.
We will see that querying the form will be done through fuzzy Horn-ALC, i.e. a query
w.r.t. DBF will be a fuzzy Horn-ALC query. In particular, querying DBF through a fuzzy
Horn-ALC query Q will formally be specified by viewing DBF as a concrete domain [31].

On the other hand, Point 2. and Point 3. will be the topic of Chapter 11. We will see
that the semantics of a CMO can simply be specified through a set of fuzzy Horn-ALC facts.
As a consequence, fuzzy Horn-ALC queries allow us to query a database along both the
form and the semantics dimension in an uniform and principled way. The expressive power
of fuzzy Horn-ALC will allow us to perform a huge variety of queries which go behind the
capabilities of the to date existing multimedia systems.
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Chapter 10

Reasoning about form

10.1 Formalisation

Given a multimedia database about form DBF, essentially it contains the objects which can
be retrieved through user’s queries. The natural question is: how can we query DBF and
what kind of queries can we perform? We answer to these questions by providing a query
language and specifying the semantics of it. There are at least two ways in doing this.

1. The first solution is to define a mapping Ω such that Ω(DBF) is viewed as deductive
database (see e.g. [1]). In particular, Ω(DBF) may be a horn fuzzy Horn-ALC KB. A
query Q is a query in fuzzy Horn-ALC and, thus, querying DBF by means of query Q is
defined through Ω(DBF)|≈4Q. Hence, the main effort is to formally specify the function
Ω(·) which maps multimedia databases about form into horn fuzzy Horn-ALC KBs.

2. A second solution is to rely on concrete domains and predicates on them [31]. Examples
of concrete domains are integers, string, reals, or also non-arithmetic domains (like rela-
tional databases). Essentially, in this view, a DBF will be a concrete domain and where
the predicates defined in this domain correspond to the concept names and methods
defined in DBF.

While the first method is certainly useful for fast prototyping it certainly suffers from a
computational point of view, as anything is performed within logic.

We follow instead the second approach as it delegates the retrieval of complex multimedia
objects to an underlying database system implementing a multimedia databases about form.

At first, we define the notion of concrete domain. A concrete domain D consists of a set
dom(D), the domain of D, and a set pred(D), the predicate names of D. Each predicate name
P is associated with an arity n, and an n-ary predicate PD ⊆ dom(D)n.

An example of concrete domain is the following: assume that DB is an arbitrary relational
database equipped with an appropriate query language. Then DB can be seen as a concrete
domain where dom(DB) is the set of atomic values in the database. The predicates of DB
are the relations which can be defined over DB with the help of the query language.

Moreover, let P1, . . . , Pk be k (not necessarily different) predicate names in pred(D) of
arities n1, . . . , nk. Consider the conjunction

k∧
i=1

Pi(8xi).
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Here 8xi stands for an ni-tuple (xi
1, . . . , x

i
ni

) of variables. Such a conjunction is said to be
satisfiable iff there is an assignment of elements of dom(D) to the variables such that the
conjunction becomes true in D. We will assume that the satisfiability problem for finite
conjunctions of the above mentioned form is decidable.

Now, let

DBF = (CH,TY,MET, π,OID)

be a multimedia database about form, where CH = (CN,=,≺) is a class hierarchy, CN is a set
of class names, TY is the set of types over CN, MET is a set of methods m of classes in CN,
π is an OID assignment over CN and OID is a set of objects (o, v) instances of classes in CN.

The concrete domain DBF is defined as follows.

1. The domain dom(DBF) is defined as follows. Let V be

V = ValueA ∪ObjectId ∪ {nil}. (10.1)

Then

dom(DBF) = V ∪ 2V . (10.2)

Note that the domain is the set of basic values.

2. The predicate names in pred(DBF) are defined as follows.

(a) For each class name C ∈ CN there is an unary predicate c ∈ pred(DBF) such that

cDBF = π∗(C). (10.3)

Note that the predicate cDBF includes all the instance of the class C, according to
the class hierarchy CH.

(b) For each method m ∈ MET (including implicit methods), where m:C × T1 × . . .×
Tn−1 → Tn, there is a n + 1-ary predicate m ∈ pred(DBF) such that

mDBF = {(o, v1, . . . , vn−1, vn) : m(o, v1, . . . , vn−1) = vn}. (10.4)

We will extend fuzzy Horn-ALC as follows.

Syntax From a syntax point of view, consider a new alphabet OC of concrete individuals
and concrete variables. A concrete object (denoted by w) is either a concrete individual, a
concrete variable or a set of concrete individuals and variables. We will assume that there
is a fixed bijection δ between V ⊂ dom(DBF) and concrete individuals. For ease of notation
we will assume that for all v ∈ V , δ(v) = v. An element {v1, . . . , vn} ∈ 2V ⊂ dom(DBF) will
be represented as a prolog term [δ(v1), . . . , δ(vn)], where [·] is the usual list operator. Note
that the wi = δ(vi) are concrete objects. The empty set is denoted by [] or also with nil. A
concrete atom is an expression of the form P (w1, . . . , wn), where P ∈ pred(DBF) is an n-ary
predicate and wi are concrete objects. Any concrete atom may appear in the body of a fuzzy
Horn-ALC rule or in a fuzzy Horn-ALC query.
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Semantics From a semantics point of view we extend interpretations I w.r.t. DBF for fuzzy
Horn-ALC as follows. The interpretation I w.r.t. DBF has to be such that

1. ∆I ∩ dom(DBF) = ∅;

2. wI ∈ dom(DBF), if w is a concrete variable;

3. wI = δ−1(w) ∈ dom(DBF), if w is a concrete individual, where δ is a fixed bijection
between V and OC;

4. [w1, . . . , wn]I = {w1
I , . . . , wn

I} ∈ dom(DBF);

5. t ∈ P (w1, . . . , wn)I iff (w1
I , . . . , wn

I) ∈ PDBF;

6. f ∈ P (w1, . . . , wn)I iff (w1
I , . . . , wn

I) �∈ PDBF.

All the results described in Section 8.3.2 are easily extendible to the case of concrete atoms
too.

At last, querying DBF by means of a fuzzy Horn-ALC query Q is defined as follows.
A multimedia database about form DBF entails a query Q (denoted by DBF |= Q) iff all
interpretations I w.r.t. DBF satisfy Q. Of course the notions of correct answer θ (DBF |= Qθ)
and answer set (denoted by AnswerSet(DBF, Q)) are as usual.

We extend all the above definitions in case a fuzzy Horn-ALC KB Σ is taken into account
too. A fuzzy Horn-ALC KB Σ entails a query Q w.r.t. a multimedia database about form
DBF (denoted by (Σ,DBF) |= Q) iff all interpretations I w.r.t. DBF satisfying Σ satisfy Q
too. The notions of correct answer θ and answer set are as above.

In summary, the above definitions specify in a formal way (i) what a multimedia database
about form is; (ii) what a query is; and (iii) what the answer set w.r.t. a multimedia database
about form and a query is. Of course, given a multimedia database about form DBF, a KB
Σ and a query Q, there exists a simple method in order to determine whether (Σ,DBF) |= Q.

• We may use the methods described in Section D.5.2, based on SLD-refutation. In
particular, Method 4.2. is quite interesting as it relies on standard SLD-refutation for
first-order horn logic, i.e. a standard prolog system is sufficient together with external
procedure calls for concrete atoms.

10.2 Retrieval examples

In this section we present a list of examples showing the retrieval capabilities, along the form
dimension of multimedia data, allowed in our framework. We will concentrate our attention
to those cases which highlight the main features, by showing different types of queries allowed.
In the following let DBF be a multimedia database about form.

10.2.1 About text . . .

The first case concerns typical text retrieval.

“Find sections in a text document relevant to the query expressed
through the text T”.
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The formalisation of the above query is as follows: we build a new CSMO which corresponds
to text T . So, let (o, v) be a new object, instance of class CTO, i.e. the class of complex text
objects1, such that

1. o.MediaDataObj is a MDO of type TextObject representing text T ,

2. o.ComposedOf = nil

3. o.Region refers to the whole text T .

Let us assume that a class Section exists and a similarity function between complex text
objects is given (e.g. [173]) with signature

simtxt:CTO× CTO→ [0, 1].

We consider the KB Σ with the following rule

(SimilarText(X, Y ) ≥ V )← cto(X), cto(Y ), simtxt(X, Y, Z), 〈V, Z〉

which defines the predicate SimilarText as a similarity predicate: in (SimilarText(X, Y ) ≥ V )
the truth degree V indicates the similarity between X and Y . As a consequence, the fuzzy
Horn-ALC query QT is thus simply

QT = ∃X∃V.section(X) ∧ (SimilarText(X, o) ≥ V ). (10.5)

Of course, given the set of correct answers,

AnswerSet((Σ,DBF), QT ) = {{X/oi, V/ni}: i ≥ 0},

the output is a list of tuples (oi, ni) ranked in descending order according to the value ni.
Retrieval relying on attributes is also supported.

“Find articles written by Smith relevant to the query expressed through
the text T”.

Assuming that Article ≺ CTO and Author is an attribute of Article, then the above query can
be formulated as

QT = ∃X∃V.article(X) ∧ author(X, “Smith”) ∧ (SimilarText(X, o) ≥ V ). (10.6)

Notice that in the examples above we assume that a similarity function like SimilarText is
given. Of course, if there is no such method, a similarity predicate SimilarText, or any other
type of similarity predicate, can directly be implemented in prolog. This is done e.g. in [124].
This is particularly interesting during the prototyping phase, as it enables to test different
similarity functions for their effectiveness. We do not investigate them here.

1Remember that CTO ≺ CSMO. See Example 6.
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10.2.2 About image . . .

An usual query allowed in image retrieval systems is like the following

“Find images similar to a given image I”.

The query formulation is similar to the text case. We build a new CSMO which corresponds
to image I. So, let (o, v) be a new object, instance of class CIO, i.e. the class of complex
image objects2, such that

1. o.MediaDataObj is a MDO of type ImageObject representing image I,

2. o.ComposedOf = nil

3. o.Region refers to the whole image I.

Let us assume that a similarity function between complex image objects is given with signature

simimag:CIO× CIO→ [0, 1].

Furthermore, we consider the KB Σ with the following rule

(SimilarImage(X, Y ) ≥ V )← cio(X), cio(Y ), simimag(X, Y, Z), 〈V, Z〉

which defines the predicate SimilarImage as a similarity predicate: in (SimilarImage(X, Y ) ≥ V )
the truth degree V indicates the similarity between the complex image objects X and Y . As
a consequence, the fuzzy Horn-ALC query QI is thus simply

QI = ∃X∃V.cio(X) ∧ (SimilarImage(X, o) ≥ V ). (10.7)

As for the text case, attributes can be used in retrieving images.

“Find images containing an image region whose shape is similar to a
given shape S1 and which has to its right hand side another region
whose shape is similar to S2”.

Again, we build a new object (o1, v1), instance of class CIO, such that the feature o1.HasShape
represents S1 and a new object (o2, v2), instance of class CIO, such that the feature o2.HasShape
represents S2. The fuzzy Horn-ALC query QI is

QI = ∃X∃V.(Retrieve(X, o1, o2) ≥ V ) (10.8)

where

(SimilarShape(X, Y ) ≥ V ) ← shape(X), shape(Y ), simshape(X, Y, Z), 〈V, Z〉
(IsLeftOf(X, Y ) ≥ V ) ← cio(X), cio(Y ), isleftof(X, Y, Z), 〈V, Z〉
(Retrieve(X, O1, O2) ≥ V ) ← cio(X), composedof(X, Y ),

hasshape(Y, Y 1), hasshape(O1, Y 2), (SimilarShape(Y 1, Y 2) ≥ V 1),
composedof(X, Z), hasshape(Z, Z1), hasshape(O2, Z2),
(IsLeftOf(Z, Y ) ≥ V 2), (SimilarShape(Z1, Z2) ≥ V 3),
〈V, V 1 · V 2 · V 3〉

2Remember that CIO ≺ CSMO. See Example 5.
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where similarshape is the similarity function for the shape attribute (see Section 4.3.4) and
isleftof is a topological operator (see Section 4.3.3). Notice that the resulting retrieval degree
is the product of the two similarity degrees for shape similarity with the degree of being left.
Of course, the retrieval by relying on color and/or texture attributes is similar.

Often it is useful to retrieve annotated images through a text query, like in [137].

“Find images relevant to the query expressed through the text T”.

We build a new object (o, v), instance of class CTO representing text T . The fuzzy Horn-ALC
query QI is

QI = ∃X1, X2∃V. cio(X1) ∧ composedof(X1, X2)∧
caption(X2) ∧ (SimilarText(X2, o) ≥ V ).

(10.9)

Just notice that a huge variety of queries may be formulated in our framework, so as new
similarity functions can be defined. For instance, consider the following set of rules defining
similarity predicate MySimImage as follows. Suppose the user is looking for images similar
to a given one I. Moreover, we suppose that the user is allowed to input priority degrees
t, s, c ∈ [0, 1] for texture, shape and color, respectively. For instance, if s > c then the
user considers shape similarity more important than color similarity in image retrieval. The
following set of rules, defining similarity predicate MySimImage, takes this priorities into
account.

(MySimImage(X, Y ) ≥ V ) ← cio(X), cio(Y ),
(SimValT(X, Y ) ≥ V 1),
(SimValS(X, Y ) ≥ V 2),
(SimValC(X, Y ) ≥ V 3),
〈V, t·V 1+s·V 2+c·V 3

t+s+c 〉

(SimValT(X, Y ) ≥ V ) ← hastexture(X, Z1),
hastexture(Y, Z2),
(SimilarTexture(Z1, Z2) ≥ V 1), 〈V, V 1〉

(SimValS(X, Y ) ≥ V ) ← hasshape(X, Z1),
hasshape(Y, Z2),
(SimilarShape(Z1, Z2) ≥ V 1), 〈V, V 1〉

(SimValC(X, Y ) ≥ V ) ← hascolor(X, Z1),
hascolor(Y, Z2),
(SimilarColor(Z1, Z2) ≥ V 1), 〈V, V 1〉

(10.10)

More generally, if A1:F1, . . . , An:Fn are the feature attributes for complex image objects,

msim
i :Fi × Fi → [0, 1]

are the similarity functions for feature type Fi and p1, . . . , pn are the priorities for features
A1, . . . , An, respectively, then

m:CIO× CIO→ [0, 1],

m(o1, o2) =
∑n

i=1
pi·msim

i (o1.Ai,o2.Ai)∑n

i=1
pi

(10.11)
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gives us a simple way to define a similarity function between images by relying on given
similarity functions between image features. Note that the assignment

〈V, t·V3+s·V4+c·V5
t+s+c 〉

in the above rules is a special case of Equation (10.11).

10.2.3 About video and audio . . .

Essentially, the examples about text and image can easily be adapted to the case of video or
audio. For instance,

“Find audio streams regions similar to a given audio stream A”.

“Find audio streams regions relevant to the query expressed through
the text T”.

and

“Find video frame sequence relevant to the query expressed through
the text T”.

can easily be formulated in our framework. Of course, many other kind of queries may be
formulated involving methods and attributes of complex video objects and complex audio
objects. It is not our intention to go through this long list.

10.2.4 About multimedia

In all the sections above, we have seen how an user’s query involving text, image, video and
audio, are easily translated into an fuzzy Horn-ALC query, as long as the user’s query can be
expressed as a fuzzy Horn-ALC query. The richness of the logic fuzzy Horn-ALC guarantees
us that almost all queries of interest to the user can be formulated through it. In particular,
this means that an user can express its interest through a multimedia document, i.e. a query
is a document mixing text, images, video and audio. For instance, suppose the user is looking
for documents about animals and specifies her information need through an HTML document
H including text and images about these animals, i.e. her request is like

“Find all complex multimedia objects relevant to the query expressed
through the HTML document H”.

The query sounds quite complex as it involves both text and images. Notice that an answer
may be a video frame sequence or an audio stream concerning animals: not necessary we
are looking for HTML documents. Any kind of object which is about animals could be a
candidate to be an answer relevant to the user’s information need.

Of course, if a similarity function for complex multimedia objects is given, i.e. a function

cmosim:CMO× CMO → [0, 1],

then we are able to formulate the query in fuzzy Horn-ALC as follows. Let (o, v) be a new
CMO which corresponds to HTML document H. The fuzzy Horn-ALC query QH is simply
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QH = ∃X∃V.cmo(X) ∧ (CMOSim(X, o) ≥ V ), (10.12)

where the rule

(CMOSim(X, Y ) ≥ V )← cmo(X), cmo(Y ), cmosim(X, Y, Z), 〈V, Z〉

has been considered. Unfortunately, a similarity function like cmosim for CMO is rarely given.
So, how can we proceed? Here we show how a similarity method

cmosim:CMO× CMO → [0, 1]

may be easily defined. It is reasonable to assume that similarity functions for both text and
images are given, so as for other media as video and audio. Formally, let us consider the four
classes CTO, CIO, CVO and CAO, representing complex text objects, complex image objects,
complex video objects and complex audio objects, respectively. Let us assume that there are
similarity functions for each of these classes with signature

simX:X× X→ [0, 1], (10.13)

where X ∈ {CTO,CIO,CVO,CAO} and simX(o1, o2) is defined for atomic CSMOs only: o1.
ComposedOf = nil, o2.ComposedOf = nil. It is not hard to see that it is reasonable to assume
that such similarity measures already exists. We extend now each simX(·, ·) to the general
case where o.ComposedOf = {o1, . . ., om} (e.g. where a video frame sequence is composed of
a set of video frame sequences, a text is composed of a set of sections, etc. ).

We first determine all the components of (o, v), comp(o), through the method comp defined
inductive as

comp(o) =

{
{o} if o.ComposedOf = nil⋃

o′∈o.ComposedOf comp(o′) otherwise. (10.14)

Now, let (o1, v1) and (o2, v2) be two CSMO of the same media type. We define the following
similarity functions for each of the classes CTO, CIO, CVO and CAO, with signature

simgenX:X× X→ [0, 1], (10.15)

where X ∈ {CTO,CIO,CVO,CAO} such that

simgenX(o1, o2) =
∑

o′∈comp(o1),o′′∈comp(o1) simX(o′, o′′)
|comp(o1)| · |comp(o1)| . (10.16)

simgenX(o1,o2) is in principle quite simple: it sums up the similarity between the components
of o1 and o2 and then normalises the sum with |comp(o1)| · |comp(o1)|. Just notice that more
sophisticated similarity functions can be computed as well. For instance one could rely on
the work described in [173]. Of course, the simgenX similarity functions may be implemented
directly in prolog too.

So far, we have now similarity functions simgenCTO, simgenCIO, simgenCVO and simgen-
CAO measuring similarity between CSMOs. We are going now to define a similarity function
cmosim measuring similarity between CMOs. Let (o, v) be CMO. Consider comp(o) the set
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of components of (o, v). For each X ∈ {CTO,CIO,CVO,CAO}, let comp(o)X be the subset of
all those CSMOs in comp(o) of media type X. Note that comp(o)CTO, comp(o)CIO, comp(o)CVO

and comp(o)CAO constitutes a partition of the set comp(o). Let αX, with X ∈ {CTO,CIO,CVO, CAO}
be priorities factors such that

∑
X∈{CTO,CIO,CVO,CAO}

αX ≤ 1.

Then we may define cmosim measuring the similarity between two CMOs, with signature

cmosim:CMO× CMO → [0, 1],

as

cmosim(o1, o2) =
∑

X∈{CTO,CIO,CVO,CAO}
(αX ·

∑
o′∈comp(o1)X,o′′∈comp(o2)X

simX(o′, o′′)

|comp(o1)X| · |comp(o2)X|
). (10.17)

Now, the user’s query specified at the beginning of this section can be answered through the
fuzzy Horn-ALC query (10.12).

In conclusion, we have seen that it quite easy not only to formalise user’s queries in terms
of fuzzy Horn-ALC queries, but also to define new similarity measures. This is especially
important for the development of a prototypical system and for those cases in which the
declarative character of this measure plays an important role, i.e. if the system should allow
the definition of user specific retrieval criteria.
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Chapter 11

Reasoning about form and
semantics

11.1 Formalisation

We have seen that the form dimension concerns media dependent properties of multimedia
data, represented in terms of complex multimedia objects (CMOs). Essentially, these proper-
ties are of three different types: the first type concerns the aggregation structure of a CMO,
the second type concerns the feature attributes of a each CMO and the third type concerns
methods, i.e. relations among CMO. The structure concerns how the multimedia data is or-
ganised (if it has an organisation). For instance, an article has a title, an author, an abstract,
an introduction, other sections, a conclusion and a bibliography reference list (see also Fig-
ure 4.5). Concerning images, regions of an image can be aggregated, like in Figure 4.4. The
aggregation structure can typically be extracted automatically from text documents, whereas
it is mostly manual in cases of image, video and audio data. Each CMO has a list of fea-
tures attributes whose type is media depended. For instance, typically a text document has
a term/weight vector, whereas an image has color distribution, texture and shape attributes.
Finally, methods allow us to computes some relationships between CMO. For instance, given
two image regions of the same image, the relation isLeftof determines whether the first is on
the left of the second region. As a consequence, queries about form concern nothing else than
these three types of properties, as we have seen in the previous chapter.

In this chapter we address the semantics, or meaning, dimension of multimedia data,
i.e. properties of them which are medium independent. In particular, we will formally specify

• how the semantics, or meaning, of a CMO will be described;

• what a multimedia database about form and semantics is;

• what a query about form and semantics is; and

• what querying a multimedia database about form and semantics means.

So, let

DBF = (CH,TY,MET, π,OID)

139
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be a multimedia database about form and consider an object (o, v), instance of class CMO,
i.e. (o, v) is a complex media object. For the sake of explanation purposes, suppose that (o, v)
corresponds to an image region depicting a person, say Tom. Now, in order to say that (o, v)
is about Tom, an (image) interpretation (or understanding) process happened. Essentially,
this process maps object (o, v) representing a region in the image into an entity of the real
world, called Tom, i.e. Tom is what we call the semantics of region (o, v). We will represent
the semantic entities (or also events) we are talking about with individuals. As a consequence,
assigning meaning to a generic CMO (o, v) can be defined by mapping it into an individual
a. In our case, the object (o, v) is mapped into the individual tom representing a person. As
this mapping is almost imprecise, a degree in [0, 1] is given too.

Formally, let O be the set of individuals. Let CMO1, . . . ,CMOk, k ≥ 1, be k subclasses of
CMO, not necessarily be pairwise distinct. Remember that π(CMOi) is the set of instances
of CMOi and, thus, δ(π(CMOi)) is the set of concrete individuals denoting the CMOs in
π(CMOi). A meaning interpretation function for class CMOi is a degree function

int asi: δ(π(CMOi))×O → [0, 1], (11.1)

mapping a concrete individual denoting a complex multimedia object OID o, belonging to
class CMOi, into an individual a, with a degree n ∈ [0, 1]. Here, each int asi plays the role
of a meaning interpretation function which is specialised in determining the meaning of the
objects of class CMOi. Each meaning interpretation function specifies a connection between
the form dimension and the semantics dimension of multimedia data. int asi(o, a) determines
to which extent object (o, v) can be interpreted as individual a. For instance, in our example
we have that CIO ≺ CMO and int asCIO is specialised in image interpretation. Therefore,
e.g. int asCIO(o, tom) = .8 exploits the fact that the interpretation of the complex image
object (o, v) is the entity represented by the individual tom, and this relation holds with
degree .8 (see Figure 11.1).

Certainly, the definition of the int asi functions is rather a hard problem, as this means
that our understanding process has been completely understood. Of course, as int asi is an in-
terpretation function, it is a subjective matter: e.g. it is questionable whether int asCIO(o, tom)
= .8 or int asCIO(o, tom) = .6, or any other value n ∈ [0, 1]. This kind of situation can be
modelled by observing that there could be i, j such that i �= j, CMOi = CMOj , int asi(o) �=
int asj(o) for some OID o, i.e. int asi and int asj represent two different interpretation
functions for the same class CMOi. A simple consequence is that our model allows multiple
interpretations for the same object.

Moreover, mostly the interpretation process is done manually by indexers, i.e. int asi is
defined as a a finite set of tuples (o, a, n) which in turn means that int asi is defined through
its graph. This process is called usually manual indexing.

Now we are ready to define what we mean with a database involving both the form
dimension and semantics dimension of multimedia data. At first, we extend fuzzy Horn-ALC
as follows.

Syntax From a syntax point of view, int asi is a degree function and, thus, as such may be
used in fuzzy Horn-ALC. Furthermore, we assume that there are ordinary predicates Int Asi
such that expressions of the form (Int Asi(w1, w2) ≥ T ) may appear as fact, in a rule or in a
query, where w1 is a concrete object, w2 is an object and T is a fuzzy value.
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Figure 11.1: Meaning interpretation of CMOs.

Semantics From a semantics point of view, an interpretation I has to be such that

t ∈ (Int Asi(w1, w2) ≥ T )I if int asi(w1
I , w2

I) ≥ T I . (11.2)

Note that it might be the case that (Int Asi(w1, w2) ≥ T )I = ∅, describing the state of total
ignorance about the meaning of w1.

Given a multimedia database about form, DBF, let INT be a set of meaning interpre-
tation functions int asi. Let Σ be a fuzzy Horn-ALC KB. Σ specifies our background
knowledge about the entities/events of the considered slice of real world. For instance,
(Person(tom) ≥ 1) ∈ Σ, i.e. tom is a Person. Without loss of generality we will assume
that each primitive concept appearing in a fuzzy assertion in ΣF is a concept name defined in
the terminology ΣT . Then a multimedia database about form and semantics, DBFC, is defined
as a triple

DBFC = (DBF, INT,Σ). (11.3)

Here, DBF concerns the form dimension of multimedia documents, Σ concerns the seman-
tics dimension o multimedia documents, whereas INT exploits the link between these two
dimensions. Moreover, Σ has to be such that ΣR includes the following rules:
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(Int As(X, Y ) ≥ V )← CMO1(X), (Int As1(X, Y ) ≥ V1), 〈V, V1〉

. . .
(Int As(X, Y ) ≥ V )← CMOk(X), (Int Ask(X, Y ) ≥ V1), 〈V, V1〉

(Int As1(X, Y ) ≥ V )← CMO1(X), 〈V, int as1(X, Y )〉

. . .
(Int Ask(X, Y ) ≥ V )← CMOk(X), 〈V, int ask(X, Y )〉

(11.4)

Of course, other functions may be defined through rules of the above type. The ordinary
predicate Int As is called meaning interpretation function of complex multimedia objects.

As for the form dimension, the query language is nothing else than fuzzy Horn-ALC and
querying a multimedia database about form and semantics is defined in terms of entailment.
A a multimedia databases about form and semantics DBFC entails a query Q (denoted by
DBFC |= Q) iff all interpretations w.r.t. DBF satisfying Σ satisfy Q too. Of course the notions
of correct answer θ (DBFC |= Qθ) and answer set (denoted by AnswerSet(DBFC, Q)) are as
usual.

Example 26 Let us consider Example 5 (see Figure 4.4). We have seen that the OIDs
oregi, i ≥ 3, correspond to the regions depicted in GetData(o2.Data) in Figure 4.4 which are
interpreted as the left eye, the mouth, the right eye, the nose and the face, respectively.

Now, let DBF be a multimedia database about form containing all the objects identified
in Figure 4.4, i.e. (o2, v), (o3, v3), (o4, v4), (o5, v5), (o6, v6), (o7, v7). Let Σ be a fuzzy
Horn-ALC KB containing the following facts:

(Int AsCIO(o3, leye) ≥ .8)
(Int AsCIO(o4,mouth) ≥ .7)
(Int AsCIO(o5, reye) ≥ .6)
(Int AsCIO(o6, nose) ≥ .4)

(Eye(leye) ≥ 1)
(Eye(reye) ≥ 1)
(Mouth(mouth) ≥ 1)
(Nose(nose) ≥ 1)

which correspond to the meaning interpretation, determined either manually or automatically,
of the CIOs objects. Just note that o7 has not been interpreted. Furthermore assume that in
ΣR there is a rule like

(Int AsCIO(O, face) ≥ V ) ← cio(O), composedof(O, [Y 1, Y 2, Y 3|Z]),
(Int AsCIO(Y 1, X1) ≥ V 1), (Eye(X1) ≥ V 2),
(Int AsCIO(Y 2, X2) ≥ V 3), (Mouth(X2) ≥ V 4),
(Int AsCIO(Y 3, X3) ≥ V 5), (Nose(X3) ≥ V 6),
〈V, p · V 1·V 2+V 3·V 4+V 5·V 6

3 〉

where p is computed as
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p = max{p1

p2
+ .5, 1}

p1 =
∑3

i=1 Dimension(Y i.Region)
p2 = p1 +

∑
Y ∈Z Dimension(Y.Region)

where Dimension(Y.Region) determines the dimension of the area covered by region Y.Region.
The above rule for Int AsCIO may be interpreted as follows: a complex image object O is

interpreted as being a face, with degree V , if

1. O is composed of at least three objects Y 1, Y 2, Y 3;

2. each Y 1, Y 2, Y 3 is interpreted as Eye, Mouth, Nose, respectively;

3. the degree V is obtained as follows:

(a) V 1 · V 2 is the degree of being Y 1 an Eye;
(b) V 3 · V 4 is the degree of being Y 2 a Mouth;
(c) V 5 · V 6 is the degree of being Y 3 a Nose;
(d) V 1·V 2+V 3·V 4+V 5·V 6

3 is the degree that O is composed of an Eye, a Mouth and Nose;
(e) the factor p is determined in terms of the fraction of area covered by the regions

addressed by Y 1, Y 2, Y 3, p1, w.r.t. the total area covered by object O, p2.

11.2 Retrieval examples

In this section we present a list of examples showing the retrieval capabilities, along the both
the form and semantics dimension of multimedia data. We will concentrate our attention to
those cases which highlight the main features, and in particular, the cases involving images.
The case were queries involve other types of media are similar.

“Find images about faces”.

The query is straightforward.

QI = ∃X∃V.cio(X) ∧ (Int As(X, face) ≥ V ). (11.5)

i.e. find all complex image objects X which are interpreted as face. By relying on the mul-
timedia database about form DBF and Σ as in Example 26, it is easily verified that for
DBFC = (DBF, INT,Σ), DBFC |= QI holds. Just notice that a correct answer θ may be such
that θ = {V/n} where

n = p · (.8 · 1 + .7 · 1 + .4 · 1)
= p · 1.9

3
= .9 · 1.9

3
= .57.

The above value n is obtained by the application of the Int AsCIO rule, where p has been
approximated to .9 (i.e. p = max{2

5 +.5, 1}, 5 = total area of o7, 2 = area of o7’s components).
The combination of semantics and form is quite straightforward.
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“Find images about red cars”.

Here “car” concerns semantics, whereas “red” concerns the form dimension. The query is

QI = ∃X1, X2∃V 1, V 2, V 3.cio(X1)∧
(Int As(X1, X2) ≥ V 1)∧
(Car(X2) ≥ V 2)∧
hascolor(X1, C)∧
(SimilarColor(C, red) ≥ V 3)

(11.6)

There query

“Find images about Tom and Tim, where Tom is on the right of Tim”.

involves semantics and form in terms of topological operators. The query is simply

QI = ∃X1, X2, X3, X4, X5∃V 1, V 2, V 3.cio(X1) ∧ cio(X2)∧
mediadataobj(X1, X3) ∧mediadataobj(X2, X3)∧
region(X1, X4) ∧ region(X2, X5)∧
(Int As(X1, tom) ≥ V 1) ∧ (Int As(X2, tim) ≥ V 2)∧
(IsRightOf(X5, X4, X3) ≥ V 3)

(11.7)

where isRightof is defined in Section 4.3.3.
We conclude this section by proposing a simple query mixing different media types to-

gether.

“Find HTML documents in which there is an image about a car and a
text relevant to the given text T”.

As usual, let (o, v) be a new object, instance of class CTO, representing text T . The query
can be formulated as follows:

QI = ∃X1, X2, X3, X4∃V 1, V 2, V 3.cmo(X1)∧
composedof(X1, X2) ∧ composedof(X1, X3)∧
cto(X2) ∧ cio(X3)∧
(Int As(X3, X4) ≥ V 1) ∧ (Car(X4) ≥ V 2) ∧ (SimilarText(X2, o) ≥ V 3).

(11.8)

Of course, a huge variety of combinations involving the form and semantics dimension can
easily be formulated within our framework.

A final note concerns the distinction between similarity at the form level and similarity at
the semantics level. We have seen that similarity measures are essentially defined on CMOs,
e.g. a method

simimag:CIO× CIO→ [0, 1]

measure the similarity between two images. A characteristic of these functions is that the
similarity degree depends on several feature attributes of the form level. We talk about
form similarities, as they are media dependent. Of course, if we switch at the semantics
level, a notion of semantics similarity may be introduced. Here, similarity at the semantics
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level concerns (subjective) similarity between concepts, and thus, is media independent. For
instance, we can decide that similarity between two people is determined by their character’s
similarity, i.e. through a degree function

similarcharacter:Person× Person→ [0, 1].

It is quite obvious that similarcharacter is at a different level than simimag: the first is at the se-
mantics level, whereas the second is at the form level. If an ordinary predicate SimilarCharacter
has been defined through fuzzy Horn-ALC rules, then a complex query like

“Find all images about a person whose character is similar to the person
depicted in image I and which are physically similar”.

can be formulated in fuzzy Horn-ALC as

QI = ∃X1, X2, X3∃V 1, V 2, V 3, V 4, V 5, V 6.cio(X1)∧
(Int As(X1, X2) ≥ V 1)∧
(Person(X2) ≥ V 2)∧
(Int As(o, X3) ≥ V 3)∧
(Person(X3) ≥ V 4)∧
(SimilarCharacter(X2, X3) ≥ V 5)∧
(SimilarImage(X1, o) ≥ V 6)

(11.9)

where the new object (o, v) represents image I. These kind of queries are clearly behind
the capabilities of traditional retrieval systems, and constitutes an interesting starting point
in building intelligent retrieval systems. Note that recently some work has been done on
semantics similarity. For instance, in [268, 269, 270] notions of similarity between “fuzzy”
ALC concepts and “fuzzy” ALC roles have been introduced to the end of semantic based
retrieval purposes.

In summary, we have a retrieval system which (i) has an appropriate language for rep-
resenting documents at the form level; (ii) has an appropriate language for representing
documents at the semantics level; (iii) allows the retrieval about form by relying on form
similarity; (iv) allows the retrieval about semantics by relying on semantics similarity; and
(v) allows the retrieval about form and semantics in a unified and principled way.

11.3 Relevance feedback

Most retrieval systems are iterative search systems. Such systems are typically implemented
by initially submitting a tentative query, and then using system facilities to improve the query
and the resulting set of retrieved objects.

A method which has widely been used to construct improved query formulations fall
into the class of relevance feedback (see e.g. [242]): improved query formulation depends on
the prior retrieval of some retrieved objects. The query alteration process is based on the
execution of an initial search operation and an initial retrieval of certain objects. In particular,
in case of text retrieval systems, the display of information relating retrieved documents,
e.g. titles or abstracts, is then used to modify the query, normally by adding terms that
appear relevant to the user and by deleting terms from the documents which appear useless.
In practice these terms are identified after the user selects those objects which are relevant
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and those objects which are nonrelevant to her information need. This produces a new query
whose resemblance to the relevant documents is greater than before while their resemblance
to the nonrelevant documents is smaller. It has been shown experimentally that the relevance
feedback process can account for improvements in retrieval effectiveness of up to 50 percent in
precision for high-recall searches, and of approximately 20 percent in precision for low-recall
searches.

11.3.1 Relevance feedback in text case

In order to be more concrete, we present here a quite popular relevance feedback method,
used e.g. in the SMART system [242]. See [5, 50, 121, 135, 164, 256, 276] for other techniques.

Following [242], a text document Di is represented through a vector 8di of weighted terms.
Let wik be the value, or weight, of term k in document i. Therefore, 8di = (wi1, . . . , win),
where n is the number of all terms considered in the document collection. A query is simply
a text document Q and, thus is represented through a vector 8q of weighted terms too. The
similarity between two documents 8di and 8dj is defined in terms of the cosine function, i.e.

sim(8di, 8dj) =
∑n

k=1 wik · wjk√∑n
k=1 w2

ik ·
√∑n

k=1 w2
jk

.

The interaction of an user with a text information retrieval system is usually as follows:

1. the user submits a query Q to the system and Q’s representation 8q is determined;

2. the system returns the top k documents, D1, . . . , Dk, ordered according the similarity
values sim(8q, 8d1), . . . , sim(8q, 8dk). If the user is satisfied then exit. Otherwise

3. from the k documents, the user selects a set R of relevant documents and a set N of
nonrelevant documents;

4. the system refines the query 8q according to the following formula

8q′ = α · 8q + β · 8dR − γ · 8dN (11.10)

where α, β and γ are suitable constants such that α + β − γ ≤ 1 and

8dR = 1
|R| ·

∑
Di∈R

8di

8dN = 1
|N | ·

∑
Di∈N

8di;

5. go to Step 2 determining the top k documents according to the new query 8q′.

Note that Equation (11.10) specifies a new query as the vector sum of the old query plus the
weighted difference between the average of the known relevant and the average of the known
nonrelevant documents. The experimental evidence available for relevance feedback indicates
that one or two feedback operations are quite effective in raising retrieval performance. Fol-
lowing the second query reformulation a state of diminishing returns sets in and not much
further improvement can be expected.
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11.3.2 Relevance feedback in the multimedia case

In this section we will show how relevance feedback may be performed within our framework.
At first, we extend our simple MIR system, described in Figure 1.1, in order to take relevance
feedback into account (see Figure 11.2).

Figure 11.2: A simple MIR system with relevance feedback.

Roughly, the interaction of an user with the system is as follows.

• Once the MIR system presents to the user the result R(dc, q) = {(o, n) : o CMO, n =
RSV (o, q)} in terms of retrieved CMOs, she may submit her relevance feedback F to the
User Relevance Feedback Module (URFM) by selecting those CMOs which are relevant
and selecting those CMOs which are nonrelevant to her information need;

• the URFM, given the query representation q and feedback F , determines a new query
q′ to be submitted to the Retrieval Module;

• a new set of CMOs (R(dc, q′)) will be retrieved and shown to the user.

Formally, consider a multimedia database about form and semantics, DBFC = (DBF, INT,Σ).
It is reasonable to assume that the user is interested in the retrieval of CMOs satisfying
certain conditions, i.e. we assume that user’s query is of the form

Q = ∃X∃V.cmo(X) ∧ (RSV(X) ≥ V ) (11.11)

and that Σ contains the rule, defining RSV(X),

(RSV(X) ≥ V )← F (X, 8Y , 8V ′), 〈V, f( 8V ′, 8Y )〉. (11.12)
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Query (11.11) specifies that the user is interested in the retrieval of a CMO X such that its
retrieval status value is V . Rule (11.12) specifies both (i) the condition F (X, 8Y , 8V ′) that the
CMO X to be retrieved has to satisfy; and (ii) the value f( 8V ′, 8Y ) of the retrieval status value
V of the retrieved object X. An instance of Rule (11.12) is e.g.

(RSV(X) ≥ V )← (Int As(X, X1) ≥ V 1), (Father(X1) ≥ V 2)〈V, V 1 · V 2〉. (11.13)

Query (11.11) together with rule (11.13) specify that the user is interested in the retrieval of
those CMOs which are about father and the retrieval status value of the retrieved objects is
determined by the product. A final assumption that we make is the following: we assume
that a similarity function cmosim:CMO×CMO → [0, 1] between CMOs is given. An example
of it may be Equation (10.17).

Our relevance feedback algorithm closely relates to the text case and is given in in Ta-
ble 11.1.

Algorithm 1 (RelFeedback)
Let DBFC = (DBF, INT, Σ) be a multimedia database about form and semantics, assume that the
initial query is Q = ∃X∃V.cmo(X) ∧ (RSV(X) ≥ V ), that Σ contains the rule, (RSV(X) ≥ V ) ←
F (X, �Y , �V ′), 〈V, f( �V ′, �Y )〉, that cmosim: CMO × CMO → [0, 1] is a similarity function between CMOs and
that the rule (CMOSim(X, Y ) ≥ V ) ← cmo(X), cmo(Y ), cmosim(X, Y, Z), 〈V, Z〉 belongs to Σ. The following
steps are executed.

1. Return the top k answers, θ1, . . . , θk, where θi = {X/oi, V/ni}, of query Q w.r.t. DBFC, ordered
according the retrieval status value V . If the user is satisfied then exit. Otherwise, let Ret =
{δ−1(o1), . . . , δ

−1(ok)} be the k corresponding retrieved CMOs.

2. From the k CMOs, the user selects a set R ⊆ Ret of relevant CMOs and a set N ⊆ Ret of nonrelevant
CMOs.

3. Build a new CMO, oR, such that oR.composedof = R and build a new CMO, oN, such that
oN.composedof = N .

4. Refine the retrieval query as follows. The new query Q′ is

Q′ = ∃X∃V.cmo(X) ∧ (RSV′(X) ≥ V ), (11.14)

and then add the following rule to Σ:

(RSV′(X) ≥ V )← (RSV(X) ≥ VQ),
(CMOSim(X, oR) ≥ VR), (CMOSim(X, oN) ≥ VN ),
〈V, g(VQ, VR, VN )〉

(11.15)

where, given constants α, β and γ with α + β − γ ≤ 1,

g(VQ, VR, VN ) = α · VQ + β · VR − γ · VN . (11.16)

5. Go to Step 1 and compute the top k answers according to the new query Q′ and KB Σ.

Table 11.1: Algorithm RelFeedback.

Note: It seems that g is not monotone not decreasing, but indeed, g may be rewritten as
g(VQ, X) = α · VQ + β · cmosim(X, oR) − γ · cmosim(X, oN) and, thus, g is monotone not
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decreasing w.r.t. VQ.
We conclude by noticing that the RelFeedback algorithm behaves in a similar way as

in the text case. Essentially, once the user selected those CMOs which are relevant (R)
and nonrelevant (N), we build two new CMOs oR and oN. The intended meaning of the
rule (11.15) defining (RSV′(X) ≥ V ) closely relates to Equation (11.10):

1. determine the retrieval status value VQ of a retrieved CMO X w.r.t. the original query
Q;

2. determine the similarity value VR between a retrieved CMO X and the relevant CMOs
in R;

3. determine the similarity value VN between a retrieved CMO X and the nonrelevant
CMOs in N ; and

4. determine the retrieval status value V of a retrieved CMO X w.r.t. the new query Q′,
as specified in Equation (11.16) (compare with Equation (11.10)).

11.4 Implementation issues

Finally, some (very short) considerations about implementation issues. It follows clearly
from the chapters presented until now that a simple prototype of a system dealing with
retrieval about form and semantics may be realised through a standard prolog system which
is connected to a database system with multimedia capabilities. In fact, the multimedia
system should provide storage, form similarity functions and retrieval features at the form
level, i.e. it deals with the objects of the multimedia model and the storage/retrieval of
fuzzy Horn-ALC facts, whereas the prolog system is responsible for user querying answering
through the rules in the KB. Of course, in realising such a system, several engineering details
should be addressed which go behind the scope of this thesis.

Anyway, theorem provers for L, L+, ALC, Lf , Lf
+, Horn-Lf , fuzzy ALC and horn fuzzy

Horn-ALC have been implemented in standard Common Lisp.

11.5 Summary

The identification of the two orthogonal dimensions of multimedia data, the form dimension
and the semantics dimension, respectively, leads to three type of retrieval: (i) the retrieval of
objects along the form dimension; (ii) the retrieval of objects along the semantics dimension;
and (iii) the retrieval of objects along both the form and semantics dimension.

Point 1. has been addressed in Chapter 10, whereas Point 2. and 3. have been addressed
in this chapter. Both show clearly the capabilities of our overall model (in particular of the
developed logic fuzzy Horn-ALC) which go clearly beyond those of existing systems.

An additional topic, namely relevance feedback, has been addressed in Section 11.3 which,
besides confirming the adequacy of our retrieval model, is a contribution to a relatively un-
explored field of relevance feedback in the context of multimedia data representation and
retrieval.
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Chapter 12

Conclusions

12.1 Contributions

We have presented a model for MIR. In a overall view, the model makes the following impor-
tant contribution. It makes full and proper use of the semantics and knowledge in dealing with
the retrieval of e.g. text, image, video and audio (and their composition), while offering, at
the same time, the similarity-based kind of retrieval that is undoubtedly the most significant
contribution of the research carried out in this area in the last decade. More importantly,
all forms of retrieval coexist in a well-founded framework, which combines in a neat way the
different techniques, notably digital signal processing and semantic information processing,
required to deal with the various aspects of the model.

The main features of the model are that

• it is object-oriented, which makes it possible to use an object-oriented representation of
multimedia data both at the form dimension and at the semantics dimension, by taking
into account physical features as well as semantical features;

• it allows to represent the structure of multimedia objects, making the composition of
objects explicit in terms of other objects;

• both kind of features, physical and semantical, are not predefined, so that new one can
be created according to the application needs;

• the query language allows to address all kinds of retrieval on multimedia data that have
been deemed as useful.

In a more detail, for each part of this thesis the contributions worked out in it can be sum-
marised as follows.

Part I It presents our quite general and powerful object-oriented model for representing all
relevant aspects of multimedia data at the form level. To the various objects a meaning may
be associated through the logic fuzzy Horn-ALC developed in Part II;

Part II In this part undoubtedly the main effort has been done. It presents formally
the logic fuzzy Horn-ALC for (i) representing multimedia data at the semantics level; (ii)
integrating the form dimension and semantics dimension of multimedia data in a principled
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way; and (iii) querying multimedia databases about form and semantics. In particular, the
contributions in this part (together with Appendices C and D) involve:

• at the propositional level, (i) a new decision algorithm as well as computational complex-
ity results w.r.t. four-valued semantics; (ii) a new fuzzy semantics, sound and complete
reasoning algorithms and computational complexity results, as well as the specialisation
to the horn case;

• at the first-order level, (i) a new four-valued semantics for DLs, sound and complete
reasoning algorithms and computational complexity results. An extension to horn logic
has been worked out, from a syntax, semantics and algorithms point of view; (ii) a new
fuzzy extension for DLs has been worked out, both for classical semantics as well as for
four-valued semantics: we have specified, syntax, semantics and reasoning algorithms.
The extension to the horn case has been considered too, yielding our final logic fuzzy
Horn-ALC, and a new method for reasoning in it, which can be implemented through
a standard prolog system, has been determined.

Part III Presents an integration of the form dimension and the semantics dimension of
multimedia data within our logic fuzzy Horn-ALC, as well as shows with concrete examples
that fuzzy Horn-ALC allows to address all kinds of retrieval on multimedia data that have
been deemed as useful. Finally, a relevance feedback algorithm within the multimedia context
has been presented.

12.2 Future work

We believe that the presented model can open the way to a novel approach to the modeling
of multimedia information and its retrieval, leading to the development of retrieval systems
able to cope in a formally neat and practically adequate way with documents including any
kind of media.

A primary key for further work concerns the development of a prototype implementing
our model. A promising approach is to integrate a multimedia database, which provides all
the necessary functionalities at the form dimension (like storage and similarity measures),
with a prolog system, a DL system and an user interface. Besides the engineering difficulties
of such an integration several critical points are involved:

1. the chosen logic should be a good compromise between computational complexity and
expressive power. In particular, all DLs for which an unique completion can be com-
puted are certainly preferable, e.g. PL1 and PL2 [95]. More probably, new and MIR
specific DLs have to be developed. Additionally, some features like negation as failure
[194] have to be worked out w.r.t. the fuzzy horn part;

2. another key issue concerns decision algorithms for DLs. A prototypical implementation
should consider all possible enhancements developed in current research. A good refer-
ence system is [151, 152]. The extension of these methods to the fuzzy case seems far
from being simple and should be optimised to the problem of determining the maximal
degree;
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3. research on how to combine similarity degrees deriving from different features of different
media, i.e. the specification of similarity measures for data involving different media;

4. investigating on the implications of our model w.r.t. the storage and access of complex
multimedia objects. In fact, real applications will require the storage of huge quantities
of data. This implies that data placement is crucial for effective manipulation of the
data and efficient retrieval;

5. perhaps the most exciting research topic relates to the definition of interpretation func-
tions which automatically enables us to map complex multimedia objects into a set of
fuzzy Horn-ALC facts. We are aware that this is a quite difficult job, but some re-
sults have been reached in cases in which the application domain is very restricted (see
e.g. [4, 214]). This topic may involve certainly research in the area of machine learning;

6. last but not least, several aspects about relevance feedback have to be worked out. For
instance, (i) notwithstanding a close resemblance of our algorithm to the simple text
case, which has been shown to be effective, there is no guarantee that it will work
until some experiments has been taken into consideration; and (ii) we confined our
algorithm to the case in which the refinement process takes the form dimension into
account only, i.e. the user’s feedback involves data belonging to the form dimension only
(relevant CMOs and nonrelevant CMOs). It may be of interest to extent the algorithm
by considering semantical aspects (data concerning semantics) too.
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Appendix A

About Extensions to DLs

In the following we list some extensions, from an expressive power point of view, developed
in the context of DLs (the list is not exhaustive).

Probabilistic extension : Probabilistic versions of DLs [149, 157, 166, 252, 295] may be
investigated as a means of making explicit various sources of uncertainty, such as un-
certainty related to domain knowledge and uncertainty related to automatic document
representation, which is typical in IR;

Concrete domain extension : Ability to refer to concrete domains and predicates on these
domains [21, 31], allowing to deal with data types like “string”, “integer”, “link” (link
to the position of a keyword in a document, link to another related document, etc.),
etc.;

Rule language extension : Rules, as those appearing in the context of frame-based sys-
tems (procedural rules), has been shown to be very useful in real applications as they
helps to describe knowledge about the domain [97, 186, 187, 224];

Closed World Assumption, Closed Domain Reasoning : Close world reasoning and closed
domain reasoning seem to be suitable for IR purposes, as they are close to usual
databases reasoning [96, 231, 232, 233, 283];

Temporal extension : Integrating time into DLs using temporal logics and interval cal-
culus, yielding a temporal DL which combines structural with temporal abstraction
[11, 12, 13, 250];

N-ary terms extension : Usually, DLs allows the representation of at most two place re-
lation. N-ary terms allows the representation of relation whose arity exceeds two [251];

OODBMS extension : Extension about the integration of DLs and Object Oriented Database
Systems seems to be very useful for both [49];

Relational database operators extension : The operators of relational databases are in-
tegrated into DLs and are shown to be very useful [88];

Modal extension : Modal operators are integrated into DLs, yielding a modal DL which
handles notions as belief, intention and time, which are essential for the representation
of multi-agent environments [37];
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Default extension : Default inheritance reasoning, a kind of default reasoning that is specif-
ically oriented to reasoning on taxonomies (typical of frame-based systems) is included
into DLs [33, 34, 264].



Appendix B

About connectives in DLs

Some typical connectives considered in the context of DLs (the list is far from being exhaus-
tive).
Concept connectives syntax:

C, D −→ A | (primitive concept)
C �D | (concept conjunction)
C !D | (concept disjunction)
¬C | (concept negation)

∀R.C | (universal quantification)
∃R.C | (qualified existential quantification)
∃R | (existential quantification)

≥ nR | (at least number restriction)
≤ nR | (at most number restriction)

≥ nRC | (qualified at least number restriction)
≤ nRC | (qualified at most number restriction)

{a1, . . . , an} (one-of)

(B.1)

Role connectives syntax:

R, Q −→ P | (primitive role)
R �Q | (role conjunction)
R !Q | (role disjunction)
¬R | (role negation)

R−1 | (inverse role)
R|C | (role restriction)
C|R | (role domain restriction)

R ◦Q | (role composition)
C ×D | (domainrange role)

f (functional role)

(B.2)

Concept connectives two-valued semantics1:

1|S| is the cardinality of set S.
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(C �D)I(d) = t iff CI(d) = t and DI(d) = t

(C !D)I(d) = t iff CI(d) = t or DI(d) = t

(¬C)I(d) = t iff CI(d) = f

(∀R.C)I(d) = t iff for all d′ ∈ ∆I , if RI(d, d′) = t then CI(d′) = t

(∃R.C)I(d) = t iff for some d′ ∈ ∆I , RI(d, d′) = t and CI(d′) = t

(∃R)I(d) = t iff for some d′ ∈ ∆I , RI(d, d′) = t

(≥ nR)I(d) = t iff |{d′ ∈ ∆I :RI(d, d′) = t}| ≥ n

(≤ nR)I(d) = t iff |{d′ ∈ ∆I :RI(d, d′) = t}| ≤ n

{a1, . . . , an}I(d) = t iff for some 1 ≤ i ≤ n, d = ai
I .

(B.3)

Role connectives semantics:

(R �Q)I(d, d′) = t iff RI(d, d′) = t and QI(d, d′) = t

(R !Q)I(d, d′) = t iff RI(d, d′) = t or QI(d, d′) = t

(¬R)I(d, d′) = t iff RI(d, d′) = f

(R−1)I(d, d′) = t iff RI(d′, d) = t

(R|C)I(d, d′) = t iff RI(d, d′) = t and CI(d′) = t

(C|R)I(d, d′) = t iff RI(d, d′) = t and CI(d) = t

(R ◦Q)I(d, d′) = t iff for some d′′ ∈ ∆I , RI(d, d′′) = t and QI(d′′, d′) = t

(C ×D)I(d, d′) = t iff CI(d′) = t and DI(d′) = t
fI(d, d′) = t iff f functional.

(B.4)
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Crisp decision algorithms

C.1 Deciding entailment in L
Effectively deciding whether Σ |=4 A requires a calculus. A well known algorithm for deciding
entailment in L is Levesque’s algorithm [182] which is shown in Table C.1 below.

Algorithm 2 (Lev(Σ, A))
In L, let Σ be a KB and let A be a proposition. In order to check whether Σ |=4 A,

1. put Σ and A into equivalent CNFsa. Call the results of this transformation ΣCNF and
ACNF , respectively;

2. verify whether for each conjunct Aj
CNF of ACNF there is a proposition BCNF ∈ ΣCNF

and a conjunct Bi
CNF of BCNF such that Bi

CNF ⊆ Aj
CNF , where Bi

CNF and Aj
CNF are

seen as clauses.
aA set is in CNF iff each element of it is.

Table C.1: Algorithm Lev(Σ, A).

Hence, entailment between Σ and A in CNF can be verified in time O(|Σ||A|), whereas
checking whether Σ |=4 A is a coNP-complete problem in the general case [218]. Just notice
that this algorithm has ben extended to the DL case in [217, 220, 222]. Unfortunately, it does
not work within the four-valued semantics we discussed in this thesis.

A final remark on the above algorithm is that it gives us a simple way in order to proof
Proposition 1. In fact, assume A |=4 B which is equivalent to assume ACNF |=4 BCNF , where
ACNF is A1 ∧A2 . . . ∧An and BCNF is B1 ∧B2 . . . ∧Bm. Now, ¬ACNF can be transformed
into an equivalent Disjunctive Normal Form (DNF) A′, similarly for ¬BCNF for which there
is an equivalent DNF B′, where A′ is ¬A1 ∨ ¬A2 . . . ∨ ¬An and B′ is ¬B1 ∨ ¬B2 . . . ∨ ¬Bm.
Now, let I be a model of ¬B. Hence I is a model of ¬BCNF and, thus, of B′. Therefore, for
some j, I is a model of ¬Bj , i.e. f ∈ Bj

I . From Levesque’s algorithm we have that there is
an i such that Ai ⊆ Bj . Since both Ai and Bj are disjunctions of literals, f ∈ Bj

I implies
f ∈ Ai

I , which in turn implies t ∈ ¬Ai
I . Therefore, t ∈ A′I and, thus, t ∈ ¬AI .
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From an algorithmic point of view, we propose an alternative calculus which (i) does not
require any transformation into CNF, which besides can be exponential in length with respect
to the original formula, (ii) has the same polynomial complexity in the CNF case and (iii) is
easy extensible to the DL case.

The calculus we will develop is one inspired on the calculus KE [85] for determining
entailment with respect to two-valued semantics. KE has been introduced in order to solve
the anomalies of cut-free (like analytic tableaux) calculi. It is not our aim to discuss these
anomalies here. The interested reader may consult [85, 132, 133]. We mention only that
analytic tableaux like calculi have the characteristic that a proof of a proposition A may be
exponential with respect to the length of A rather than with respect to the number of different
letters occurring in A. In fact, consider the formula C = (A∨B)∧(¬A∨B)∧(¬A∨¬B). The
number of different letters is 2. Hence, there are exactly 22 possible two-valued interpretations.
As a consequence, a semantic based decision procedure like the Davis-Longemann-Loveland
procedure [87] stops after enumerating at most 4 interpretations. On the other hand an
analytic tableaux calculus [119] using the two rules

∧-rule
A ∧B

A, B
∨-rule

A ∨B

A B
(C.1)

generates O(23) leafs as shown in Figure C.1. Analytic tableaux perform a syntactic branching,

C
✘✘✘✘✘✘✘✘✘✘✘✘


A
✟✟✟✟✟✟

❍❍❍❍❍❍

B
✟✟✟✟✟✟

❍❍❍❍❍❍
¬A B

�
�
�

❅
❅
❅

¬A
�
�
�

❅
❅
❅

B
�
�
�

❅
❅
❅

×

¬A ¬B ¬A ¬B ¬A ¬B
× × × ×

T T
✡
✡
✡
✡✡

❏
❏
❏
❏❏

✡
✡
✡
✡✡

❏
❏
❏
❏❏

Figure C.1: Tableaux for C = (A ∨B) ∧ (¬A ∨B) ∧ (¬A ∨ ¬B).

that is, a branching on the syntactic structure of proposition C. As discussed in [85], any
application of the ∨ − rule generates two subtrees which are not mutually inconsistent, that
is two subtrees which may share propositional models (like tree T in Figure C.1). The
set of interpretations enumerated by analytic tableaux procedures is intrinsically redundant.
As a consequence, the number of interpretations generated grows exponentially with the
number of disjunctions occurring (positively) in C, although the number of non-redundant
interpretations satisfying C is much smaller. This redundancy is a source of a high degree of
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inefficiency when using analytic tableaux for propositional satisfiability.
The calculus KE does not have this problem [85]. The calculus, a semantic tableaux,

is based on signed propositions of type α (called of conjunctive type) and type β (called of
disjunctive type) and on their components which are defined as usual [260]. In the table below
(Table C.2) T and NT play the role of “True” and “Not True”, respectively.:

α α1 α2

TA ∧B TA TB
NTA ∨B NTA NTB

β β1 β2

TA ∨B TA TB
NTA ∧B NTA NTB

Table C.2: α and β table for L.

For instance, in Table C.2, the signed proposition of type α, TA∧B, may be interpreted: “if
A∧B is true then A and B are true”. Whereas, the signed propositions of type β, NTA∨B,
may be interpreted as follows: “if A∨B is not true then neither A is true nor B is not true”.

In the following we will use σ as metavariable for signed expressions. TA and NTA are
called conjugated signed propositions. They represent an inconsistent situation. With βc

i we
indicate the conjugate of βi. For instance, the conjugate of TA is NTA and vice-versa. We
extend the definition of satisfiability to signed propositions as follows. An interpretation I
satisfies TA iff I satisfies A, whereas I satisfies NTA iff I does not satisfy A. I satisfies a set
of signed propositions iff I satisfies each element of it. As a consequence,

Σ |=4 A iff TΣ ∪ {NTA} is not satisfiable (C.2)

where TΣ = {TB : B ∈ Σ}.
The calculus is based on the following four rules described in Table C.3 below.

(A)
α

α1, α2

(B1)
β, βc

1

β2

(B2)
β, βc

2

β1

(PB)
β

β1 βc
1, β2

Table C.3: Semantic tableaux inference rules.

It is worth noting that the only branching rule is the rule (PB) (called Principle of Bivalence).
We have restricted the proof procedure to the so-called canonical form [85, p. 299], rather
using the general form

(PB − general)
TA NTA (C.3)

Just notice that the (PB) rule is a shorthand for the application of the general (PB − general)
rule to β and successively applying to the right hand side the (B1) rule with arguments β
and βc

1.
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As usual, a deduction is represented as a tree, called deduction tree. A branch φ in a
deduction tree is closed iff for some proposition A, both TA and NTA are in φ. A closed
deduction tree is a deduction tree in which all branches are closed. With Sφ we indicate the
set of signed propositions occurring in φ. A set of signed propositions S has a refutation iff
in each deduction tree all branches φ are closed.

For instance, Figure C.2 is a closed deduction tree for A∧(B∨C) |=4 (A∨C)∧(B∨C∨D).

TA ∧ (B ∨ C),NT(A ∨ C) ∧ (B ∨ C ∨D)

TA,TB ∨ C
✥✥✥✥✥✥✥✥


NTA ∨ C

NTA,NTC

×

TA ∨ C,NTB ∨ C ∨D

NTB,NTC,NTD

TC
×

Figure C.2: Deduction tree for A ∧ (B ∨ C) |=4 (A ∨ C) ∧ (B ∨ C ∨D).

A signed proposition is AB-analysed in a branch φ if either (i) it is of type α and both
α1 and α2 occur in φ; or (ii) it is of type β and (iia) if βc

1 occurs in φ then β2 occurs in
φ, (iib) if βc

2 occurs in φ then β1 occurs in φ. A branch is AB-completed if all the signed
propositions in it are AB-analysed. A signed proposition of type β is fulfilled in a branch φ if
either β1 or β2 occurs in φ. We say that a branch φ is completed if it is AB-completed and,
every signed proposition of type β occurring in φ is fulfilled. A deduction tree is completed if
all its branches are completed.

The procedure Sat(S) below determines whether S is satisfiable or not.
The following proposition can easily be shown.

Proposition 18 If S is a set of signed propositions in L then Sat(S) iff S is satisfiable. �

Proof: It can be easily verified that the rules (A), (B1), (B2) and (PB) are correct, i.e. φ
is a branch and Sφ is satisfiable iff there is a branch φ′ as the result of the application of a
rule to φ such that Sφ′

satisfiable.
⇒ .) Suppose Sat(S). Let T be the generated deduction tree and let φ be a not closed branch
from S to a leaf in T . Such a branch has to exist, otherwise Sat(S) = false. Let

ST = {TA ∈ Sφ}, (C.4)

SNT = {NTA ∈ Sφ}. (C.5)
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Algorithm 3 (Sat(S))
Sat(S) starts from the root labelled S and applies the rules until the resulting tree is either
closed or completed. If the tree is closed, Sat(S) returns false, otherwise true. At each step
of the construction the following steps are performed:

1. select a branch φ which is not yet completed;

2. expand φ by means of the rules (A), (B1) and (B2) until it becomes AB-completed;

3. if the resulting branch φ′ is neither closed nor completed then

(a) select a signed proposition of type β which is not yet fulfilled in the branch;

(b) apply rule (PB) and go to Step 1.

otherwise, go to Step 1.

Table C.4: Algorithm Sat(S) for L.

Of course, Sφ = ST∪SNT. Let I be a relation such that t ∈ AI if TA ∈ ST, AI = ∅ otherwise.
More precisely, for each propositional letter p, set pI = ∅ and

1. for each Tp ∈ ST, assign pI : =pI ∪ {t};

2. for each T¬p ∈ ST, assign pI : =pI ∪ {f}.

Since, φ is completed and not closed, I is a four-valued interpretation satisfying ST, SNT and,
thus, Sφ. As a consequence, S ⊆ Sφ is satisfiable.
⇐ .) Suppose S is satisfiable. Let T be the generated completed tree. From the correctness
of the rules it follows that there is a completed branch φ in T such that Sφ is satisfiable.
Therefore, Sat(S). Q.E.D.

As example, in Figure C.3 a deduction tree of T(A ∨B) ∧ (¬A ∨B) ∧ (¬A ∨ ¬B) is shown.
If we switch to the classical two-valued setting, soundness and completeness is obtained

by extending signed propositions as usual [119] by adding the following signed propositions
of type α too.

α α1 α2

T¬A NTA NTA
NT¬A TA TA

Hence, the resulting α and β tables for two-valued L are described in Table C.5 below.
Just notice that in this case Sat(S) is exactly the canonical procedure for KE [85]. Therefore,
in the general case the only difference between four-valued and two-valued semantics relies
on the negation connective. This is not a surprise as we already said that the semantics for
the negation is constructive, i.e. expressed in terms of ∈ rather than on �∈. Figure C.4 shows
the proof of (A ∨B) ∧ (¬A ∨B) ∧ (¬A ∨ ¬B) |=2 ¬A ∧B.
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TC

TA ∨B,T¬A ∨B,T¬A ∨ ¬B
✘✘✘✘✘✘✘✘✘✘✘✘


TA
✟✟✟✟✟✟

❍❍❍❍❍❍

NTA,TB
✟✟✟✟✟✟

❍❍❍❍❍❍
T¬A

φ1

NT¬A,TB T¬A

φ3

NT¬A,T¬B

φ4

T¬B

φ2

Figure C.3: Deduction tree for TC = T(A ∨B) ∧ (¬A ∨B) ∧ (¬A ∨ ¬B).

α α1 α2

TA ∧B TA TB
NTA ∨B NTA NTB

T¬A NTA NTA
NT¬A TA TA

β β1 β2

TA ∨B TA TB
NTA ∧B NTA NTB

Table C.5: α and β table for two-valued L.

Consider the proof of Proposition 18. Consider the sets ST and SNT build during the proof
(see Equation (C.4) and Equation (C.5)), as the result of running Sat(S). The set

S̃ = {Tp ∈ ST : p letter}∪
{T¬p ∈ ST : p letter}∪
{NTp ∈ SNT : p letter}∪
{NT¬p ∈ SNT : p letter}

(C.6)

is called a four-valued completion of S. A two-valued completion of S is the set

S̃ = {Tp ∈ ST : p letter}∪
{NTp ∈ SNT : p letter}. (C.7)

Moreover, we define

S̃T = {TA ∈ S̃}, (C.8)
S̃NT = {NTA ∈ S̃}, (C.9)
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TC,NT¬A ∧B

TA ∨B,T¬A ∨B,T¬A ∨ ¬B
✟✟✟✟✟✟

❍❍❍❍❍❍
NT¬A

TA
�
�
�

❅
❅
❅

T¬A

NTA
×

NT¬A,T¬B

NTB

T¬A
×

T¬A,NTB

NTA

TA
×

Figure C.4: Deduction tree for (A ∨B) ∧ (¬A ∨B) ∧ (¬A ∨ ¬B) |=2 ¬A ∧B.

S̃+ = {Tp ∈ S̃ : p letter}. (C.10)

Given a four-valued completion S̃ of S, we define the following four-valued completion KBs
of S̃:

ΣS̃ = {A : TA ∈ S̃T}, (C.11)

Σ+
S̃ = {A : TA ∈ S̃+}. (C.12)

For the two-valued case, given a two-valued completion S̃ of S, we define the following two-
valued completion KBs of S̃:

ΣS̃ = {p : Tp ∈ S̃T} ∪
{¬p : NTp ∈ S̃NT}, (C.13)

Σ+
S̃ = {p : Tp ∈ S̃+}. (C.14)

Given a four-valued completion S̃ of S, then a four-valued canonical model I of S̃ is obtained
as in proof of Proposition 18: for each propositional letter p, set pI : =∅ and

1. for each Tp ∈ S̃, assign pI : =pI ∪ {t};

2. for each T¬p ∈ S̃, assign pI : =pI ∪ {f}.
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On the other hand, given a two-valued completion S̃ of S, then a two-valued canonical model
of S̃ is obtained as follows. Let I be an arbitrary two-valued interpretation. For each
propositional letter p, redefine I as follows:

1. for each Tp ∈ S̃, assign pI : ={t};

2. for each NTp ∈ S̃, assign pI : ={f}.

It is easily verified that a canonical model of S̃ is also a model of S.
It is worth noticing that in the four-valued case, given S̃, the canonical model of S̃ is

unique, whereas in the two-valued case there are 2l−s models, where l is the number of
propositional letters appearing in L and s is the number of propositional letters appearing in
S̃. Essentially, in this last case, S̃ allows us to define the truth of the s letters appearing in
S̃, whereas for all the others the choice of the truth value is free.

The following Algorithm 4 allows us to build all completions S̃ of a set of signed proposi-
tions S. It is a simple extension of the procedure Sat(S), according to the proof of Proposi-
tion 18.

Algorithm 4 (Completions(S))
Essentially, Completions(S) proceeds in a similar way as Sat(S):

1. select a branch φ which is not yet completed;

2. expand φ by means of the rules (A), (B1) and (B2) until it becomes AB-completed;

3. if the resulting branch φ′ is neither closed nor completed then

(a) select a signed proposition of type β which is not yet fulfilled in the branch;

(b) apply rule (PB)and go to Step 1.

otherwise, go to Step 1.

4. let T be the generated deduction tree. If all branches are closed, then set
Completions(S): =∅ and exit. Otherwise,

5. for all not closed branches φ from S to a leaf in T do

(a) let ST = {TA ∈ Sφ} and SNT = {NTA ∈ Sφ};
(b) define S̃ according to (C.6) or (C.7), in case four-valued or two-valued semantics,

respectively;

(c) Completions(S): =Completions(S) ∪ {S̃}.

Table C.6: Algorithm Completions(S) for L.

The following proposition follows immediately.

Proposition 19 In L, let Σ be a KB and let A be a proposition. Then
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1. Σ |=4 A iff for all four-valued canonical models I of four-valued completions S̃ in
Completions(TΣ), I satisfies A;

2. Σ |=2 A iff for all two-valued canonical models I of two-valued completions S̃ in
Completions(TΣ), I satisfies A. �

Just notice here that there are finitely many four-valued canonical models, whereas there
could be an infinite number of two-valued canonical models.

A consequence of Proposition 19 is

Proposition 20 In L, let Σ be a KB and let A be a proposition. Then

1. Σ |=4 A iff for all four-valued completions S̃ ∈ Completions(TΣ), S̃T ∪ {NTA} is not
satisfiable;

2. Σ |=4 A iff for four-valued completions S̃ ∈ Completions(TΣ), ΣS̃ |=4 A, where ΣS̃ is
the four-valued completion KB of S̃;

3. Σ |=2 A iff for all two-valued completions S̃ ∈ Completions(TΣ), S̃ ∪ {NTA} is not
satisfiable;

4. Σ |=2 A iff for two-valued completions S̃ ∈ Completions(TΣ), ΣS̃ |=2 A, where ΣS̃ is
the two-valued completion KB of S̃. �

Let us consider the following example illustrating the properties above.

Example 27 Consider C = (A∨B)∧(¬A∨B)∧(¬A∨¬B). As we already noticed (see Exam-
ple 13), in a four-valued setting there are more models than two-valued models w.r.t. propo-
sition C. In fact, the following table enumerates the possible models of C.

Models of C A B

I1 {t, f} ∅
I2 {t} {t, f}
I3 {f} {t}
I4 ∅ {t, f}
I5 {t, f} {t}
I6 {t, f} {f}
I7 {t, f} {t, f}
I8 {f} {t, f}

and only I3 is a two-valued model of C.
A deduction tree of T(A∨B)∧ (¬A∨B)∧ (¬A∨¬B) is shown in Figure C.3. The set of

four-valued completions, Completions(TC), is

S̃1 = {TA,T¬A}
S̃2 = {TA,TB,T¬B,NT¬A}
S̃3 = {T¬A,TB,NTA}
S̃4 = {TB,T¬B,NTA,NT¬A},

and their four-valued completion KBs are
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ΣS̃1
= {A,¬A}

ΣS̃2
= {A, B,¬B}

ΣS̃3
= {¬A, B}

ΣS̃4
= {B,¬B}.

With respect to two-valued semantics, the only two-valued completion corresponds to branch
φ3:

S̃5 = {TB,NTA}

and its two-valued completion KB is

ΣS̃5
= {¬A, B}.

Moreover, the set of four-valued canonical models of four-valued completions is M4, where

M4 = {I1, I2, I3, I4}.

according to the paths φ1, . . . φ4 in Figure C.3. The set of two-valued canonical models of
two-valued completions is M2 ⊆M4, where

M2 = {I3}.

Now it can be verified that C �|=4 ¬A ∧B, whereas C |=2 ¬A ∧B: in fact,

1. I1 does not satisfy ¬A ∧B and, thus, C �|=4 ¬A ∧B by Proposition 19. Similarly, from
Proposition 20, S̃1 ∪ {NT¬A ∧B} is satisfiable and ΣS̃1

�|=4 ¬A ∧B follows;

2. I3 does satisfy ¬A ∧ B and, thus, C |=2 ¬A ∧ B by Proposition 19. Similarly, from
Proposition 20, S̃5 ∪ {NT¬A ∧ B} is not two-valued satisfiable and ΣS̃5

|=2 ¬A ∧ B
follows.

As we have seen, Levesque’s algorithm Lev(Σ, A) determines whether Σ |=4 A in time
O(|Σ||A|) whenever Σ and A are in CNF. We now present a specialised version of the Sat pro-
cedure: the following algorithm EasyEntail(Σ, A) in Table C.7 determines whether Σ |=4 A,
where Σ is a KB in CNF and A is a proposition in CNF and runs in polynomial. It is worth
noting that the important point in algorithm EasyEntail(Σ, A) is at Step 3a: the (PB) rule is
applied only on signed propositions of type β of the form NTB, i.e. of the form NTB1∧ . . .∧Bn

and not to signed propositions of type TB1 ∨ . . .∨Bn. In particular, the (PB) rule is applied
at most n times during the execution of EasyEntail(Σ, A1 ∧ . . . ∧ Bn). Therefore, every
deduction tree build by EasyEntail has at most n branches φ1, . . . , φn. Moreover, we will
show that the depth of each branch φi is O(|Σ||Ai|) and, thus, EasyEntail(Σ, A) runs in time
O(|Σ||A|) and is correct and complete whenever Σ and A are in CNF.

Example 28 Figure C.2 is a closed deduction tree build by the application of EasyEntail(Σ,
F ), where Σ is {A ∧ (B ∨ C)} and F is (A ∨ C) ∧ (B ∨ C ∨ D), confirming that Σ |=4 F .
Moreover, the depth of the left branch is bounded by |Σ||A ∨ C|, whereas the depth of the
right branch is bounded by |Σ||B∨C ∨D|. Hence, EasyEntail(Σ, F ) runs in time O(|Σ||F |).
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Algorithm 5 (EasyEntail(Σ, A))
EasyEntail takes as input a KB Σ in CNF and a proposition A in CNF. EasyEntail(Σ, A) =
true iff Σ |=4 A. Let S be TΣ ∪ {NTA}. EasyEntail starts from the root labelled S and
applies the rules until the resulting tree is either closed or completed. If the tree is closed,
EasyEntail returns true, otherwise false. At each step of the construction the following steps
are performed:

1. select a branch φ which is not yet completed;

2. expand φ by means of the rules (A), (B1) and (B2) until it becomes AB-completed;

3. if the resulting branch φ′ is neither closed nor completed then

(a) select a signed proposition of type β of the form NTB which is not yet fulfilled in
the branch;

(b) apply rule (PB) and go to Step 1.

otherwise, go to Step 1.

Table C.7: Algorithm EasyEntail(Σ, A) in L.

The following proposition holds.

Proposition 21 In L, let both Σ and A be in CNF.

1. EasyEntail(Σ, A) = true iff Σ |=4 A.

2. EasyEntail(Σ, A) runs in time O(|Σ||A|). �

Proof: Let Σ and A be in CNF. Let A be A1 ∧ . . . An, where each Ai is a disjunction of
literals (letters or the negation of letters).

1. Since EasyEntail is a special form of Sat, from Proposition 18 if EasyEntail(Σ, A) =
true then Σ |=4 A follows. Therefore, EasyEntail is correct. We show now complete-
ness, i.e. if Σ |=4 A then EasyEntail(Σ, A) = true.

Suppose Σ |=4 A. Now, we already know from Levesque’ complete algorithm Lev that
Σ |=4 A holds iff for all Ai there is a proposition B ∈ Σ in CNF and a conjunct Bj of
B such that Bj ⊆ Ai, where Bj and Ai are seen as clauses. Let S be TΣ ∪ {NTA}.

Case n = 1: Hence, A is A1, A1 is A1
1 ∨ A2

1 ∨ . . . ∨ Ak1
1 . Apply Steps 1. and 2. of

EasyEntail until the unique branch becomes AB-completed. Let φ′ be the result-
ing branch. We know that there is B ∈ Σ in CNF and a conjunct Bj of B such that
Bj ⊆ A1. Now, TBj ,NTA1 ∈ Sφ′

. Since Bj ⊆ A1, Bj is equivalent to
∨

l∈I1 Al
1,

where I1 ⊆ {1, . . . , k1}, i.e. all literals occurring in Bj occur in A1. By applying
repeatedly rule (A) to NTAi = NTA1

i ∨ A2
i ∨ . . . ∨ Aki

i and rule (B1) (or (B2)) to
TBj , a conjugated pair NTAh

1 and TAh
1 should be obtained. Therefore, we obtain

a closed branch and, thus EasyEntail returns true and an unique branch has been
generated.
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Case n = 2: Therefore, A is A1 ∧ A2, Ai is A1
i ∨ A2

i ∨ . . . ∨ Aki
i . Apply Steps 1. and

2. of EasyEntail until the unique branch becomes AB-completed. Let φ′ be the
resulting branch. We known that NTA1∧A2 ∈ Sφ′

. By Step 3. of EasyEntail, rule
(PB) is applied to NTA generating two branches φ′

1 and φ′
2 such that NTA1 ∈ Sφ′

1

and TA1,NTA2 ∈ Sφ′
2 . Consider φ′

1. By arguments as for case n = 1, by applying
repeatedly rule (A) and rule (B1) (or (B2)), the branch φ′

1 will be extended to a
closed branch. Similarly for branch φ′

2. Therefore, a closed deduction tree with
two closed branches will be obtained. Hence, EasyEntail returns true.

The above arguments can be iterated for any n > 0: EasyEntail returns true and it
builds a closed deduction tree with at most n branches.

2. We show that EasyEntail(Σ, A) runs in time O(|Σ||A|). We have already seen that
EasyEntail(Σ, A) builds a deduction tree with at most n closed branches φ1, . . . , φn,
as the (PB) rule is applied at most n times. Moreover, we have seen that each branch
φi is closed iff there is B ∈ Σ and a conjunct Bj of B such that Bj ⊆ Ai. Therefore, the
depth of φi is O(|Σ||Ai|). Just note that if Bj ⊆ Ai, then EasyEntail(Bj , Ai) requires
O(|Bj ||Ai|) deterministic rule applications. As a consequence, EasyEntail(Σ, A) runs
in time

O(
∑n

i=1 |Σ||Ai|)
= O(|Σ|∑n

i=1 |Ai|)
= O(|Σ||A|)

Q.E.D.

C.2 Deciding entailment in L+

A complete calculus with respect to L+ is obtained by extending the definition of signed
propositions of type α and type β to the cases NTA → B and TA → B, respectively, in a
similar way as in [85]:

α α1 α2

NTA → B TA NTB

β β1 β2

TA → B NTA TB

Hence, the α and β tables for L+ are described in Table C.8.

α α1 α2

TA ∧B TA TB
NTA ∨B NTA NTB
NTA → B TA NTB

β β1 β2

TA ∨B TA TB
NTA ∧B NTA NTB
TA → B NTA TB

Table C.8: α and β tables for L+.

The following proposition is a straightforward extension of Proposition 18.
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TA ∨B,TA ∨B ∨ C → D,NTD
✑
✑
✑
✑✑

◗
◗
◗
◗◗

NTA ∨B ∨ C

NTA,NTB,NTC

TA
×

TA ∨B ∨ C,TD

×

Figure C.5: Deduction tree for A ∨B, A ∨B ∨ C → D |=4 D.

Proposition 22 Let S be a set of signed propositions in L+. The following holds: Sat(S)
iff S is satisfiable. �

Figure C.5 shows a trivial proof of A ∨B, A ∨B ∨ C → D |=4 D.
Certainly, Algorithm Completions(S) works in the case L+ too and, thus, Proposition 19

and Proposition 20 hold in L+.
Checking whether Σ |=4 A is a coNP-complete problem in L+. But, if we restrict L+ to

L+ we obtain a tractable logic. L+ is defined inductively as follows: L+ is the minimal set
such that

1. every proposition in L in CNF is in L+;

2. if A, A1, . . . , An and B, B1, . . . , Bm are literals in L, then both A1 ∧ . . . ∧ An → B and
A → B1 ∨ . . . ∨Bm are in L+.

Essentially, L+ constrains the syntax of propositions involving the → connective. Just note
that Horn propositions are in L+. Moreover, we have the following equivalences:

((A1 ∧A2)→ C) ∧ ((B1 ∧B2)→ C) ≡4 ((A1 ∧A2) ∨ (B1 ∧B2))→ C (C.15)
(A → (B1 ∨B2)) ∧ (A → (C1 ∨ C2)) ≡4 A → ((B1 ∨B2) ∧ (C1 ∨ C2)) (C.16)

From the above relations it follows immediately that L+ allows the expression of implications
which are equivalent to

ADNF → BCNF (C.17)

which are quite expressive. In particular, ADNF → BCNF can be seen as a macro of a formula
F ∈ L+. F has the property that |ADNF → BCNF | ≤ |F |.

We adapt algorithm EasyEntail to take as input an L+ KB Σ and an L+ proposition
A in such a way that it remains complete and runs in polynomial time. We slightly have to
modify the (B1) and the (B2) rules when applied to A → B ∈ L+, as shown in Table C.9.
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(B1)
TA1 ∧ . . . ∧An → B,TA1, . . .TAn

TB

(B2)
TA → B1 ∨ . . . ∨Bm,NTB1, . . .NTBm

NTA

(C.18)

Table C.9: Modified (B1) and (B2) rules for A → B ∈ L+.

It is straightforward to see that these rules preserve correctness and completeness of the Sat
algorithm.

Algorithm EasyEntail+(Σ, A) is as EasyEntail(Σ, A), except that rather applying (B1)
or (B2) rules to A → B ∈ L+, it applies (B1) or (B2).

Algorithm 6 (EasyEntail+(Σ, A))
EasyEntail+ takes as input Σ ⊆ L+ and a proposition A ∈ L+. EasyEntail+(Σ, A) = true
iff Σ |=4 A. Let S be TΣ ∪ {NTA}. EasyEntail+ starts from the root labelled S and
applies the rules until the resulting tree is either closed or completed. If the tree is closed,
EasyEntail+ returns true, otherwise false. At each step of the construction the following
steps are performed:

1. select a branch φ which is not yet completed;

2. expand φ by means of the rules (A), (B1) and (B2)(not applied to TA → B) and (B1)
and (B2)(for TA → B) until it becomes AB-completed;

3. if the resulting branch φ′ is neither closed nor completed then

(a) select a signed proposition of type β of the form NTB which is not yet fulfilled in
the branch;

(b) apply rule (PB) and go to Step 1.

otherwise, go to Step 1.

Table C.10: Algorithm EasyEntail+(Σ, A) in L+.

Example 29 Let Σ be the KB

Σ = { Gil→ Adult,
Adult→ Tall,
Karl→ Child,
Child→ Tall
Gil ∨ Karl }

Certainly, Σ ⊂ L+. Moreover, Tall ∈ L+.
It can easily be verified that,
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Σ |=4 Tall.

Figure C.6 shows a closed deduction tree build by EasyEntail+(Σ,Tall)

TΣ,NTTall

NTAdult

NTGil

TKarl

TChild

TTall
×

Figure C.6: A deduction tree for Σ |=4 Tall.

It follows that

Proposition 23 Let Σ be a L+ KB and let A be in L+.

1. EasyEntail+(Σ, A) = true iff Σ |=4 A.

2. EasyEntail+(Σ, A) runs in time O(|Σ||A|). �

Proof: Correctness and completeness follows easily from Proposition 22 and Proposition 21,
as (B1) and (B2) rules a both a specialisation of the (B1) and (B2) rules to the case TA1 ∧
. . . ∧ An → B and TA → B1 ∨ . . . ∨ Bm, respectively. From a complexity point of view,
note that no rule involving A → B generates a branch and the result of their application
yield signed propositions of type α. Therefore, as for EasyEntail(Σ, A)|, the complexity of
EasyEntail+(Σ, A) is O(|Σ||A|). Q.E.D.

C.3 Deciding entailment in Horn-L
The key point of this section is to show that it is possible to develop a decision procedure
for determining Σ |=4 A1 ∧ . . .∧An which, instead to be based on our Sat procedure for L+,
is a combination of traditional SLD-derivation in logic programming [194] and our decision
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procedure for L. The method is a simple adaption of the one described in e.g. [29, 72, 73, 97,
186, 187] and makes use of Proposition 19 and Proposition 20.

For the sake of readability, we briefly describe the notions of SLD-derivation and SLD-
refutation (see e.g. [194]).

Let G be a goal of the form ← A1, . . . , An. Let E be a horn rule R of the form A ←
B1, . . . , Bk or a horn fact A. Let Ai be a letter in G. If Ai = A then

1. the resolvent of the goal G and the horn rule R is the goal

← A1, . . . , Ai−1, B1, . . . , Bk, Ai+1, . . . , An;

2. the resolvent of the goal G and the horn fact A is the goal

← A1, . . . , Ai−1, Ai+1, . . . , An.

A SLD-derivation for a goal G0 in a Horn-L KB Σ is a derivation constituted by:

1. a sequence of horn rules and horn facts E1, . . . , En in Σ;

2. a sequence of goals G0, . . . , Gn such that for each i ∈ {0, . . . , n−1}, Gi+1 is the resolvent
of Gi and Ei+1.

A SLD-derivation may terminate with an empty goal in which case the derivation is a SLD-
refutation. It is well known that given a horn KB Σ and a query A1 ∧ . . . ∧ An, then Σ |=2

A1 ∧ . . .∧An iff there is a SLD-refutation for goal ← A1, . . . , An in Σ. From Proposition 4 it
follows immediately that

Proposition 24 In Horn-L, let Σ be a horn KB and let Q be a query. Then Σ |=4 Q iff
there is a SLD-refutation for goal GQ in Σ. �

What about the case in which Σ is a Horn-L KB? Of course, by (7.47) it follows that if there
is a SLD-refutation for goal ← A1, . . . , An in Σ then Σ |=4 A1 ∧ . . . ∧An. Unfortunately, the
converse is not true as shown in the following example.

Example 30 Consider the following safe and non-recursive Horn-L KB:

Σ = {C ← A, C ← B, A ∨B}

and the query C. It is quite easy to see that Σ |=4 C. But, there is no SLD refutation for
goal ← C in Σ. The only two SLD derivations end with goal G1 and G2, which are ← A and
← B, respectively.

Concerning Example 30, what is actually inferable from the derivation ending with the goal
G1 is that C is satisfied in all those models of Σ satisfying A. Similarly, for goal G2: C is
satisfied in all those models of Σ satisfying B. Therefore, in order to prove the query C, each
model of Σ should satisfy either A or B. By relying on Proposition 19 it follows that each
model of Σ satisfies either A or B iff both canonical models I1, I2 of completions S̃1, S̃2 ∈
Completions(TΣ), where AI1 = {t}, BI1 = ∅, CI1 = {t} and BI2 = {t}, AI2 = ∅, CI1 = {t},
are such that they satisfy either A or B. Finally, from the safeness of Σ neither A nor B
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appears in any head of rule in Σ. Therefore, we can restrict our attention to the canonical
models of completions in Completions(TΣF ) rather than those of Σ: i.e. given ΣF = {A∨B},
Σ |=4 C iff both canonical models I3, I4 of completions S̃3, S̃4 ∈ Completions(TΣF ), where
AI3 = {t}, BI3 = ∅ and BI4 = {t}, AI4 = ∅, are such that they satisfy either A or B.

It is worth noting that this last step is not allowed in case of non safe KBs. For example,
consider the non safe KB Σ = {A∨B, A← B}. Let ΣF be {A∨B}. It is easily verified that
Σ |=4 A. Consider the last goal of a derivation of ← A in Σ, i.e. ← B. The canonical models
of completions in Completions(TΣF ), are I3, I4 above. But, I3 does not satisfy B.

The above arguments can be generalized, yielding the following proposition. We will
assume that each query Qi is of the form Ai1 ∧ . . . ∧ Aiki

and each associated goal GQi is of
the form ← Ai1 , . . . , Aiki

.

Proposition 25 Let Σ be a safe and non recursive Horn-L KB and let Q be a query. Then
Σ |=4 Q iff either

1. there is a SLD-refutation for goal GQ in Σ; or

2. there are n ≥ 1 SLD-derivations for goal GQ in Σ ending with goals GQ1 , . . . , GQn, such
that for all four-valued canonical models I of four-valued completions S̃ ∈ Completions(
TΣF ), I does satisfy Q1∨ . . . ∨Qn, i.e. there is some 1 ≤ i ≤ n such that I does satisfy
Qi. �

Similarly for the two-valued case. Note that if I has to satisfy Ai1 ∧ . . . ∧ Aiki
(Point 2. in

Proposition 25), where each Aikh
is a propositional letter, then we can restrict our attention

to those letters p such that t ∈ pI : i.e. let I1 be an interpretation such that for all letters
p, pI1 = {t} if t ∈ pI and pI1 = ∅ otherwise, then I satisfies Ai1 ∧ . . . ∧ Aiki

iff I1 satisfies
Ai1 ∧ . . .∧Aiki

. This means that we can restrict our attention to S̃+ or, equivalently, to Σ+
S̃ .

From the above observation and from Proposition 20 it follows immediately that

Proposition 26 Let Σ be a safe and non recursive Horn-L KB and let Q be a query. Then
Σ |=4 Q iff either

1. there is a SLD-refutation for goal GQ in Σ; or

2. there are n ≥ 1 SLD-derivations for goal GQ in Σ ending with goals GQ1 , . . . , GQn, such
that for all four-valued completions S̃ ∈ Completion(TΣF ), S̃+ ∪ {NTQ1 ∨ . . . ∨Qn} is
not satisfiable, or equivalently, Σ+

S̃ |=4 Q1 ∨ . . . ∨Qn. �

Similarly for the two-valued case.
Proposition 25 and Proposition 26 give us several solutions in order to determine whether

Σ |=4 Q, where Σ is a safe and non recursive Horn-L KB.

Method 1: Collect n ≥ 1 SLD-derivations of GQ in Σ, ending with goals GQ1 , . . . , GQn ,
until (i) there is an empty goal; or, (ii) ΣF |=4 Q1 ∨ . . . ∨Qn, by relying on procedure
Sat for L. Note that ΣF ⊆ L and Qi ∈ L. In the worst case we have to compute all
SLD-derivations.
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Method 2: Collect n ≥ 1 SLD-derivations of GQ in Σ, ending with goals GQ1 , . . . , GQn , until
(i) there is an empty goal; or, (ii) for all four-valued canonical models I of four-valued
completions S̃ ∈ Completions(TΣF ), I does satisfy Q1 ∨ . . .∨Qn. In the worst case we
have to compute all SLD-derivations.

Method 3: Collect n ≥ 1 SLD-derivations of GQ in Σ, ending with goals GQ1 , . . . , GQn ,
until (i) there is an empty goal; or, (ii) for all four-valued completions S̃ ∈ Comple-
tions(TΣF ), S̃+∪{NTQ1∨. . .∨Qn} is not satisfiable, or equivalently, Σ+

S̃ |=4 Q1∨. . .∨Qn.
In the worst case we have to compute all SLD-derivations.

Method 4: Compute Completions(TΣF ). Determine whether for all S̃ ∈ Completions(TΣF ),
GQ has a SLD-refutation in Σ+

S̃ ∪ ΣR, i.e. whether Σ+
S̃ ∪ ΣR |=4 A1 ∧ . . . ∧ An. Note

that Σ+
S̃ ∪ ΣR is a horn KB.

We will not discuss which of the above methods is the better one, nor we will explore other
methods. Just let us mention that certainly Method 4 is the simplest to implement. In
fact, since Σ+

S̃ ∪ ΣR is a horn KB, from Proposition 24 it follows that what we need is an
implementation of procedure Completions. Then we can determine whether Σ |=4 Q, where
Σ is a safe and non recursive Horn-L KB, by relying on a simple prolog system which checks
whether Σ+

S̃ ∪ΣR |=4 Q, for all four-valued completions S̃ ∈ Completions(TΣF ). We conclude
this section with the following example.

Example 31 Consider Example 30, i.e.

Σ = {C ← A, C ← B, A ∨B}
ΣF is {A ∨ B} and ΣR is {C ← A, C ← B}. We check that Σ |=4 C holds, by applying
Method 4. Completions(TΣF ) contains two completions such that

S̃1 = {TA}
S̃2 = {NTA,TB},

and, thus,

ΣS̃1
= {A}

ΣS̃2
= {B}.

Therefore, Σ+
S̃1

= ΣS̃1
and Σ+

S̃2
= ΣS̃2

. Let Σ1 = Σ+
S̃1
∪ ΣR and Σ2 = Σ+

S̃2
∪ ΣR, i.e.

Σ1 = {C ← A, C ← B, A}
Σ2 = {C ← A, C ← B, B}.

It is easily verified that there is a SLD-refutation of ← C in Σi, for i = 1, 2. Therefore,
Σ |=4 C hold, as expected.

Just note that the computational complexity of e.g. Method 4 depends on the number of
completions computed as on their dimension. In fact, the complexity is bounded by

∑
i

|Σ+
S̃i
∪ ΣR||Q|, (C.19)

where S̃i is a completion of TΣF , i.e. S̃i ∈ Completions(TΣF ). Of course, in case of horn
KBs, Completions(TΣF ) = {TΣF }, and thus, Method 4, runs in polynomial time.



C.4. Deciding entailment in ALC 181

C.4 Deciding entailment in ALC

With respect to classical two-valued semantics, DLs has been largely investigated from a
computability point of view. There exists both a well known algorithm based on constraint
propagation [249] (which is essentially an analytic tableaux based decision procedure1) for
deciding KB satisfiability and a lot of results from a computational complexity point of view
(see e.g. [69, 71, 94, 95, 99, 150, 206, 208, 247])2.

As we have seen, all decision problems, usually considered important in classical DLs,
can be reduced to the KB satisfiability test (see Equations (6.21) - (6.30). If we switch to a
four-valued setting, similarly to what happens for the propositional case L and L+, we need
an alternative proof procedure. There exists two proof methods for four-valued DLs:

1. there is a well known subsumption testing procedure, which is an DL adaption of
Levesque’s algorithm for entailment (see Algorithm 2) [54, 57, 217, 220, 221, 222]. The
algorithm performs in a efficient way structural subsumption [54]. A drawback of this
method is that: (i) it works only within type B semantics; (ii) it can not be used for
the instance checking test as this latter problem is in a higher complexity class than the
subsumption problem, and (iii) it is rather difficult to adapt the algorithm in the case
we change the DL3.

2. there is a sequent calculus based proof procedure for instance checking [266]. This
method has the advantage to solve the subsumption problem too. It works within
type A semantics and within type B semantics. In this latter case it can be modified
in such a way that it runs the subsumption test in the same time order as for the
above mentioned structural subsumption algorithm. The method is easily adaptable to
the different DLs described in the literature. But, the main drawback of the sequent
calculus based method is that is suffers of the same problems of the analytic tableaux
based methods.

In order to overcome to the above listed problems, we will present here a semantic tableaux
for instance checking in four-valued DLs. This gives us immediately a decision procedure for
the subsumption problem. Thereafter we will extend it to the two-valued case.

The calculus is essentially an adaption of the calculus for deciding entailment in L+ to
the DL case. We will give decision procedures for both type A and type B semantics. In the
following, if not stated otherwise, we will assume type A semantics.

The major difficulties arises by the treatment of the ∀ and ∃ connectives. We take inspira-
tion on the work [132, 133]. In [133] it has been experimentally shown that analytic tableaux
methods for two-valued DLs are quite inefficient with respect to semantic based methods.
Moreover, they have pointed out that the following holds:

1Hence, inherits the same problem of it.
2It is not our intention to give an exhaustive list of all results. The interested reader can consult the DL

WWW home page at http://www.dl.kr.org/dl.
3This is the price we must pay if we want fast special purpose algorithms.
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(∃R.C) � (∀R.D1) . . . � (∀R.Dm)
is coerent iff

C �D1 . . . �Dm

is coerent

(C.20)

In general,

(∃R1.C1) � �m1
j=1(∀R1.D1j )�

(∃R2.C2) � �m2
j=1(∀R2.D2j )�

. . .�
(∃Rk.Ck) � �mk

j=1(∀Rk.Dkj
)

is coerent iff for each 1 ≤ i ≤ k

Ci � �mi
j=1Dij

is coerent

(C.21)

with k ≥ 1, and mi ≥ 0 (for 1 ≤ i ≤ k). For instance, in order to determine the coherence of

∃R1.C1 � ∀R1.D11 � ∀R1.D12 � ∃R2.C2 (C.22)

it is sufficient to check out the coherence of both C1 �D11 �D12 and C2. We will adapt this
property to our decision procedure.

The above property follows from the well-known relationship between ALC and modal
logic Km, i.e. K with m modal relations (see e.g. [155]). In fact, according to [248], consider
the following function K mapping ALC concepts into modal formulae:

K(A) = A
K(¬A) = ¬A
K(C �D) = K(C) ∧K(D)
K(C !D) = K(C) ∨K(D)
K(∀R.C) = LRK(C)
K(∃R.C) = MRK(C).

(C.23)

where, as usual, L is the necessity modal operator and M is the possibility modal operator. In
[248] it is shown that a concept C is satisfiable iff K(C) is, i.e. K(C) ha a Kripke model. Just
notice that the well known equivalence between M and ¬L¬ confirms the equivalence between
∃ and ¬∀¬. Now, the relation (C.21) is a direct consequence of the fact that (MRA)∧ (LRB)
is satisfiable iff A ∧B is satisfiable.

Using the above property, our semantic tableaux is defined as follows. Consider a new
alphabet VALC of variables (denoted by x, y). An object (denoted by v, w) is either an individual
or a variable. Interpretations are extended to a variable x by mapping it into an element of
I’s domain, xI ∈ ∆I .

Signed formulae (denoted by σ) are expressions of type TA, NTA, TC ⇒ D or of type
NTC ⇒ D, where A is an assertion, in which variables can occur, and C ⇒ D is a specializa-
tion. For example, T(A �B)(a),NT(A !B)(x) are signed formulae.
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We extend the definition of satisfiability to signed formulae as follows. An interpretation
I satisfies TA iff I satisfies A; I satisfies NTA iff I does not satisfy A; I satisfies TC ⇒ D
iff I satisfies C ⇒ D, and I satisfies NTC ⇒ D iff I does not satisfy C ⇒ D.

An interpretation I satisfies set of signed formulae iff I satisfies each element of it. As a
consequence, as for the propositional case,

Σ |=A
4 A iff TΣ ∪ {NTA} is not satisfiable (C.24)

where TΣ = {TA : A ∈ Σ} and

Σ |=A
4 C ⇒ D iff TΣ ∪ {NTC ⇒ D} is not satisfiable. (C.25)

Signed formulae of type α (of conjunctive type) and β (of disjunctive type) and on their
components are defined as follows:

1. With respect to the connectives � and ! we have (recall Table C.2)

α α1 α2

T(C �D)(w) TC(w) TD(w)
NT(C !D)(w) NTC(w) NTD(w)

β β1 β2

T(C !D)(w) TC(w) TD(w)
NT(C �D)(w) NTC(w) NTD(w)

These definitions reflects entirely the definitions about signed proposition seen in Ta-
ble C.2.

2. With respect to specializations we have:

α α1 α2 Condition
NTC ⇒ D TC(a) NTD(a) for a new individual a

Signed formulae of this type are indicated also with α⇒ and their components with α⇒
1

and α⇒
2 .

β β1 β2 Condition
TC ⇒ D NTC(w) TD(w) for all objects w

Signed formulae of this type are indicated also with β⇒ and their components with β⇒
1

and β⇒
2 . We will say that the specialisation β⇒ has been instantiated with w, if w is

the object involved in β⇒’s components. Just notice here that a specialization C ⇒ D
is viewed as ∀x.C(x)→ D(x). Hence, the table above is nothing else as a generalization
of the table for the → connective seen for L+. For instance, given NTC ⇒ D, the
application of a (A) rule will be of type “let a be a new individual not appearing in
any branch, then split NTC ⇒ D into TC(a) and NTD(a). It is worth noting that now,
from (C.24) it follows that

Σ |=A
4 C ⇒ D iff (C.26)

TΣ ∪ {NTC ⇒ D} is not satisfiable, iff (C.27)
TΣ ∪ {TC(a),NTD(a)} is not satisfiable, iff (C.28)
Σ ∪ {C(a)} |=A

4 D(a). (C.29)
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which are perfectly compatible with the relations (6.25), (6.26) (7.67), (7.68) and are
similar to (6.27) and (6.28).

3. With respect to the ∀ and ∃ connectives we have:

α α1 α2 Condition
NT(∀R.C)(w) TR(w, x) NTC(x) for a new variable x
T(∃R.C)(w) TR(w, x) TC(x) for a new variable x

Signed formulae of this type are indicated also with α∃ and their components with α∃
1

and α∃
2 , respectively. Let Ind(α∃) = w, Ind(α∃

i ) = x and Role(α∃) = R.

β β1 β2 Condition
T(∀R.C)(w) NTR(w, v) TC(v) for all objects v
NT(∃R.C)(w) NTR(w, v) NTC(v) for all objects v

Signed formulae of this type are indicated also with β∀ and their components with β∀
1

and β∀
2 , respectively. Let Ind(β∀) = w, Ind(β∀

i ) = v and Role(β∀) = R.

As already said, the above table is an immediate consequence of the fact that e.g. (∀R.C)(w)
is viewed as ∀x.R(w, x)→ C(x).

Moreover, we will say that the above signed formulae σ of type α∃ (β∀) has been
instantiated with x (v), if x is the new variable (object v is) involved in σ’s components
and given by the condition. For instance, if β∀ = T(∀R.C)(a) has been instantiated
with c then β∀

1 is NTR(a, c), whereas β∀
2 is TC(c).

In one shot, the α and β tables are shown in Table C.11 below.

α α1 α2 Condition
T(C �D)(w) TC(w) TD(w)
NT(C !D)(w) NTC(w) NTD(w)

NTC ⇒ D TC(a) NTD(a) for a new individual a
NT(∀R.C)(w) TR(w, x) NTC(x) for a new variable x
T(∃R.C)(w) TR(w, x) TC(x) for a new variable x

β β1 β2 Condition
T(C !D)(w) TC(w) TD(w)
NT(C �D)(w) NTC(w) NTD(w)

TC ⇒ D NTC(w) TD(w) for all objects w
T(∀R.C)(w) NTR(w, v) TC(v) for all objects v
NT(∃R.C)(w) NTR(w, v) NTC(v) for all objects v

Table C.11: α and β table for ALC.

As usual, TA and NTA are called conjugated signed formulae. With βc
i we indicate the

conjugate of βi.
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The calculus is based on similar rules as for the propositional case (see Table C.12 below).
Just notice that rule (A) is not applicable for signed formulae of type α∃. The reason relies
on the fact that we will treat α∃ expressions accordingly to (C.21). Similarly, rules (B2) and
(PB) are not applicable to signed formulae of type β∀. Finally, in applying the rule (PB) to
a signed formula of the form TC ⇒ D, we are not allowed to instantiate it with a new object.

(A)
α

α1, α2 if α is not of type α∃

(B1)
β, βc

1

β2

(B2)
β, βc

2

β1 if β is not of type β∀

(PB)
β

β1 βc
1, β2 if β is not of type β∀

Table C.12: Semantic tableaux inference rules in ALC.

In order to obtain a complete calculus, it is necessary to handle the α∃ expressions too, as we
will see in the procedure SatDL below.

The definitions of (in the context of DLs) deduction tree, closed branch and refutation are
the natural adaption of the L case to the DL case.

We will say that a signed formula is AB-analysed in a branch φ if either (i) it is of type
α (and not of type α∃) and both α1 and α2 occur in φ; or (ii) it is of type β and (iia) if βc

1

occurs in φ then β2 occurs in φ, (iib) if βc
2 occurs in φ then β1 occurs in φ (case β is not of

type β∀). A branch is AB-completed if all the propositions in it are AB-analysed. A signed
formula of type β, not being of type β∀, is fulfilled in a branch φ if either β1 or β2 occurs in
φ.

Let S be a set of signed formulae. With S(⇒) we indicate the set

S(⇒) = {TC ⇒ D ∈ S}. (C.30)

Moreover, if there is an α∃ ∈ S then let S(α∃) be such that

S(T(∃R.C)(w)) = {TC(x)} ∪
{TD(x) : T(∀R.D)(w) ∈ S} ∪
{NTD(x) : NT(∃R.D)(w) ∈ S}

(C.31)

S(NT(∀R.C)(w)) = {NTC(x)} ∪
{TD(x) : T(∀R.D)(w) ∈ S} ∪
{NTD(x) : NT(∃R.D)(w) ∈ S}

(C.32)

where x is a new variable. The above two equations can be rewritten in the following compact
way:
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S(α∃) = {α∃
2}∪

{β∀
2 : β∀ ∈ S,

Ind(α∃) = Ind(β∀),
Role(α∃) = Role(β∀)}

(C.33)

where both α∃ and β∀ have been instantiated with the same new variable x (Ind(α∃
2) =

Ind(β∀
2 = x). For instance, if S is

{T(∃R1.C1)(a),T(∀R1.D11)(a),T(∀R1.D12)(a),T(∃R2.C2)(b)}

then S(T(∃R1.C1)(a)) is {TC1(x),TD11(x),TD12(x)} whereas S(T(∃R2.C2)(a)) is {TC2(y)},
reflecting the case (C.22).

Suppose that S is a set of signed formulae such that S(⇒) = ∅, i.e. no specializations occur
in S. The procedure SatDL(S) in Table C.13 determines whether a set of signed formulae S
is satisfiable or not, whenever SatDL(S) relies on the inference rules describe in Table C.12.
The procedure is a modification of the Sat procedure for the propositional case. Essentially,
in order to determine whether S is satisfiable or not, SatDL(S) proceeds as follows: the
procedure starts with root labelled S. Each not closed branch, not being AB-completed, will
be expanded until it becomes AB-completed or closed. If it becomes closed then SatDL(S)
fails. Otherwise, if a signed formula of type α∃ occurs in a branch φ, i.e. α∃ ∈ Sφ, and Sφ(α∃)
has not yet been considered with respect to φ, i.e. SatDL(Sφ(α∃)) has not yet been tested,
then we test SatDL(Sφ(α∃)). If for some of these α∃ the test fails then, accordingly to (C.21),
SatDL(S) fails. Otherwise, we proceed (similarly to the propositional case) by applying the
principle of bivalence to a not fulfilled β (not being of type β∀).

The case in which S(⇒) �= ∅ is more complicated. The problem arises from the fact
that there could be infinite applications of rules, e.g. rule (B1), and thus, termination of the
SatDL(S) procedure is not guaranteed. In fact, consider the following example.

Example 32 Consider the following set of signed formulae,

S = {TA(a),TA ⇒ ∃R.A}.

S is obviously satisfiable: for instance, the interpretation I such that t ∈ AI(aI), t ∈ AI(d),
t ∈ RI(aI , d), t ∈ RI(d, d) satisfies S.

By running SatDL(S), we can apply rule (B1) to TA(a) and TA ⇒ ∃R.A, yielding
T(∃R.A)(a). Now, we have to test whether S1 = S(α∃) ∪ S(⇒) is satisfiable, i.e. whether
S1 = {TA(x1),TA ⇒ ∃R.A}, for a new x1, is satisfiable.

Again, we can apply rule (B1) to TA(x1) and TA ⇒ ∃R.A, yielding a new set S2: =
S1∪ { T(∃R.A)(x1)}, and so on. For each i = 1, 2, . . ., we have to check whether Si =
{TA(xi),T(∃R.A)(xi),TA ⇒ ∃R.A}, for a new variable xi, is satisfiable. Hence, an infinite
loop of SatDL(S) may arise, unless a termination condition is specified.

The solution we will adopt to this problem is based on the technique described in [68], which
guarantees termination.

We assume that there is a well-founded total ordering ≺VALC on VALC. We assume that
variables are introduced, through a signed formula of type α∃, according to the ordering
≺VALC : i.e. if y has been introduced during a proof then x ≺VALC y for all variables x that
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already has been introduced. For instance, in Example 32 we assume that x1 ≺VALC x2 ≺VALC

. . . ≺VALC xi ≺VALC . . ..
Given a set of signed formulae S and a variable x, we define the functions

σT(S, x) = {C:TC(x) ∈ S} (C.34)
σNT(S, x) = {C:NTC(x) ∈ S}. (C.35)

We will say that two variables x, y ∈ S are concept equivalent in S (denoted by x ≡S y)
if σT(S, x) = σT(S, y) and σNT(S, x) = σNT(S, y). Intuitively, two variables are concept
equivalent in S if, as far the signed formulae in S are concerned, they have the same properties.
For instance, w.r.t. Example 32 above, let S =

⋃
i=1,2,... Si. It is easily verified that for all

i = 1, 2, . . ., σT(S, xi) = {A,∃R.A} whereas, σNT(S, xi) = ∅. Therefore, e.g. x1 and x2 have
the same properties in the sense that they are concept equivalent in S.

The functions σT(·, ·) and σNT(·, ·) will be used for the termination condition. Intuitively,
w.r.t. Example 32 above, given T(∃R.A)(x2) ∈ S2, we do not perform the recursive call on
S2(T(∃R.A)(x2)) since, there is an already introduced variable x1, where x1 ≺VALC x2, such
that x1 and x2 are concept equivalent in S = S1 ∪ S2.

Formally, let S1, S2, . . . , Sn be a sequence of sets of signed formulae. Consider,

S =
⋃

i=1,2,...,n

Si,

and α∃ ∈ Sn. Suppose that Ind(α∃) = y. We will say that α∃ is blocked at Sn (also, y is a
blocked variable in S) if

1. there is another variable x such that x ≺VALC y; and

2. x, y are concept equivalent in S, i.e. x ≡S y.

Moreover, we will say that y has witness x in S if x is the least variable w.r.t. ≺VALC satisfying
conditions 1. and 2.

The sequence S1, S2, . . . , Sn plays the role of the the sets of signed formulae considered
by recursive calls of SatDL during the proof: i.e. it is quite obvious that the recursive calls
induce a tree where (i) each node is a set of signed formulae; (ii) the root is the set to the
“AB-completion” of Sφ(α∃) of the first recursive call; and (iii) a node S has as children node
the “AB-completion” S(α∃) if w.r.t. S the procedure SatDL is recursively called on Sφ(α∃)
(see Step 3a). The sets in the sequence S1, S2, . . . , Sn correspond to the sets along a path
from root S1 to node Sn.

The definition of blocked signed formula of type α∃ expresses the condition under which
no recursive call of the SatDL procedure should be made w.r.t. α∃. For instance, w.r.t. Exam-
ple 32, no recursive call will be made by considering T(∃R.A)(x2) ∈ S2. In fact, by considering
the sequence S1, S2 in Example 32, it is easily verified that T(∃R.A)(x2) is blocked in S2.

The procedure SatDL is defined in Table C.13 below.

C.4.1 The case without specialisations

We first discuss examples, correctness and completeness in the case without specialisations.
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Algorithm 7 (SatDL(S))
SatDL(S) starts from the root labelled S and applies the following steps:

1. Select a not closed branch φ. If there is no such branch then return false and exit.

2. If φ is not yet AB-completed then expand φ by means of the rules (A), (B1) and (B2)
until it becomes AB-completed. Update φ to the resulting branch;

3. If φ is AB-completed then

(a) if for some signed formula α∃ in Sφ, SatDL(Sφ(α∃) ∪ Sφ(⇒)) = false, where

i. Sφ(α∃) has not yet been tested with respect to φ;
ii. α∃ is not blocked in Sφ,

then close φ and go to Step 1. Otherwise,

(b) select a signed formula of type β, not being of type β∀, which is not yet fulfilled in
the branch;

(c) apply rule (PB) and go to Step 1.

Table C.13: Algorithm SatDL(S) for ALC.

Example 33 Let Σ be the set

Σ = {(∃R1.C1)(a), (∀R1.D11)(a), (∀R1.D12)(a),
(∃R2.C2)(b), R1(a, a)}.

Let A be the assertion

A = (D12 � ∀R1.(D11 �D12))(a).

It can easily be verified that Σ |=4 A holds. We will show that effectively SatDL(TΣ ∪
{NTA}) = false. We will present the proof by means of the deduction tree in Figure C.7.

The first three nodes after the first one are obtained by a straightforward application of
the (B1) rule. Thereafter, Step 3a of SatDL has been applied. It is easily verified that

SatDL(S(T(∃R1.C1)(a))) = true,
SatDL(S(T(∃R2.C2)(a))) = true,
SatDL(S(NT(∀R1.(D11 �D12))(a))) = false.

In fact, just observe that

S(T(∃R1.C1)(a)) = {TC1(x1),TD11(x1),TD12(x1)},
S(T(∃R2.C2)(a)) = {TC2(x2)},
S(NT(∀R1.D11 �D12)(a)) = {NT(D11 �D12)(x3),TD11(x3),TD12(x3)}.

Therefore, the conjunction of the three recursive calls is false, and, thus, according to (C.21)
SatDL returns false as expected.
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TΣ

TD11(a)

TD12(a)

NT(∀R1.(D11 �D12))(a)

false =




SatDL(S(T(∃R1.C1)(a))) = true
SatDL(S(T(∃R2.C2)(a))) = true
SatDL(S(NT(∀R1.D11 �D12)(a))) = false

×

Figure C.7: Proof with recursive call to SatDL.

We show that Algorithm 7 is sound and complete with respect to type A semantics whenever
there are no specialisations.

Proposition 27 Let S be a set of signed formulae in ALC without specialisations, i.e. S(⇒
) = ∅. Consider the set of rules in Table C.12. Then SatDL(S) iff S is satisfiable with respect
to type A semantics. �

Proof: The proof is an extension of the proof of Proposition 18 for the propositional case
L.

At first, it can be easily verified that the rules (A), (B1), (B2) and (PB) in Table C.12
are correct, i.e. φ is a branch and Sφ is satisfiable iff there is a branch φ′ as the result of the
application of a rule to φ such that Sφ′

satisfiable. Furthermore, it can be verified that the
blocking condition is never satisfied.
⇒ .) Suppose Sat(S). We show by induction on the number n of occurrences of signed
formulae of type α∃ ∈ S that there is (i) a finite deduction tree T build by Sat(S); (ii) a
not closed branch φ from S to a leaf in T ; and a set S(φ) such that S(φ) is satisfiable and
Sφ ⊆ S(φ). As a consequence, S ⊆ Sφ is satisfiable.

Case n = 0 : In this case, similarly to the proof of Proposition 18, an interpretation I satis-
fying S can be build. Let T be the generated deduction tree and let φ be a not closed
branch from S to a leaf in T . It is easily verified that T is finite. Such a branch has to
exist, otherwise SatDL(S) = false. Let

ST = {TA ∈ Sφ}
SNT = {NTA ∈ Sφ}.

Let S(φ) = ST ∪ SNT. Of course, Sφ = ST ∪ SNT ⊆ S(φ). Let ∆I be the set of objects
appearing in S(φ) and wI = w for all w ∈ ∆I . Let I be a relation such that t ∈ AI
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if TA ∈ ST, AI = ∅ otherwise, where A is an assertion of the form B(w), ¬B(w) or
R(w, v) (B is a primitive concept). More precisely, for each primitive concept A, for
each role R, for all objects w, v ∈ ∆I , set AI(w) = ∅, RI(w, v) = ∅ and

1. for each TA(w) ∈ ST, assign AI(w): =AI(w) ∪ {t};
2. for each T¬AI(w) ∈ ST, assign AI(w): =AI(w) ∪ {f};
3. for each TR(w, v) ∈ ST, assign RI(w, v): =RI(w, v) ∪ {t}.

Since, φ is completed and not closed, I with domain ∆I is a four-valued interpretation
satisfying ST, SNT and, thus, S(φ). As a consequence, S ⊆ Sφ is satisfiable.

Case n > 0 : Let T be the generated finite deduction tree and let φ be a not closed and
completed branch from S to a leaf in T . Such a branch has to exist, otherwise
SatDL(S) = false. Now, Step 3. of the algorithm is applied. Suppose α∃

1 , . . . , α
∃
m ∈ Sφ

are the top level α∃
i for which Sφ(α∃

i ) has been checked. Let xi be the new vari-
ables introduced. Certainly, m ≤ n holds. Since SatDL(S) = true, it follows that∧

1≤i≤m Sat(Sφ(α∃
i )) holds. Since, for all 1 ≤ i ≤ m the number of occurrences of

signed formulae of type α∃ in Sφ(α∃
i ) is less than n, by induction there are (i) finite

deduction trees Ti; (ii) not closed and completed branches φi from Sφ(α∃
i ) to a leaf in

Ti; and (iii) sets S(φi) such that S(φi) is satisfiable and Sφ
i ⊆ S(φi).

Let

S(φ) = Sφ ∪
⋃

1≤i≤m

S(φi)

and

ST = {TA ∈ S(φ)} ∪ {TRi(wi, xi) : wi = Ind(α∃
i ), Ri = Role(α∃

i )}

and

SNT = {NTA ∈ S(φ)}.

By definition, Sφ ⊆ S(φ). Let ∆I be the set of objects appearing in S(φ) and let wI = w,
for all w ∈ ∆I . Let I be a relation such that t ∈ AI if TA ∈ ST, AI = ∅ otherwise,
where A is an assertion of the form B(w), ¬B(w) or R(w, v) (B is a primitive concept).
More precisely, for each primitive concept A, for each role R, for all objects w, v ∈ ∆I ,
set AI(w) = ∅, RI(w, v) = ∅ and

1. for each TA(w) ∈ ST, assign AI(w): =AI(w) ∪ {t};
2. for each T¬A(w) ∈ ST, assign AI(w): =AI(w) ∪ {f};
3. for each TR(w, v) ∈ ST, assign RI(w, v): =RI(w, v) ∪ {t}.

Since, φ is completed and not closed, I with domain ∆I is a four-valued interpretation
satisfying ST, SNT, and thus, S(φ). As a consequence, S ⊆ Sφ is satisfiable.
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⇐ .) Suppose S is satisfiable. Let T be the generated completed tree. It is easily verified
that T is finite. Therefore, from the correctness of the rules it follows that there is a finite
completed branch φ in T such that Sφ is satisfiable. Therefore, Sat(S). Q.E.D.

Example 34 Let us see how the interpretation of the above proof is build. Let Σ be the set

Σ = {R(a, a), (∀R.D11)(a), (∀R.D12)(a)}

Let A be the assertion

A = (D12 � ∀R.(D11 �D13))(a).

It is easily verified that Σ �|=4 A holds. In fact, SatDL(TΣ ∪ {NTA}) = true, as shown in the
not closed and completed deduction tree in Figure C.8.

TΣ,NTA

TD11(a)

TD12(a)

NT(∀R.D11 �D13)(a)

SatDL(S(NT(∀R.D11 �D13)(a))) = true

φ

⇒ NT(D11 �D13)(x)
TD11(x),TD12(x)

NTD13(x)
φ1

Figure C.8: Not closed deduction tree with recursive call to SatDL.

Let α∃
1 be NT(∀R1.D11 �D13)(a)). Just notice that S(α∃

1) is

S(α∃
1) = {NT(D11 �D13)(x),TD11(x),TD12(x)}

As shown in Figure C.8, SatDL(α∃
1) = true. According to the proof of Proposition 28 above,

it follows that S(φ1) is

S(φ1) = {NT(D11 �D13)(x),TD11(x),TD12(x),NTD13(x)}

which is satisfiable. Finally, let S(φ) = Sφ ∪ S(φ1), where

Sφ = TΣ ∪ {NTA,TD11(a),TD12(a),NT(∀R1.D11 �D13)(a))}

and let
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ST = {TA ∈ S(φ)} ∪ {TR(a, x)},
SNT = {NTA ∈ S(φ)}.

I is build as follows. The domain of I is

∆I = {a, x}

Of course, aI = a and xI = x. Define I such that t ∈ AI(a) if TA(a) ∈ ST (AI(a) = ∅, oth-
erwise) and A primitive concept, and t ∈ RI(a, x) if TR(a, x) ∈ ST (RI(a, x) = ∅, otherwise):
i.e.

t ∈ D11
I(a),

t ∈ D12
I(a),

t ∈ RI(a, a),
t ∈ RI(a, x),
t ∈ D11

I(x),
t ∈ D12

I(x),
D13

I(a) = ∅,
D13

I(x) = ∅,
RI(x, a) = ∅, and
RI(x, x) = ∅.

It follows that I satisfies TΣ ∪ {NTA}.

C.4.2 The case with specialisations

Let us consider Example 32. We have already pointed out that without any blocking condition,
our SatDL procedure could never stop. The following example instead shows how the blocking
condition prevents SatDL to loop infinitely.

Example 35 Consider Example 32, i.e. consider the set of signed formulae,

S = {TA(a),TA ⇒ ∃R.A}.

We have already seen that S is satisfiable. Figure C.9 below shows the deduction tree build
by SatDL(S), which returns true.

Note that from

S0 = S1 ∪ S2,
σT(x1, S0) = {A,∃R.A},
σT(x2, S0) = {A,∃R.A},
σNT(x1, S0) = σNT(x1, S0) = ∅,
x1 ≺VALC x2,

it follows that x1 ≡S0 x2 and, thus, T(∃R.A)(x2) is blocked in S2.
How can a model I be build from the deduction tree in Figure C.9? Essentially we proceed

as for the case without specialisations (see proof of Proposition 27), except that we add some
additional signed formulae to ST. So, let φ be the top branch. Hence, Sφ is S∪{T(∃R.A)(a)}.
As in proof of Proposition 27, case n > 0, let S(φ) = Sφ ∪ S1 ∪ S2, i.e.
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TA(a),
TA ⇒ ∃R.A

T(∃R.A)(a)

SatDL(S(T(∃R.A)(a))) = true

⇒ S1 : TA(x1),
TA ⇒ ∃R.A

T(∃R.A)(x1)

SatDL(S(T(∃R.A)(x1))) = true

⇒ S2 : TA(x2),
TA ⇒ ∃R.A

T(∃R.A)(x2)
Blocked in S2

Figure C.9: Deduction tree with loop block condition in ALC.

S(φ) = {TA(a),T(∃R.A)(a),TA(x1),T(∃R.A)(x1),TA(x2),T(∃R.A)(x2)}.

It follows that ST is

ST = S(φ) ∪ {TR(a, x1),TR(x1, x2)}.

The key difference to the case without specialisations is that we add additionally TR(x2, x2)
to ST, as specified in [68], i.e.

ST: =ST ∪ {TR(x2, x2)}.

Now, from ST a model of S can be build in the usual way, yielding an model I with domain
∆I = {a, x1, x2} such that (i) wI = w, for all w ∈ ∆I ; and (ii)

AI(a) = AI(x1) = AI(x2) = {t},
RI(a, x1) = RI(x1, x2) = RI(x2, x2) = {t}.

SatDL is sound and complete with respect to type A semantics in case there are specialisations.

Proposition 28 Let S be a set of signed formulae in ALC. Consider the set of rules in
Table C.12. Then SatDL(S) iff S is satisfiable with respect to type A semantics. �
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Proof: The proof is an extension of the proof of Proposition 27 for the case without
specialisations. We do not give here the complete proof, as it is an adaption of the proof
described in [68] to the four-valued case. What we do here is to show how a model I for S
can be build from the deduction tree of SatDL(S) (according to [68]), whenever S is satisfiable.

As for case n > 0 in proof of Proposition 27, consider

S(φ) = Sφ ∪
⋃

1≤i≤m

S(φi)

and

ST
0 = {TA ∈ S(φ)} ∪ {TRi(wi, xi) : wi = Ind(α∃

i ), Ri = Role(α∃
i )}.

By definition Sφ ⊆ S(φ). Finally, define

ST = ST
0 ∪ {TR(x, y):x blocked in S(φ), x has witness z,TR(z, y) ∈ ST

0 }, (C.36)

and

SNT = {NTA ∈ S(φ)}. (C.37)

Let ∆I be the set of objects appearing in S(φ) and let wI = w, for all w ∈ ∆I . Let I be
a relation such that t ∈ AI if TA ∈ ST, AI = ∅ otherwise, where A is an assertion of the
form B(w), ¬B(w) or R(w, v) (B is a primitive concept). More precisely, for each primitive
concept A, for each role R, for all objects w, v ∈ ∆I , set AI(w) = ∅, RI(w, v) = ∅ and

1. for each TA(w) ∈ ST, assign AI(w): =AI(w) ∪ {t};

2. for each T¬A(w) ∈ ST, assign AI(w): =AI(w) ∪ {f};

3. for each TR(w, v) ∈ ST, assign RI(w, v): =RI(w, v) ∪ {t}.

Since, φ is completed and not closed, I with domain ∆I is a four-valued interpretation
satisfying ST, SNT and, thus, S(φ) is satisfiable. Therefore, S ⊆ Sφ is satisfiable. Q.E.D.

Similarly to propositional case, Algorithm 8 shown in Table C.14, allows us to build all
completions of a set of signed formulae S.

Consider proof of Proposition 28. Consider the sets ST and SNT (see Equation (C.36) and
Equation (C.37)). The set

S̃ = {TA ∈ ST : A atomic assertion}∪
{NTA ∈ SNT : A atomic assertion} (C.38)

is called a four-valued completion of S. A two-valued completion of S is the set

S̃ = {TA(w) ∈ ST : A primitive concept}∪
{NTA(w) ∈ SNT : A primitive concept}∪
{TR(w, v) ∈ ST}.

(C.39)

Moreover, we define
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S̃T = {TA ∈ S̃}, (C.40)
S̃NT = {NTA ∈ S̃}, (C.41)
S̃+ = {TA(w) ∈ ST : A primitive concept} ∪

{TR(w, v) ∈ ST}. (C.42)

Given a four-valued completion S̃ of S, we define the following four-valued completion KBs
of S̃:

ΣS̃ = {A : TA ∈ S̃T}, (C.43)

Σ+
S̃ = {A : TA ∈ S̃+}. (C.44)

For the two-valued case, given a two-valued completion S̃ of S, we define the following two-
valued completion KBs of S̃:

ΣS̃ = {A : TA ∈ S̃T} ∪
{¬A(w) : NTA(w) ∈ S̃NT}, (C.45)

Σ+
S̃ = {A : TA ∈ S̃+}. (C.46)

Given a four-valued completion S̃ of S, then a four-valued canonical model of S̃ is obtained
as in proof of Proposition 28. Let ∆I be the set of objects appearing in S̃ and let wI = w,
for all w ∈ ∆I . For each primitive concept A, for each role R, for all objects w, v ∈ ∆I , set
AI(w) = ∅, RI(w, v) = ∅ and

1. for each TA(w) ∈ S̃, assign AI(w): =AI(w) ∪ {t};

2. for each T¬A(w) ∈ S̃, assign AI(w): =AI(w) ∪ {f};

3. for each TR(w, v) ∈ S̃, assign RI(w, v): =RI(w, v) ∪ {t}.

On the other hand, given a two-valued completion S̃ of S, then a two-valued canonical model of
S̃ is obtained as follows. Let I be an arbitrary two-valued interpretation. For each primitive
concept A, for each role R, for all objects w, v ∈ ∆I , redefine I as follows:

1. for each TA(w) ∈ S̃, assign AI(w): ={t};

2. for each TR(w, v) ∈ S̃, assign RI(w, v): ={t};

3. for each NTA(w) ∈ S̃, assign AI(w): ={f}.

It is easily verified that a canonical model of S̃ is also a model of S. It is worth noticing that
in the four-valued case, given S̃, the canonical model of S̃ is unique, whereas in the two-valued
case there are infinitely many. Just notice that in Step 5. S̃(α∃) is the set of all completions
of Sφ(α∃) ∪ Sφ(⇒). Therefore, given Ψ = {α∃

1 , . . . , α
∃
m}, in order to build a completion

of S we have to consider m completions S̃1, . . . , S̃m, each of them being a completion of
Sφ(α∃

1) ∪ Sφ(⇒), . . . , Sφ(α∃
m) ∪ Sφ(⇒), respectively (Step 5b.).

We address now the problem of determining whether the analogue of Proposition 19 and
Proposition 20 hold in the context of ALC. The following proposition is immediate and is
the ALC equivalent of Proposition 19.
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Algorithm 8 (ComplDL(S))
Essentially, the procedure proceeds in a similar way as SatDL.

1. Select a not closed branch φ. If there is no such φ then ComplDL(S): =∅ and exit.

2. If φ is not yet AB-completed then expand φ by means of the rules (A), (B1) and (B2) until it becomes
AB-completed. Update φ to the resulting branch;

3. If φ is AB-completed then

(a) for all α∃ ∈ Sφ, let S̃(α∃) = ComplDL(Sφ(α∃)∪Sφ(⇒)), where Sφ(α∃) has not yet been considered
with respect to φ and α∃ is not blocked in Sφ. If for some α∃ ∈ Sφ, S̃(α∃) = ∅ then close φ and
go to Step 1. Otherwise,

(b) select a signed formula of type β, not of type β∀ and not yet fulfilled in the branch;

(c) apply rule (PB) and go to Step 1.

4. Let T be the generated deduction tree. Note that T at this point is not closed.

5. For all not closed branches φ from S to a leaf in T do:

(a) let Ψ = {α∃
1 , . . . , α∃

m} be the set of top level α∃
i ∈ Sφ for which Sφ(α∃

i ) has been considered and
let xi be the new variables introduced.

(b) for each tuple (S̃1, . . . , S̃m) such that S̃j ∈ S̃(α∃
j ), let S(φ) = Sφ ∪

⋃
1≤j≤m

S̃j . Let

ST
0 = {TA ∈ S(φ)} ∪ {TRi(wi, xi) : wi = Ind(α∃

i ), Ri = Role(α∃
i )},

ST = ST
0 ∪ {TR(x, y): x blocked in S(φ), x has witness z, TR(z, y) ∈ ST

0 },

and let

SNT = {NTA ∈ S(φ)};

(c) define the S̃ according to (C.38) or (C.39), in case four-valued or two-valued semantics;

(d) set ComplDL(S): =ComplDL(S) ∪ {S̃}.

Table C.14: Algorithm ComplDL(S) for ALC.

Proposition 29 In ALC, let Σ be a KB and let A(a) be an assertion such that A is a
primitive concept. Then

1. Σ |=4 A(a) iff a occurs in ΣF and for all four-valued canonical models I of four-valued
completions S̃ ∈ ComplDL(TΣ), I satisfies A(a);

2. Σ |=2 A(a) iff for all two-valued canonical models I of two-valued completions S̃ ∈
ComplDL(TΣ), I satisfies A(a). �

Just notice that the conditions that A should be primitive and a occurs in ΣF are essential.
First, since there is no four-valued top concept, then from Σ |=4 A(a), a occurs in ΣF follows.
Second, suppose that Σ is

Σ = {(∀R.(C ∧D))(a)}

It follows that ComplDL(TΣ) = {S̃}, where S̃ = ∅. Hence, the four-valued canonical model
I of S̃ is such that e.g. the positive extension of R is empty. Therefore, I satisfies (∀R.E)(a),
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but Σ �|=4 (∀R.E)(a). On the other hand, suppose we want apply Proposition 29 in order to
verify that Σ |=4 (∀R.C)(a). How do we proceed? Well, first we define A: = (∀R.C)(a). Then
we check whether for Σ′ = Σ ∪ {A: = ∀R.C}, Σ′ |=4 A(a) holds. Now, it can be verified that
ComplDL(TΣ′) = {S̃}, where S̃ = {TA(a)}.

In the two-valued case, the condition “a occurs in ΣF ” is wrong as there are two-valued
top concepts: for instance, ∅ |=2 (A ! ¬A)(a). The following proposition is a consequence of
Proposition 29 above.

Proposition 30 In ALC, let Σ be a KB and let A(a) be an assertion such that A is a
primitive concept. Then

1. Σ |=4 A(a) iff a occurs in ΣF and for all four-valued completions S̃ ∈ ComplDL(TΣ),
S̃T ∪ {NTA(a)} is not satisfiable;

2. Σ |=4 A(a) iff a occurs in ΣF and for four-valued completions S̃ ∈ ComplDL(TΣ),
ΣS̃ |=4 A(a), where ΣS̃ is the four-valued completion KB of S̃;

3. Σ |=2 A(a) iff for all two-valued completions S̃ ∈ ComplDL(TΣ), S̃ ∪ TΣT ∪ {NTA(a)}
is not satisfiable;

4. Σ |=2 A(a) iff for two-valued completions S̃ ∈ ComplDL(TΣ), ΣS̃∪TΣT |=2 A(a), where
ΣS̃ is the two-valued completion KB of S̃. �

Example 36 For instance, consider the KB

Σ = {B(b),∃R.E ⇒ A,∀R.¬E ⇒ A}

It is easily verified that Σ |=2 A(a), whereas Σ �|=4 A(a). The reason relies behind the fact
that if C = ∃R.E then ¬C is equivalent (two-valued and four-valued) to ∀R.¬E. Therefore,
Σ can be rewritten in the form

Σ1 = {B(b), C ⇒ A,¬C ⇒ A}

which is equivalent to

Σ2 = {B(b), C ! ¬C ⇒ A}

In two-valued semantics, C !¬C is equivalent to the top concept and, thus, the specialisation
dictates that every individual is an A, i.e. Σ2 |=2 A(a). On the other hand, we have already
seen that in our four-valued semantics there is no top concept, e.g. �|=4 (C!¬C)(a). Therefore,
Σ2 �|=4 A(a). This is the reason why in Proposition 30, in case of two-valued semantics, we
have to consider the set TΣT too. In fact, it is easily verified that the set of four-valued
completions is ComplDL(TΣ) = {S̃1, S̃2, S̃3, S̃4}, where

S̃1 = {TB(b),TR(b, x),NTE(x),NT¬E(x)},
S̃2 = {TB(b),TA(b)},
S̃3 = {TB(b),TA(b),TR(b, x1),TR(b, x2),TE(x1),NT¬E(x2)},
S̃4 = {TB(b),TA(b),TR(b, x),TE(x),T¬E(x)}.

Now, e.g. S̃2 ∪ {NTA(a)} is four-valued satisfiable, according to Point 3. of Proposition 30.
On the other hand, the set of two-valued completions is ComplDL(TΣ) = {S̃5, S̃6}, where
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S̃5 = {TB(b),TA(b)},
S̃6 = {TB(b),TA(b),TR(b, x1),TR(b, x2),TE(x1),TE(x2)}.

Note that TΣT = {T∃R.E ⇒ A,T∀R.¬E ⇒ A}. It is easily verified that both S̃5 ∪ TΣT ∪
{NTA(a)} and S̃6 ∪ TΣT ∪ {NTA(a)} are not two-valued satisfiable and, thus, Σ |=2 A(a),
according Point 4. of Proposition 30. The above example shows that it is necessary to consider
TΣT . Otherwise both S̃5 ∪ {NTA(a)} and S̃6 ∪ {NTA(a)} are two-valued satisfiable.

C.4.3 The case with acyclic specialisations

We conclude by considering the case of well formed KBs, i.e. KBs Σ in which ΣT contains
only specialisations of the form A ⇒ C and concept definitions of the form A: = C (see
Section 6.2). Remember that the form of this kind of specialisations are the usual one present
in real systems and their limited expressive power has little impact in the case of multimedia
document retrieval. Moreover, their limited form considerably simplifies the computation of
completions in the four-valued case. The benefits will be seen in Section C.5 later on.

The extension of the definition of well formed KB Σ to the case of signed formulae S is
straightforward: S is well formed iff the set of definitions and specialisations in S(⇒) is well
formed. For instance, S = {TA(a),TA ⇒ ∃R.A} is not well formed, as S(⇒) = {TA ⇒
∃R.A} is cyclic.

Now, suppose that a set of signed formulae S is well formed. Hence, S(⇒) contains only
expressions of the form TA: = C and TA ⇒ C. But, TA: = C is a macro for TA ⇒ C and
TC ⇒ A. Therefore, we can assume that S(⇒) contains only specialisations of the form
TA ⇒ C and of the form TC ⇒ A. Given these restrictions on the form of specialisations,
we can tailor the inference rule as follows: (i) rule (B1) should not be applied to β⇒ of the
form TC ⇒ A; (ii) rule (B2) should not be applied to β⇒ of the form TA ⇒ C; and (iii)
rule (PB) should not be applied to β⇒. Note that, according to (iii), the condition “(PB)
should not be applied to β⇒” is necessary. Otherwise, for S = {TC(a),TA ⇒ ∃R.B} we have
infinite applications of the (PB) rule.

The key note on well formed sets S is that no infinite loop arise through these rules, and
thus, no blocking condition is needed. This is a well known property of well formed KBs.

For well formed sets S of signed formulae, the procedure AcyclicSatDL(S) described in
Table C.16 terminates and determines whether S is satisfiable or not. AcyclicSatDL(S) relies
on the inference rules described in Table C.15 below.

In [148] it is shown that Proposition 31 below holds for the the two-valued case. The proof
easily applies to the four-valued case too.

Proposition 31 Let S be a well formed set of signed formulae in ALC. Then Acyclic-
SatDL(S) iff S is satisfiable with respect to type A semantics. �

Moreover, suppose that Σ is a well formed KB. We have seen that there is no top concept in
four-valued ALC, i.e. there is no concept C and individual a such that ∅ |=4 C(a). Of course,
this property does not hold for |=2, e.g. ∅ |=2 (¬A ! A)(a) (but ∅ �|=4 (¬A ! A)(a)). Now,
consider ΣT . Since there is no top concept, there is no concept C and individual a such that
ΣT |=4 C(a). More generally, this property holds for generic KBs too. Again, observe that
this is not true for the two-valued case. For example, just consider ΣT = {A: = E, B: = ¬E}.
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(A)
α

α1, α2 if α is not of type α∃

(B1)
β, βc

1

β2 if β is not of type TC ⇒ A

(B2)
β, βc

2

β1 if β is neither of type β∀ nor of type TA ⇒ C

(PB)
β

β1 βc
1, β2 if β is neither of type β∀ nor of type β⇒

Table C.15: Specialized semantic tableaux for well formed ALC KBs.

Then Σ |=2 (A!B)(a), but Σ �|=4 (A!B)(a). As a consequence, together with Proposition 31
we have

Proposition 32 In ALC, let Σ is a well formed KB. Then for all concept names A in ΣT

and for all individuals a occurring in ΣF , Σ |=4 A(a) iff not AcyclicSatDL(TΣ ∪ {NTA(a)}).
�

Now, given a well formed KB Σ, define

Ext(Σ) = {A(a):A: = C ∈ ΣT , a occurs in ΣF ,Σ |=4 A(a)}. (C.47)

Ext(Σ) can be determined through Proposition 32. We extend the definition to sets S of
signed formulae as follows:

Ext(S) = {TA(a):TA: = C ∈ S, a occurs in S, S ∪ {NTA(a)} not satisfiable}. (C.48)

Ext(S) can be determined through Proposition 32 as well. The following algorithm in Ta-
ble C.17 computes the four-valued completions of a well formed set S of signed formulae.

The analogue of Proposition 29 holds.

Proposition 33 In ALC, let Σ be a well formed KB and let A(a) be an assertion such that
A is a primitive concept. Then Σ |=4 A(a) iff a occurs in ΣF and for all four-valued canonical
models I of four-valued completions S̃ ∈ AcyclicComplDL(TΣ), I satisfies A(a). �

Just notice that the set of four-valued canonical models build of four-valued completions
S̃ ∈ AcyclicComplDL(S) is a subset of the set of four-valued canonical models build on
four-valued completions S̃ ∈ ComplDL(S), i.e.

Proposition 34 In ALC, let S be a well formed set of signed formulae. Then for all S̃1 ∈
AcyclicComplDL(S) there is S̃2 ∈ ComplDL(S) such that S̃T

1 = S̃T
2 . �

As a consequence, a minor set of completions are generated.
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Algorithm 9 (AcyclicSatDL(S))
Consider the set of rules in Table C.15. AcyclicSatDL(S) starts from the root labelled S and
applies the following steps:

1. Select a not closed branch φ. If there is no such branch then return false and exit.

2. If φ is not yet AB-completed then expand φ by means of the rules (A), (B1) and (B2)
until it becomes AB-completed. Update φ to the resulting branch;

3. If φ is AB-completed then

(a) if for some signed formula α∃ in Sφ, SatDL(Sφ(α∃)∪Sφ(⇒)) = false holds, where
Sφ(α∃) has not yet been tested with respect to φ, then close φ and go to Step 1.
Otherwise,

(b) select a signed formula of type β, neither being of type β∀ nor of type β⇒, which
is not yet fulfilled in the branch;

(c) apply rule (PB) and go to Step 1.

Table C.16: Algorithm AcyclicSatDL(S) for ALC.

Example 37 Consider S = {TA ⇒ C,TC ⇒ D,TA(a),TB(b)}. Then Ext(S) = ∅. More-
over, AcyclicComplDL(S) = {S̃}, where S̃T = {TA(a),TB(b),TC(a),TD(a)}. On the
other hand, ComplDL(S) = {S̃1, S̃2, S̃3}, where S̃T

1 = S̃T, S̃T
2 = {TA(a), TB(b),TC(a),

TD(a),TC(b), TD(b)}, S̃T
3 = {TA(a),TB(b),TC(a),TD(a),TA(b),TC(b),TD(b)}.

Example 38 Consider Σ defined as

Σ = {A: = C, B: = D, (C !D)(a)}.

Let S = TΣ. It follows that Ext(S) = ∅. Now, AcyclicComplDL(S) applies rule (PB) to
(C !D)(a) creating

S1 = S ∪ {TC(a)},
S2 = S ∪ {NTC(a),TD(a)}.

Now, Ext(S1) = {TA(a)} and Ext(S2) = {TB(a)}, respectively. As a consequence, we have
AcyclicComplDL(S) = {S̃ ′, S̃ ′′}, where

S̃ ′ = {TA(a),TC(a)},
S̃ ′′ = {NTC(a),TB(a),TD(a)}.

On the other hand, ComplDL(S) = {S̃1, S̃2, S̃3}, where

S̃1 = {TA(a),TC(a),NTB(a),NTD(a)},
S̃2 = {TA(a),TC(a),TB(a),TD(a)},
S̃3 = {NTA(a),NTC(a),TB(a),TD(a)}.

Note that S̃ ′T = S̃T
1 .
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Algorithm 10 (AcyclicComplDL(S))
Essentially, the procedure proceeds in a similar way as AcyclicSatDL.

1. Select a not closed branch φ. If there is no such φ then AcyclicComplDL(S): =∅ and exit.

2. Let Ext(Sφ) as in Equation (C.48). Assign Sφ: =Sφ ∪ Ext(Sφ).

3. If φ is not yet AB-completed then expand φ by means of the rules (A), (B1) and (B2) until it becomes
AB-completed. Update φ to the resulting branch;

4. If φ is AB-completed then

(a) for all α∃ ∈ Sφ, let S̃(α∃) = AcyclicComplDL(Sφ(α∃) ∪ Sφ(⇒)), where Sφ(α∃) has not yet been
considered with respect to φ. If for some α∃ ∈ Sφ, S̃(α∃) = ∅ then close φ and go to Step 1.
Otherwise,

(b) select a signed formula of type β, neither of type β∀ nor of type β⇒ and not yet fulfilled in the
branch;

(c) apply rule (PB) and go to Step 1.

5. Let T be the generated deduction tree. Note that T at this point is not closed.

6. For all not closed branches φ from S to a leaf in T do:

(a) let Ψ = {α∃
1 , . . . , α∃

m} be the set of top level α∃
i ∈ Sφ for which Sφ(α∃

i ) has been considered and
let xi be the new variables introduced.

(b) for each tuple (S̃1, . . . , S̃m) such that S̃j ∈ S̃(α∃
j ), let S(φ) = Sφ ∪

⋃
1≤j≤m

S̃j . Let

ST = {TA ∈ S(φ)} ∪ {TRi(wi, xi) : wi = Ind(α∃
i ), Ri = Role(α∃

i )},

and let SNT = {NTA ∈ S(φ)};
(c) define the S̃ according to (C.38);

(d) set AcyclicComplDL(S): =AcyclicComplDL(S) ∪ {S̃}.

Table C.17: Algorithm AcyclicComplDL(S) for ALC.

C.4.4 About type B and two-valued semantics

Just notice that SatDL(S) can easily adapted to the case of type B semantics. In fact, by
observing that

(∃R.C)(a), (∀R.D)(a) �|=B
4 (∃R.(C �D))(a) (C.49)

(∀R.C)(a), (∀R.D)(a) |=B
4 (∀R.(C �D))(a) (C.50)

(∃R.(C �D))(a) |=B
4 (∃R.C)(a) (C.51)

it follows that the definition od the set S(α∃) is no longer valid as e.g. if S is {T(∃R.C)(a),
T(∀R.D)(a)} then S(T(∃R.C)(a)) is {TC(b),TD(b)} which is incorrect in the light of (C.49).
Relations (C.49), (C.50) and (C.51) tell us that in the case of type B semantics, we should
consider another definition for S(α∃). The definition in this case is quite simple. In fact,
given a set S of signed assertions, let SB(α∃) be such that

SB(T(∃R.C)(a)) = {TC(x)} ∪
{NTD(x) : NT(∃R.D)(a) ∈ S} (C.52)
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SB(NT(∀R.C)(a)) = {NTC(x)} ∪
{TD(x) : T(∀R.D)(a) ∈ S} (C.53)

It is worth nothing that (C.52) and (C.53) reflect the properties (C.50) and (C.51), respec-
tively. Moreover, SB(α∃) ⊆ S(α∃). By considering the same algorithm SatDL(S) where at
Step 3a the set S(α∃) is replaced by SB(α∃), we obtain straightforwardly

Proposition 35 Let S be a set of signed propositions in ALC and SatDL modified in such a
way that at Step 3a the set S(α∃) is replaced by SB(α∃). Then SatDL(S) iff S is satisfiable
with respect to type B semantics. �

Since SB(α∃) ⊆ S(α∃) holds,  B
4 ⊆ A

4 and |=B
4 ⊆|=A

4 follows, i.e. type B semantics is weaker
than type A semantics.

Finally, SatDL can be extended to two-valued reasoning as well. Simply add a table for
signed type α formulae as for the propositional case L:

α α1 α2

T¬C(a) NTC(a) NTC(a)
NT¬C(a) TC(a) TC(a)

Practical consideration: Just notice that by case analysis it can be verified that any set
of signed assertion of type TA is always four-valued satisfiable. Similarly, any set of signed
assertion of type NTA is four-valued satisfiable4. Now, consider the case where S(T(∃R.C)(a))
has no signed assertion of type NTA (the case where S(NT(∀R.C)(a)) has no signed assertion
of type TA is analogous). Therefore, S(T(∃R.C)(a)) is trivially satisfiable. This means that
(in the four-valued case) in Step 3a of SatDL we can leave out those cases, and thus, improving
the decision procedure. For instance, if S is (e.g. n = 10.000).

n⋃
i=1

{T(∃Ri.Ci)(a)}

then the general SatDL(S) procedure performs n unnecessary recursive calls SatDL({TCi(b)})
which could be very time consuming (depending on |Ci|), which can be avoided.

More generally, since any set S which contains only signed assertions of type TA (or only
of type NTA) is four-valued satisfiable, we can improve the SatDL procedure by adding the
following first performed step to it:

• if we are considering four-valued satisfiability, then if S does not contain a pair of
assertions of type TA1 and NTA2, then return true and exit.

C.4.5 *Remarks on computational complexity

In this section we address some computational complexity issues of four-valued reasoning in
DLs. It is not the scope of this thesis to give an exhaustive presentation.

At first we will not consider specialisations.
4Obviously, this property does not hold for the two-valued case, e.g. {T(A � ¬A)(a)} is not two-valued

satisfiable.
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C.4.5.1 The case without specialisations

In the following, AL is the DL with syntax rule5

C, D → "| ⊥ |A|¬A|C �D|∀R.C|∃R

ALE is AL plus qualified existential quantification ∃R.C. ALE−1 is the DL with syntax rule

C, D → A|¬A|C �D|∀R.C|∃R.C

and ALE−2 is ALE−1 plus unqualified existential quantification ∃R.
It is well known that the (in)coherence problem is PSPACE-complete for two-valued ALC

[249].
The main characteristic behaviour can be shown by means of the following example.

Consider e.g. the concept C:

(∃R1.A
1
1) � (∃R1.A

1
2)�

(∀R1.((∃R2.A
2
1) � (∃R2.A

2
2)�

(∀R2.((∃R3.A
3
1) � (∃R3.A

3
2)�

...
(∀Rn.((∃Rn.An

1 ) � (∃Rn.An
2 )))))

(C.54)

The dimension of C is bounded by n. Unfortunately, it can be verified that the execution
of SatDL({TC(a)}) generates 2n recursive calls to SatDL. There are two calls at each level
1 ≤ i ≤ n of the role Ri.

By adopting the same reduction technique as for two-valued ALC, the following propo-
sition can be shown. We recall that the PSPACE-hardness of the (two-valued) coherence
problem has been shown by means of a reduction of the validity problem for quantified
boolean formulae [249] and briefly presented here.

A literal is a nonzero integer. A clause is a nonempty finite set c of literals such that
l ∈ c implies −l �∈ c. A prefix from m to n, where m and n are positive integers such that
m ≤ n, is a sequence (Qm)m)(Qm+1)m + 1) . . . (Qn)n), where each Qi is ∀ or ∃. A quantified
boolean formula is a pair P.M , where, for some n, P is a prefix from 1 to n and M is a finite
nonempty set of clauses containing only literals between n and n.

Let P be a prefix from m to n. A P -assignment is a mapping {m, m + 1, . . . , n} → {t, f}.
An assignment α satisfies a literal l if α(l) = t if l is positive and α(−l) = f if l is negative.
An assignment satisfies a clause if it satisfies at least one literal of the clause.

Let P be a prefix from m to n. A set A of P -assignment is canonical for P if it satisfies
the following conditions:

1. A is nonempty;

2. if P = (∃m)P ′, then all assignments of A agree on m and, if P ′ is nonempty, {α|{m+1,...,n} :
α ∈ A} is canonical for P ′;

3. if P = (∀m)P ′, then

(a) A contains an assignment that satisfies m and, if P ′ is nonempty, {α|{m+1,...,n} :
α ∈ A, α(m) = t} is canonical for P ′;

5The 2-valued extension of ∃R is {d ∈ ∆I : ∃d′ ∈ ∆I such that (d, d′) ∈ RI}. We use ⊥ as a macro for ¬�.
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(b) A contains an assignment that satisfies −m and, if P ′ is nonempty, {α|{m+1,...,n} :
α ∈ A, α(m) = f} is canonical for P ′.

A quantified boolean formula P.M is valid if there exists a set A of P -assignment that is
canonical for P such that every assignment in A satisfies every clause of M . For instance,
∀x∃y.(x ∨ ¬y) ∧ ¬y is a valid boolean formula, where P = ∀x∃y and M = (x ∨ ¬y) ∧ ¬y6.

It is well known that deciding the validity of quantified boolean formulae is a PSPACE-
complete problem [129].

Proposition 36 The instance checking problem and the subsumption checking problem with
respect to type A semantics are PSPACE-complete for ALC. �

Proof: Let P.M be a quantified boolean formula. Consider the reduction of P.M into the
ALC concept [P.M ] = [P ]0 � [C1]0 � . . . � [Cn]0, as in [249]:

• [P ] is defined inductively by the equations

[(∃m)P ] = ((∃R.A) ! (∃R.¬A)) � ∀R.[P ]
[(∀m)P ] = ((∃R.A) � (∃R.¬A)) � ∀R.[P ]
[(∃m)] = (∃R.A) ! (∃R.¬A)
[(∀m)] = (∃R.A) � (∃R.¬A)

(C.55)

• [C]m is defined inductively by the equations

[lC]m = ∀R.[lC]m+1 if |l| > m
[mC]m = A ! [lC]m

[−mC]m = ¬A ! [lC]m

[l]m = ∀R.[l]m+1 if |l| > m
[m]m = A
[−m]m = ¬A

(C.56)

It has been shown that P.M is a valid boolean formula iff [P.M ] is coherent. Now, consider
[P ]�¬D, where D = D1! . . .!D1 and Di is the NNF of ¬[Ci]0. It follows that [P.M ] is inco-
herent iff [P ]�¬D is incoherent iff {[P ](a)} |=2 D(a), where a is an individual. Therefore, by
completeness it follows that {[P ](a)} |=2 D(a) iff not SatDL({T[P ](a),NTD(a)}), two-valued.
It can be verified that any two-valued deduction SatDL({T[P ](a),NTD(a)}) does not rely on
signed formulae of type T(¬A)(a) or NT(¬A)(a). Hence, two-valued SatDL({T[P ](a),NTD(a)})
iff four-valued SatDL({T[P ](a),NTD(a)}). Therefore, [P.M ] is incoherent iff {[P ](a)} |=A

4

D(a). As a consequence, instance checking is a PSPACE-hard problem. Analogously, [P.M ]
is incoherent iff [P ]  A

4 D. Hence, subsumption checking is a PSPACE-hard problem too.
Furthermore, it is easily verified that SatDL runs in polynomial space (by induction on

the number n of occurrences of conditioned signed fuzzy formulae of type α∃ ∈ S). Therefore,
instance checking is a PSPACE-complete problem with respect to type A semantics. Since
subsumption can be reduced to instance checking, it follows that the subsumption problem
is PSPACE-complete too. Q.E.D.

This result shows that modus ponens on roles is effectively sufficient to get PSPACE-hardness.
Moreover, from the proof it follows that the proposition holds for ALC without the negation
constructor (¬) too.

6For readability, we write (x ∨ ¬y) ∧ ¬y in place of {{x,¬y}, {¬y}}.
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By using the same reduction as described in [98], where PSPACE-completeness of the
instance checking problem with respect to two-valued ALE is shown, it can be verified that
Proposition 36 holds for the language ALE−2 too.

Proposition 37 The instance checking problem with respect to type A semantics is PSPACE-
complete for ALE−2 . �

Similarly, by proceeding as in [92], where NP-completeness of the two-valued subsumption
problem is shown for ALE and FLE−, it can be proven that

Proposition 38 Subsumption checking with respect to type A semantics is a NP-complete
problem for ALE−2 . �

Hence, with respect to type A semantics instance checking is strictly more difficult than
subsumption for ALE−2 . As a consequence, the instance checking problem in ALE−2 cannot
be reduced in polynomial time into an subsumption problem in ALE−2 and, thus, we cannot
use any subsumption algorithm for ALE−2 in order to solve the instance checking problem.
This fact give us evidence that structural algorithms cannot work for instance checking in
ALE−2 .

By using type B semantics, modus ponens on roles is not a valid inference rule. As a
consequence it is easily verified that the satisfiability of S with respect to type B semantics
can be done in non-deterministic polynomial time. In fact, the only branches in SatDL(S)
arises from the ! connectives. Hence, just non-deterministically choose the right one. It is
worth noting that this does not work in the context of type A semantics (see (C.54). Since
propositional logic is a sub language of ALC and since it is well known that propositional
tautological entailment is a coNP-complete problem, it follows that:

Proposition 39 The instance checking problem and the subsumption problem with respect to
type B semantics are coNP-complete for ALC. �

As noted in Section 7.4.1.2, type B semantics has a weaker entailment relation than type
A semantics. On the other hand, from a computational point of view the computational
complexity switches from coNP to PSPACE.

Since in certain circumstances reasoning by cases does not hold, the instance checking
problem can be even in P . Suppose that Σ is formed out by AL assertions, and consider an
assertion C(a) which is an ALE−1 assertion.

As shown in [98], the instance checking problem with respect to two-valued semantics is
coNP-hard in this case. Whereas, it can be shown that

Proposition 40 Let Σ be formed out by AL assertions and let C be an ALE−1 concept. Then
checking whether Σ |=A

4 C(a) and checking whether Σ |=B
4 C(a) can be done in polynomial

time. �

Proof: Consider the algorithm SatDL where S(α∃) is replaced with S−(α∃). The set S−(α∃)
is defined to be empty for all α∃ except

S−(NT(∀R.C)(a)) = SB(NT(∀R.C)(a)) (C.57)
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Consider SΣ,C(a) = TΣ ∪ {NTC(a)} and run SatDL(SΣ,C(a)). By simple case analysis on the
connective, it can be shown that each generated set S′ during the computation has exactly
one signed assertion of the form NTA, i.e. each S′ is of the form {TA1, TA2, . . ., TAn,
NTAn+1}. Moreover, n, and thus |S′| is polynomially bounded by |SΣ,C(a)|. Finally, the
number of generated sets S′ is polynomially bounded by |SΣ,C(a)|. It is worth noting that
this property is based on the connectives which could appear in S′ and on the form of S′.
For instance, in a “or” situation like S = {NT((A1 � A2) !(A3 � A4) !(A4 � A5))(a)}, we
get S′ = {NT(A1 � A2)(a), NT(A3 � A4)(a), NT(A4 � A5)(a)}. Thereafter, by branching (PB
application) we obtain 23 sets, where 3 = “ number of signed assertions of type NTA”, which
is exponential with respect to the size of S.

From the polynomially bounding of set dimensions and number of generated sets, it follows
that SatDL(SΣ,C(a)) runs in polynomial time with respect to |SΣ,C(a)|, and thus with respect
to |Σ|+ |C(a)|. Q.E.D.

It is worth noting that, from [98] it follows that whenever unqualified existential concepts of
type ∃R are allowed to occur in C, the proposition does not hold for type A semantics (again,
we rely on the relation ∃R ! ∀R.A ≡A

4 ").

Proposition 41 Checking whether Σ |=A
4 C(a), where Σ is formed out by AL assertions and

C is an ALE−2 concept, is a coNP-hard problem. �

Proposition 40 is certainly a positive result, as the ∃R.C construct is very useful in the query
language. This result suggests a detailed investigation about the computational complexity of
the instance checking problem in those cases where the knowledge base language and the query
language are different. Just notice that the idea of distinguishing between the knowledge base
language and the query language is certainly not new in the DL area [71, 180] and has given
positive results.

C.4.5.2 The case with specialisations

Let us briefly recall the complexity of reasoning in ALC in presence of specialisations of type
C ⇒ D.

Most results about reasoning in presence of specialisations can be found in [69, 74]. The
complexity depends on the form of specialisations and of the form of the set of he specialisa-
tions considered. In the case of ALC specialisations, just notice that [69]

Proposition 42 (Buchheit et al. 1993) Let Σ be a set of ALC assertions and specialisa-
tions of type C ⇒ D, and let A be an assertion and let C ⇒ D be a specialisation. Then
determining whether Σ |=4 A and checking whether Σ |=4 C ⇒ D are EXPTIME-hard prob-
lems. �

C.5 Deciding entailment in Horn-ALC
As we did in Section C.3, our aim is to investigate decision procedures which are a combination
of SLD-derivation and and our decision procedure for ALC, SatDL. Since, w.r.t. two-valued
semantics, Horn-ALC is a subset of CARIN [186, 187, 188], we will concentrate our attention
to the four-valued case only. The reader may consult [186, 187, 188] for the two-valued case.
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For the sake of readability, we briefly describe the notions of SLD-derivation and SLD-
refutation (see e.g. [194]) in Horn-ALC.

Let G be a goal of the form ← P1( 8X1), . . . , Pn( 8Xn). Let E be a horn rule R of the form
P ′(8Y )← P ′

1(8Y1), . . . , P ′
m(8Ym) or a horn fact P ′(8a). Let Pi( 8Xi) the selected atom in G.

1. If there is a most general unifier (mgu) θ of Pi( 8Xi) and P ′(8Y ) then the resolvent of the
goal G and the horn rule R using θ is the goal

← (P1( 8X1), . . . , Pi−1( 8Xi−1), P ′
1(8Y1), . . . , P ′

m(8Ym), Pi+1( 8Xi+1), . . . , Pn( 8Xn))θ;

2. If there is a most general unifier θ of Pi( 8Xi) and P ′(8a) then the resolvent of the goal G
and the horn fact P ′(8a) using θ is the goal

← (P1( 8X1), . . . , Pi−1( 8Xi−1), Pi+1( 8Xi+1), . . . , Pn( 8Xn))θ.

A SLD-derivation for a goal G0 in a Horn-ALC KB Σ is a derivation constituted by:

1. a sequence of horn rules and horn facts E1, . . . , En in Σ;

2. a sequence of mgu’s θ1, . . . , θn;

3. a sequence of goals G0, . . . , Gn such that for each i ∈ {0, . . . , n−1}, Gi+1 is the resolvent
of Gi and Ei+1 using θi+1.

A SLD-derivation may terminate with an empty goal in which case the derivation is a SLD-
refutation.

Following the standard terminology, an answer θ to a query Q w.r.t. a Horn-ALC KB Σ
is called a computed answer if the goal associated with Qθ has a SLD-refutation in Σ, i.e. if
θ is the restriction to the variables in Q of the composition θ1θ2 . . . θn, where θ1, . . . , θn are
the mgu’s used in the SLD-refutation. The success set of Q w.r.t. Σ is the set

SuccessSet(Σ, Q) = {θ: θ computed answer of Q w.r.t. Σ}. (C.58)

Let Σ be horn KB and let Q be a query. It is well known that in two valued-semantics,
every computed answer θ of Q w.r.t. Σ is a correct answer (correctness), and for every correct
answer θ of Q w.r.t. Σ there is a computed answer θ1 of Q w.r.t. Σ and a substitution θ2 such
that θ = θ1θ2 (completeness).

From Proposition 5 it follows immediately correctness and completeness in case of four-
valued semantics.

Proposition 43 Let Σ be a horn Horn-ALC KB and let Q be a query. In four-valued
semantics,

1. every computed answer θ of Q w.r.t. Σ is a correct answer (correctness), i.e.

SuccessSet(Σ, Q) ⊆ AnswerSet(Σ, Q);

2. for every correct answer θ of Q w.r.t. Σ there is a computed answer θ1 of Q w.r.t. Σ
and a substitution θ2 such that θ = θ1θ2 (completeness). �
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What about the case in which Σ is a generic Horn-ALC KB? Of course, by (7.82) it follows
that if there is a SLD-refutation for goal ← P1( 8X1), . . . , Pn( 8Xn) in Σ then Σ |=4 ∃ 8X.P1( 8X1)∧
. . . ∧ Pn( 8Xn). The converse in obviously not true. An example can easily be obtained from
Example 30 in case Horn-L.

Example 39 Consider the following safe and non-recursive Horn-ALC KB:

Σ = {C(X)← A(X), C(X)← B(X), (A !B)(a)}

and the query C(a). It is quite easy to see that Σ |=4 C(a). But, there is no SLD refutation
for goal ← C(a) in Σ. The only two SLD derivations end with goal G1 and G2, which are
← A(a) and ← B(a), respectively.

Unfortunately, in Horn-ALC the situation is more complex that in Horn-L. In particular,
the analogues of Proposition 25 and Proposition 26 do not hold in the general case. In the
following we will assume that each query Qi is of the form ∃ 8X.Pi1( 8Xi1)∧ . . .∧Piki

( 8Xiki
) and

each associated goal GQi is of the form ← Pi1( 8Xi1), . . . , Piki
( 8Xiki

).

C.5.1 The case without specialisations

At first, we will consider Horn-ALC KBs Σ without terminology, i.e. ΣT = ∅. This is the
easiest one. In this case, both the analogue of Proposition 25 and Proposition 26 hold in
Horn-ALC.

Proposition 44 Let Σ be a safe and non recursive Horn-ALC KB such that ΣT = ∅. Let
Q be a query. Then Σ |=4 Q iff either

1. there is a SLD-refutation for goal GQ in Σ; or

2. there are n ≥ 1 SLD-derivations for goal GQ in Σ ending with goals GQ1 , . . . , GQn,
such that for all four-valued canonical models I of four-valued completions S̃ in the set
ComplDL(TΣF ), I does satisfy some Qi. �

Some of the methods described in Page 179 can be applied for determining whether Σ |=4 Q,
where Σ is a safe and non recursive Horn-ALC KB with empty terminology.

Method 2: Collect n ≥ 1 SLD-derivations of GQ in Σ, ending with goals GQ1 , . . . , GQn , until
(i) there is an empty goal; or, (ii) for all four-valued canonical models I of four-valued
completions S̃ ∈ ComplDL(TΣF ), I does satisfy some Qi. In the worst case we have to
compute all SLD-derivations.

Method 4: Compute ComplDL(TΣF ). Determine whether for all S̃ ∈ ComplDL(TΣF ), GQ

has a SLD-refutation in Σ+
S̃ ∪ΣR, i.e. whether Σ+

S̃ ∪ΣR |=4 Q. Note that Σ+
S̃ ∪ΣR is a

horn KB.

It is worth noting that Method 1 and Method 3, described in Page 179 do not work. The
reason relies on the fact that the query Qi should be an ALC expressions, which in our case
is not true.
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Example 40 Consider

Σ = {(∃R.A)(a), B(x)← R(X, Y ), A(Y )}.

Then it follows that Σ |=4 B(a). Now, a SLD-derivation of ← B(a) ends up with the goal
← R(a, Y ), A(Y ), which is the associate of the query Q = ∃Y.R(a, Y ) ∧ A(Y ). Q is not an
ALC expression, and thus, neither Method 1 nor Method 3 can be applied. Notice that the
unique four-valued completion S̃ ∈ ComplDL(TΣF ) is

S̃ = {TR(a, x),TA(x)}.

Therefore, the four-valued KB completion of S̃ is

ΣS̃ = Σ+
S̃ = {R(a, x), A(x)}.

Now, let Σ1 be Σ+
S̃ ∪ ΣR, i.e.

Σ1 = {R(a, x), A(x), B(X)← R(X, Y ), A(Y )}.

It is easily verified that ← B(a) has a SLD-refutation in Σ1, according to Method 4.

C.5.2 The case with specialisations

Suppose now that Σ is a Horn-ALC KB with non empty terminology, i.e. ΣT �= ∅. The
decision procedure we present is simply an adaption of the one presented for CARIN [186, 188].
As pointed out in [186, 188], the notion o blocked variable has to extended, as the following
example illustrates.

Example 41 Let Σ be the following Horn-ALC KB:

Σ = {A(a), A⇒ ∃R.A}.

It follows that TΣ is the set of signed formulae S of Example 35.

TΣ = {TA(a),TA ⇒ ∃R.A}.

For Example 35 it follows that:

1. the unique four-valued completion, S̃ ∈ ComplDL(TΣ), is given by

S̃ = {TA(a),TA(x1),TA(x2), TR(a, x1),TR(x1, x2),TR(x2, x2)}.

2. the four-valued canonical model I of S̃ is such that ∆I = {a, x1, x2} with (i) wI = w,
for all w ∈ ∆I ; and (ii)

AI(a) = AI(x1) = AI(x2) = {t}
RI(a, x1) = RI(x1, x2) = RI(x2, x2) = {t}.
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As we already pointed out, I satisfies TΣ, and thus, Σ. The subtle point in the procedure
ComplDL is that when building completions, fillers to the variables have to be assigned. In
our case, a filler for role R has been assigned to x2. In doing so cycles were introduced in the
completion S̃, i.e. in the four-valued canonical model I, which do not exists in every model
of Σ. For instance, if the query Q is

Q = ∃X.R(X, X),

it would be satisfied in the canonical model of the unique completion S̃, even though it is not
entailed by Σ, i.e. Σ �|=4 Q.

In [186, 187, 188] a solution to the above problem has been given in terms of an extension
of the blocking condition that depend on the query, and that guarantees that the resulting
canonical models of completions are sufficient for checking the entailment of the query. We
now describe the method presented in [186, 187, 188]. The blocking condition will refine the
previous one by considering the values of the σT, σNT functions not only of the variables itself,
but also of its neighbors.

Let S be a set of signed formulae. We say that an object v is an R-successor of an object
w if TR(w, v) ∈ S. We will say that an object v is a direct successor of an object w if v is an
R-successor for some role R. The successor relationship denotes the transitive closure of the
direct-successor relation.

The n-tree of a variable x is the tree that includes the variable x and its successors, whose
distance from x is at most n direct successor arcs. We denote the set of variables in the
n-tree of x by Vn(x). Two variables x, y appearing in a set of signed formulae S are said to
be n-tree equivalent in S if there is an isomorphism ψ:Vn(x) → Vn(y), such that for every
x1, x2 ∈ Vn(x), TR(x1, x2) ∈ S iff TR(ψ(x1), ψ(x2)) ∈ S, and x1 and ψ(x1) are concept
equivalent in S. Intuitively, two variables are n-tree equivalent if the trees of depth n of
which they are roots are isomorphic.

We denote with DQ the maximum number of literals in a query Q. Let S1, S2, . . . , Sn be
a sequence of sets of signed formulae. Consider,

S =
⋃

i=1,2,...,n

Si.

and α∃ ∈ Sn. Suppose that Ind(α∃) = x. We will say that α∃ is tree blocked at Sn (also, x is
a tree blocked variable in S) if

1. x is the leaf of a DQ-tree rooted in a variable x1;

2. there is a variable x2, such that x1 is a successor of x2, and x1 and x2 are DQ-tree
equivalent in S, and x1 is not a node in the DQ-tree of x2.

The tree witness of the tree blocked variable x is ψ(x), where ψ is the isomorphism between
the DQ-trees of x1 and x2.

In order to build completions correctly, we replace in the procedure ComplDL the notions
blocked and witness with tree blocked and tree witness, respectively. Moreover, to ensure
that we can correctly detect tree blocked variables, we apply the rules in a breadth first
fashion. That is, we only apply a rule to a variable whose distance from an individual in S is
n direct-successor arcs, if no rule is applicable to a variable with distance less than n.
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Example 42 Consider Example 41, i.e. let

Σ = {A(a), A⇒ ∃R.A}.

and let

Q = ∃X.R(X, X).

It follows that DQ = 1. The execution of procedure ComplDL(TΣ) generates the following
set ST:

ST = {TA(a),T(∃R.A)(a),TR(a, x1),
TA(x1),T(∃R.A)(x1),TR(x1, x2),
TA(x2),T(∃R.A)(x2),TR(x2, x3),
TA(x3),T(∃R.A)(x3),TR(x3, x4),
TA(x4),T(∃R.A)(x4),TR(x4, x3)}

Note that ST contains TR(x4, x3). The motivation is as follows. The generated tree rooted
x1, through the successor relation, is the linear sequence x1 → x2 → x3 → x4. Now, variable
x4 is tree blocked, because x4 is the leaf of a 1-tree rooted x3, and the two 1-tree rooted in
x1 and x3 are tree equivalent. Now, the witness of x4 is ψ(x4) = x2. Since, TR(x2, x3) ∈ ST,
TR(x4, x3) has to be in ST, too.

It follows that:

1. the unique four-valued completion, S̃ ∈ ComplDL(TΣ), is given by

S̃ = {TA(a),TA(x1),TA(x2),TA(x3),TA(x4),
TR(a, x1),TR(x1, x2),TR(x2, x3),TR(x3, x4),TR(x4, x3)}.

2. the four-valued canonical model I of S̃ is such that ∆I = {a, x1, x2, x3, x4} with (i)
wI = w, for all w ∈ ∆I ; and (ii)

AI(a) = AI(xi) = {t}, for 1 ≤ i ≤ 4
RI(a, x1) = RI(xi, xi+1) = {t}, for 1 ≤ i ≤ 3
RI(x4, x3) = {t}.

I satisfies TΣ, and thus, Σ, but I does not satisfy Q.

The following proposition holds.

Proposition 45 Let Σ be a safe and non recursive Horn-ALC KB. Let Q be a query. Then
Σ |=4 Q iff either

1. there is a SLD-refutation for goal GQ in Σ; or

2. there are n ≥ 1 SLD-derivations for goal GQ in Σ ending with goals GQ1 , . . . , GQn, such
that for all four-valued canonical models I of four-valued completions S̃ ∈ ComplDL(TΣF

∪ TΣT ∪ TΣQ1,...,Qn), I does satisfy some Qi, where ΣQ1,...,Qn is the set of specialisa-
tions {A ⇒ A:A concept appearing in Q1, . . . , Qn}. �
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It is worth noting that a specialisation TA ⇒ A ∈ S enforces that in every completion of
S, either TA(w) ∈ S or NTA(w) ∈ S, for every object w. This is required in order to use
our SatDL based method for determining entailment as opposed to determining satisfiability.
Furthermore, notice that completions depend on the query Q1, . . . , Qn since both (i) the set
ΣQ1,...,Qn has to be considered; and (ii) the tree blocking condition depend on the number
of literals appearing in Q1, . . . , Qn. As a consequence of Proposition 45 above, Method 4
cannot be applied, and thus, the only method for determining whether Σ |=4 ∃ 8X.P1( 8X1) ∧
. . . ∧ Pn( 8Xn), where Σ is a safe and non recursive Horn-ALC KB, is

Method 2: Collect n ≥ 1 SLD-derivations of GQ in Σ, ending with goals GQ1 , . . . , GQn , until
(i) there is an empty goal; or, (ii) for all four-valued canonical models I of four-valued
completions S̃ ∈ ComplDL(TΣF ∪ TΣT ∪ TΣQ1,...,Qn), I does satisfy some Qi. In the
worst case we have to compute all SLD-derivations.

Example 43 Consider the following simple Horn-ALCKB (see Example 17).

Σ = {SuperVisor: =Professor � ∃Teaching.AdvancedCourse,

MayDoThesis(X, Y, Z)← Student(X),SuperVisor(Y ),Expert(Y, Z),

Professor(paul),Teaching(paul, ai),AdvancedCourse(ai),
Student(tom),Expert(paul, kr)}

Consider the query

Q = ∃Y, Z.MayDoThesis(tom, Y, Z)

i.e. we are asking whether tom is doing a thesis.
It is easily verified that there is a SLD-derivation for goal ← MayDoThesis(tom, Y, Z) in

Σ, ending up with goal ← SuperVisor(paul) and substitution θ = {Y/paul, Z/kr}.
Let Q1 be the query SuperVisor(paul). Hence, DQ1 = 1 and ΣQ1 = {SuperVisor ⇒

SuperVisor}. Now, it can easily be verified that in every completion S̃ ∈ ComplDL(TΣF ∪
TΣT ∪ TΣQ1), TSuperVisor(paul) ∈ S̃ hold. Therefore, every four-valued canonical model I
of four-valued completions in ComplDL(TΣF ∪ TΣT ∪ TΣQ1) satisfies Q1, and thus,

Σ |=4 ∃Y, Z.MayDoThesis(tom, Y, Z)

and the computed answer is θ = {Y/paul, Z/kr}.

Example 44 Let Σ be the following Horn-ALC KB:

Σ = {∀R.¬A ⇒ B,
D(a),
C(X)← B(X),
C(X)← R(X, Y ), A(Y )}

We show that Σ |=2 C(a). So, consider the goal ← C(a). It is easily verified that there are
two SLD-derivations ending up with goal ← B(a) and ← R(a, Y ), A(Y ), respectively. Let Q1
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and Q2 be B(a) and ∃Y.R(a, Y ) ∧A(Y ), respectively. Let Q̃ be Q1 ∨Q2. Therefore, DQ̃ = 3
and ΣQ1,Q2 is {B ⇒ B, A ⇒ A}. It can be verified that in all two-valued completions S̃ ∈
ComplDL(TΣF ∪TΣT ∪TΣQ1,Q2), either TB(a) ∈ S̃ or TR(a, x),TA(x) ∈ S̃. Therefore, every
two-valued canonical model I of two-valued completions S̃ ∈ ComplDL(TΣF∪TΣT∪TΣQ1,Q2)
satisfies either Q1 or Q2, and thus, Σ |=2 C(a).

It is worth noting that Σ �|=4 C(a). In fact, it can easily be verified that in all four-valued
completions S̃ ∈ ComplDL(TΣF ∪TΣT ∪TΣQ1,Q2), either TB(a) ∈ S̃ or TR(a, x),NT¬A(x) ∈
S̃. From the latter case we obtain a four-valued canonical model satisfying neither Q1 nor
Q2. The reason relies on the fact that no top concept exists in our four-valued semantics. �

C.5.3 The case with role-safe rules

We have seen that in determining whether Σ |=4 Q, where Q is query and Σ is a Horn-ALC
KB, we have to rely on Method 2: first we collect SLD-derivations, and successively compute
canonical models. As pointed out in Section C.3, from an implementation, practical and
performance point of view, the possibility of using Method 4 is preferable: we first compute
all completions off-line and then test whether there are SLD-derivations.

In this section we show than in certain useful circumstances, Method 4 can be applied.
The result reported here is an easy adaption of the one presented in [187, 188].

We show that for an useful sublanguage of Horn-ALC a sound and complete inference is
possible for recursive rules and arbitrary specialisations. This is obtained by restricting the
horn rules in the knowledge base to be role-safe, as defined below. Role-safe rules restrict the
way in which variables can appear in roles in the rules. This restriction is similar in spirit to
the safety condition on datalog KB’s with order constraints (i.e. =,≤, <, �=), which is widely
employed in deductive databases [271].

A rule R is said to be role-safe if for every role atom of the form R(X, Y ) in the body of R,
where R is a role and X, Y are horn variables, then either X or Y appear in an atom of an ordi-
nary predicate in the body of R. For instance, Rich(X)← HasMoney(X, Y ), Y ≥ $100.000.000
is a role-safe rule, where HasMoney(X, Y ) is the role expression and Y occurs in the ordinary
predicate Y ≥ $100.000.000. On the other hand, Poor(X)← HasCar(X, Y ),Small(Y ) is not a
role-safe rule (Small is concept and HasCar is a role).

A query Q is role-safe if for every role atom of the form R(X, Y ) in Q, where R is a role
and X, Y are horn variables, then either X or Y appear in an atom of an ordinary predicate
in Q. For instance, ∃X, Y.HasMoney(X, Y ), Y ≥ $100.000.000 is a role-safe query, whereas
∃X.R(X, X) is not a role-safe query.

The idea behind role-safe rules and queries is to avoid to need the tuples created through
the blocking condition. From [187, 188] and from the fact that no top concept exists in
four-valued semantics, it follows that

Proposition 46 Let Σ be a safe and role-safe Horn-ALC KB. Let Q be a role-safe query.
Then Σ |=4 Q iff either

1. there is a SLD-refutation for goal GQ in Σ; or

2. there are n ≥ 1 SLD-derivations for goal GQ in Σ ending with goals GQ1 , . . . , GQn, such
that for all four-valued canonical models I of four-valued completions S̃ ∈ ComplDL(TΣF

∪ TΣT ∪ TΣ̃), I does satisfy some Qi,
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where Σ̃ is the set of specialisations {A ⇒ A:A concept appearing in ΣR} and ComplDL(TΣF

∪ TΣT ∪ TΣ̃) is computed according to the standard blocking condition. �

It is worth noting that Proposition 46 says us that the completions does not depend on
the query. Therefore, Method 4 can be applied. The following are the possible methods
for determining whether Σ |=4 Q, where Σ is a safe and role-safe Horn-ALC KB and Q is
role-safe query.

Method 2: Collect n ≥ 1 SLD-derivations of GQ in Σ, ending with goals GQ1 , . . . , GQn , until
(i) there is an empty goal; or, (ii) for all four-valued canonical models I of four-valued
completions S̃ ∈ ComplDL(TΣF ∪ TΣT ∪ TΣ̃), I does satisfy some Qi. In the worst
case we have to compute all SLD-derivations.

Method 4: Compute ComplDL(TΣF ∪TΣT ∪TΣ̃). Determine whether for all S̃ ∈ ComplDL(
TΣF ∪ TΣT ∪TΣ̃), GQ has a SLD-refutation in Σ+

S̃ ∪ΣR, i.e. whether Σ+
S̃ ∪ΣR |=4 Q.

Note that Σ+
S̃ ∪ ΣR is a horn KB.

C.5.4 The case of well formed KBs

We have seen that in determining whether Σ |=4 Q, where Q is a role-safe query and Σ is a
role-safe Horn-ALC KB, we can rely on Method 2 or Method 4. Now, in the case of well
formed KBs, by considering Method 2 and Method 4, a further improvement can be given:
(i) the set Σ̃ of specialisations of the form A ⇒ A is not needed; and (ii) we can compute
the completions by relying on AcyclicComplDL, and thus, a smaller set of completions is
generated (see Proposition 34).

From Proposition 33 and Proposition 34 (in particular, from the fact that no top concept
exists in four-valued semantics), it follows that

Proposition 47 Let Σ be a well formed Horn-ALC KB. Let Q be a query. Then Σ |=4 Q
iff either

1. there is a SLD-refutation for goal GQ in Σ; or

2. there are n ≥ 1 SLD-derivations of goal GQ in Σ ending with goals GQ1 , . . . , GQn, such
that for all four-valued canonical models I of four-valued completions S̃ belonging to
AcyclicComplDL( TΣT ∪ TΣF ), I does satisfy some Qi. �

As for the role-safe case, Proposition 47 says us that the completions does not depend on the
query. Therefore, Method 4 can be applied. Moreover from Proposition 34 it follows that a
minor number of completions are needed.

The following are the possible methods for determining whether Σ |=4 Q, where Σ is a
well formed Horn-ALC KB and Q is a query.

Method 2: Collect n ≥ 1 SLD-derivations of GQ in Σ, ending with goals GQ1 , . . . , GQn , until
(i) there is an empty goal; or, (ii) for all four-valued canonical models I of four-valued
completions S̃ ∈ AcyclicComplDL(TΣT ∪ TΣF ), I does satisfy some Qi. In the worst
case we have to compute all SLD-derivations.
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Method 4: Compute AcyclicComplDL(TΣT ∪TΣF ). Determine whether for all S̃ belonging
to AcyclicComplDL( TΣT ∪ TΣF ), GQ has a SLD-refutation in Σ+

S̃ ∪ ΣR, i.e. whether
Σ+
S̃ ∪ ΣR |=4 Q. Note that Σ+

S̃ ∪ ΣR is a horn KB.

Example 45 Consider the following Horn-ALC KB which is an extension of the KB in
Example 38.

Σ = {E(X)← A(X),
E(X)← B(X),
A: = C, B: = D,
(C !D)(a)}.

Let Q be the query

Q = ∃X.E(X).

Let us prove that Σ |=4 Q.
In Example 38 we have seen that AcyclicComplDL(TΣT ∪ TΣF ) = {S̃ ′, S̃ ′′}, where

S̃ ′ = {TC(a),TA(a)},
S̃ ′′ = {NTC(a),TD(a),TB(a)}.

It follows that

Σ+
S̃′ = {C(a), A(a)},

Σ+
S̃′′ = {D(a), B(a)}.

Now, it is easily verified that GQ has a SLD-refutation in Σ+
S̃′∪ΣR and in Σ+

S̃′′∪ΣR, confirming
Σ |=4 Q.

Just noticing that, as for Horn-L, the computational complexity of e.g. Method 4 depends
on the number of completions computed as on their dimension. In fact, the complexity is
bounded by

∑
i

|Σ+
S̃i
∪ ΣR||Q|, (C.59)

where S̃i is a completion in AcyclicComplDL(TΣT∪TΣF ). It would be a good choice to restrict
the DL to those cases for which AcyclicComplDL(TΣT ∪TΣF ) generates one completion (see
e.g. [95] for some examples).
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Appendix D

Fuzzy decision algorithms

D.1 Deciding entailment in Lf

Note that Proposition 8 give us a simple method for determining whether (A ≥ n)|≈4(B ≥ m),
by means of an entailment test. In fact,

(A ≥ n)|≈4(B ≥ m) iff A |=4 B, and n ≥ m.

As a consequence, an algorithm similar to Levesque’s Lev(Σ, A) can be build, as shown in
Table D.1.

Algorithm 11 (FuzzyLev(Σ, (A ≥ n)))
In order to check whether Σ|≈4(A ≥ n), perform

1. put Σ and A into equivalent CNFs. Call the results of this transformation ΣCNF and
ACNF , respectively;

2. verify whether for each conjunct Aj
CNF of ACNF there is a fuzzy proposition (BCNF ≥ k)

in ΣCNF and a conjunct Bi
CNF of BCNF such that k ≥ n and Bi

CNF ⊆ Aj
CNF , where

Bi
CNF and Aj

CNF are seen as clauses.

Table D.1: Algorithm FuzzyLev(Σ, (A ≥ n)).

Therefore,

Proposition 48 Let Σ ⊆ Lf and A ∈ L. Fuzzy entailment between Σ and (A ≥ n), both in
CNF, can be verified in time O(|Σ||A|). �

As we did for L, we present an alternative decision procedure for determining Σ|≈4(A ≥ n).
The calculus is a straightforward extension of the procedure Sat for L (Algorithm 3). In fact,
just consider signed fuzzy propositions (denoted by σ) of type T(A ≥ n) and NT(A ≥ n) with
the obvious extension of the definition of satisfiability to signed fuzzy propositions. It can be
easily verified that (see (C.2) for case L)

217
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Σ|≈4(A ≥ n) iff TΣ ∪ {NT(A ≥ n)} is not satisfiable (D.1)

where

TΣ = {T(B ≥ n) : (B ≥ n) ∈ Σ}

We will say that T(A ≥ n) and NT(A ≥ m) are conjugated whenever n ≥ m. Just notice that
a conjugate of a signed fuzzy proposition may be not unique, as there could be infinitely
many. For instance, given T(A ≥ n), then NT(A ≥ m) is a conjugate, for all m ≤ n. With
σc we indicate a conjugate of σ, whereas with σc,max we indicate the conjugate of σ obtained
by exchanging the symbols T and NT in σ. Of course σc,max is unique. For instance, if σ
is T(A ≥ .7) then σc = NT(A ≥ .5) is a conjugate of σ, whereas σc,max is then conjugate
NT(A ≥ .7).

With respect to the α and β tables for signed fuzzy propositions, we have the following
Table D.2.

α α1 α2

T(A ∧B ≥ n) T(A ≥ n) T(B ≥ n)
NT(A ∨B ≥ n) NT(A ≥ n) NT(B ≥ n)

β β1 β2

T(A ∨B ≥ n) T(A ≥ n) T(B ≥ n)
NT(A ∧B ≥ n) NT(A ≥ n) NT(B ≥ n)

Table D.2: α and β table for Lf .

The rules are quite similar to those described in Table C.3 and are shown in Table D.3.

(A)
α

α1, α2

(B1)
β, βc

1

β2

(B2)
β, βc

2

β1

(PB)
β

β1 βc,max
1 , β2

Table D.3: Semantic tableaux inference rules in Lf .

Just notice that in the branching rule (PB) βc,max has been used.
By extending the Sat procedure (see Table C.4) to the fuzzy case, we obtain:

Proposition 49 Let S be a set of signed fuzzy propositions in Lf . Then Sat(S) iff S is
satisfiable. �

Proof: The proof consists in an adaption of proof of Proposition 18.
It can be easily verified that the rules (A), (B1), (B2) and (PB) are correct in the fuzzy

case too, i.e. if φ is a branch then Sφ is satisfiable iff there is a branch φ′ as the result of the
application of a rule to φ such that Sφ′

satisfiable.
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⇒ .) Suppose Sat(S). Let T be the generated deduction tree and let φ be a completed not
closed branch from S to a leaf in T . Such a branch has to exist, otherwise Sat(S) = false.
Let

ST = {T(A ≥ n) ∈ Sφ}, (D.2)

SNT = {NT(A ≥ n) ∈ Sφ}. (D.3)

Of course, Sφ = ST ∪ SNT. Let I be a relation such that |A|t = max{n : T(A ≥ n) ∈ ST},
and |A|f = 0. More precisely, for each propositional letter p, let

|p|t = max{n : T(p ≥ n) ∈ ST}, and
|p|f = max{n : T(¬p ≥ n) ∈ ST}.

Since, φ is completed and not closed, I is a four-valued fuzzy interpretation satisfying all
σ ∈ ST, σ ∈ SNT and, thus, I satisfies Sφ. As a consequence, S ⊆ Sφ is satisfiable.
⇐ .) Suppose S is satisfiable. Let T be the generated completed tree. From the correctness
of the rules it follows that there is a completed branch φ in T such that Sφ is satisfiable.
Therefore, Sat(S).

Q.E.D.

Observe that from an implementation point of view, it is convenient to avoid the generation
of branches φ such that e.g. T(A ≥ n),T(A ≥ m) ∈ Sφ (where m ≤ n) as T(A ≥ m) can be
thrown away.

Example 46 For instance, Figure D.1 is a closed deduction tree for

(A ≥ .5), (B ∨ C ≥ .7)|≈4((A ∨ C) ∧ (B ∨ C ∨D) ≥ .5)

Notice, that the tree is the fuzzy analogue of the closed tree (see Figure C.2) for

A ∧ (B ∨ C) |=4 (A ∨ C) ∧ (B ∨ C ∨D),

confirming the close relation between entailment and fuzzy entailment.

From a computational point of view, fuzzy entailment and entailment are in the same com-
plexity class.

Proposition 50 Let Σ ⊆ Lf , A ∈ L and n > 0. Then checking Σ|≈4(A ≥ n) is a coNP-
complete problem. �

Proof: Since A |=4 B iff (A ≥ n)|≈4(B ≥ n) (see Proposition 6 and Proposition 7), for
all n, and deciding A |=4 B is a coNP-complete problem, coNP-hardness of the Σ|≈4(A ≥ n)
decision problem follows. The following NP algorithm determines whether Σ �|≈4(A ≥ n). Non-
deterministically generate a deduction tree T for TΣ ∪ {NT(A ≥ n)}: Σ �|≈4(A ≥ n) iff some
branch in T is not closed. The depth of the branch is polynomially bounded by the input.
Hence, deciding Σ �|≈4(A ≥ n) is in NP. Therefore, deciding Σ|≈4(A ≥ n) is in coNP. Q.E.D.

It is quite obvious that algorithm EasyEntail (Algorithm 5) works for the fuzzy case (with
obvious changes), too. As a consequence,
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T(A ≥ .5),T(B ∨ C ≥ .7)
NT((A ∨ C) ∧ (B ∨ C ∨D) ≥ .5)

✥✥✥✥✥✥✥✥


NT(A ∨ C ≥ .5)

NT(A ≥ .5)
NT(C ≥ .5)

×

T(A ∨ C ≥ .5)
NT(B ∨ C ∨D ≥ .5)

NT(B ≥ .5)
NT(C ≥ .5)
NT(D ≥ .5)

T(C ≥ .7)
×

Figure D.1: Deduction tree for (A ≥ .5), (B ∨ C ≥ .7)|≈4((A ∨ C) ∧ (B ∨ C ∨D) ≥ .5).

Proposition 51 Let Σ ⊆ Lf , A ∈ L and n > 0. If Σ and A are in CNF then checking
whether Σ|≈4(A ≥ n) requires time O(|Σ||A|) by means of the procedure EasyEntail. �

Concerning the problem of determining Σ|≈2(A ≥ n), just use the decision procedure described
in [78]. The natural extension of our method to the two-valued fuzzy case leads to the same
decision algorithm devised in [78].

In the following we extend the notions about “completions in L” to the fuzzy case. Notice
that we will restrict our attention to the four-valued case only.

Consider the proof of Proposition 49. Consider the sets ST and SNT build during the
proof (see Equation (D.2) and Equation (D.3)), as the result of running Sat(S). The set

S̃ = {T(p ≥ n) ∈ ST : p letter}∪
{T(¬p ≥ n) ∈ ST : p letter}∪
{NT(p ≥ n) ∈ SNT : p letter}∪
{NT(¬p ≥ n) ∈ SNT : p letter}

(D.4)

is called a four-valued completion of S. Moreover, we define

S̃T = {TA ∈ S̃}, (D.5)
S̃NT = {NTA ∈ S̃}, (D.6)
S̃+ = {T(p ≥ n) ∈ S̃ : p letter}. (D.7)

Given a four-valued completion S̃ of S, we define the following four-valued completion KBs
of S̃:

ΣS̃ = {A : TA ∈ S̃T}, (D.8)

Σ+
S̃ = {A : TA ∈ S̃+}. (D.9)
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Given a four-valued completion S̃ of S, then a four-valued canonical model I of S̃ is obtained
as in proof of Proposition 49: for each propositional letter p, let

|p|t = max{n : T(p ≥ n) ∈ S̃T}, and
|p|f = max{n : T(¬p ≥ n) ∈ S̃T}.

It is easily verified that a canonical model of S̃ is also a model of S. It is worth noticeable
that given S̃, the four-valued canonical model of S̃ is unique.

The Algorithm 4 can easily be extended, allowing us to build all completions S̃ of set of
signed propositions S. In fact, just change Point 5b. with

1. 5b. define S̃ according to (D.4).

The algorithm is shown in Table D.4.

Algorithm 12 (Completionsf (S))
Essentially, Completionsf (S) proceeds in a similar way as Sat(S) for Lf .

1. select a branch φ which is not yet completed;

2. expand φ by means of the rules (A), (B1) and (B2) until it becomes AB-completed;

3. if the resulting branch φ′ is neither closed nor completed then

(a) select a signed fuzzy proposition of type β which is not yet fulfilled in the branch;

(b) apply rule (PB)and go to Step 1.

otherwise, go to Step 1.

4. let T be the generated deduction tree. If all branches are closed, then set
Completionsf (S): =∅ and exit. Otherwise,

5. for all not closed branches φ from S to a leaf in T do

(a) let ST = {TA ∈ Sφ} and SNT = {NTA ∈ Sφ};
(b) define S̃ according to (D.4);

(c) Completionsf (S): =Completionsf (S) ∪ {S̃}.

Table D.4: Algorithm Completionsf (S) for Lf .

The following proposition follows immediately.

Proposition 52 In Lf , let Σ be a KB and let A be a fuzzy proposition. Then Σ|≈4A iff
for all four-valued canonical models I of four-valued completions S̃ ∈ Completionsf (TΣ), I
satisfies A. �
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Just notice here that there are finitely many four-valued canonical models.
A consequence of Proposition 52 is

Proposition 53 In Lf , let Σ be a KB and let A be a fuzzy proposition. Then

1. Σ|≈4A iff for all four-valued completions S̃ ∈ Completionsf (TΣ), S̃T ∪ {NTA} is not
satisfiable;

2. Σ|≈4A iff for four-valued completions S̃ ∈ Completionsf (TΣ), ΣS̃ |≈4A, where ΣS̃ is the
four-valued completion KB of S̃. �

Let us consider the following example illustrating the above properties.

Example 47 Let Σ be the following Lf KB.

Σ = {(A ≥ .5), (B ∨ C ≥ .7)}.

It is easily verified that Completionsf (TΣ) = {S̃1, S̃2}, where

S̃1 = {T(A ≥ .5),T(B ≥ .7)}
S̃2 = {T(A ≥ .5),NT(B ≥ .7),T(C ≥ .7)}.

Their four-valued completion KBs are

ΣS̃1
= {(A ≥ .5), (B ≥ .7)}

ΣS̃2
= {(A ≥ .5), (C ≥ .7)}.

The four-valued canonical models of S̃1 and S̃2 are I1 and I2, respectively, where

1. I1 is such that |p|t = |p|f = 0, for all letter p, except that

|A|t = .5,
|B|t = .7;

2. I2 is such that |p|t = |p|f = 0, for all letter p, except that

|A|t = .5,
|C|t = .7.

Consider Q = ((A ∨ C) ∧ (B ∨ C ∨D) ≥ .5). We have seen in Example 46 that Σ|≈4Q. Now,
it is easily verified that

1. both I1 and I2 satisfy Q, confirming Proposition 52;

2. both S̃1 ∪ {NTQ} and S̃2 ∪ {NTQ} are not satisfiable, confirming Proposition 53, Point
1.;

3. both ΣS̃1
|≈4Q and ΣS̃2

|≈4Q hold, confirming Proposition 53, Point 2.
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T(A ≥ .5),T(B ≥ .2),T(B ∨ C ≥ .7)
NT((A ∨ C) ∧ (B ∨ C ∨D) ≥ .5)

✥✥✥✥✥✥✥✥


NT(A ∨ C ≥ .5)

NT(A ≥ .5)
NT(C ≥ .5)

×

T(A ∨ C ≥ .5)
NT(B ∨ C ∨D ≥ .5)

NT(B ≥ .5)
NT(C ≥ .5)
NT(D ≥ .5)

T(C ≥ .7)
×

Figure D.2: Deduction tree for (A ≥ .5), (B ≥ .2), (B ∨ C ≥ .7)|≈4((A ∨ C) ∧ (B ∨ C ∨D) ≥ .5).

Let us turn back to the case of determining Σ|≈4(A ≥ n). One can notice that, any successful
refutation of TΣ ∪{NT(A ≥ n)} does not rely on those (B ≥ m) ∈ Σ such that m < n. For
instance, consider a proof of

(A ≥ .5), (B ≥ .2), (B ∨ C ≥ .7)|≈4((A ∨ C) ∧ (B ∨ C ∨D) ≥ .5)

as shown in Figure D.2. The signed fuzzy proposition T(B ≥ .2) is not needed (and will be
not needed in any refutation).

Hence, given a KB Σ, consider the set

Σn = {(B ≥ m) ∈ Σ : m ≥ n}, (D.10)

then the following properties can be proven. From the consideration above, it is easily verified
that Σ|≈4(A ≥ n) implies Σn|≈4(A ≥ n). The other direction is obvious. Therefore,

Proposition 54 Let Σ ⊆ Lf , A ∈ L and n > 0. Then Σ|≈4(A ≥ n) iff Σn|≈4(A ≥ n). �

Proposition 55 below is the natural generalization of Proposition 6 and Proposition 7.

Proposition 55 Let Σ ⊆ Lf , A ∈ L and n > 0. Then Σn|≈4(A ≥ n) iff Σn |=4 A. �

Proof:

⇒ .) Assume Σn|≈4(A ≥ n) and suppose to the contrary that Σn �|=4 A. By proceeding as for
Proposition 6, it can be shown that there is a four-valued interpretation Ĩ satisfying
Σn, but not satisfying (A ≥ n), which is contrary to our assumption Σn|≈4(A ≥ n).

⇐ .) Assume Σn |=4 A and suppose to the contrary that Σn �|≈4(A ≥ n). Hence, there is
a fuzzy interpretation I satisfying Σn, but not satisfying (A ≥ n). Define Ĩ as in
Proposition 7. For (B ≥ m) ∈ Σn, I satisfies (B ≥ m) and, thus, |B|t ≥ m ≥ n.
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Therefore, Ĩ satisfies B, for all B ∈ Σn. Moreover, from |A|t < n, t �∈ AĨ follows,
contrary to the assumption Σn |=4 A. Q.E.D.

Combining Proposition 54 and Proposition 55 we obtain

Proposition 56 Let Σ ⊆ Lf , A ∈ L and n > 0. Then Σ|≈4(A ≥ n) iff Σn |=4 A. �

confirming that fuzzy entailment inherits all the properties of entailment.
By observing that Maxdeg(Σ, A) ∈ {0} ∪NΣ, where

NΣ = {n : (B ≥ n) ∈ Σ}, (D.11)

a simple consequence of Proposition 56 is Proposition 57 below.

Proposition 57 Consider Σ ⊆ Lf and A ∈ L. Then there is a n > 0 such that Σ|≈4(A ≥ n)
iff Σ |=4 A. �

Hence,

Proposition 58 Let Σ ⊆ Lf and A ∈ L. There is n > 0 such that Maxdeg(Σn, A) = n iff
Σ |=4 A. �

which generalises Proposition 8. Just note that Proposition 56 does not hold for |≈2. In fact,
consider

Σ1 = {(p ≥ .2), (¬p ≥ .3)}, and
Σ2 = {(p ≥ .2), (¬p ≥ .9)}.

Hence,

Σ.1
1 = {p,¬p}, and

Σ.3
2 = {¬p}.

It can easily be verified that

Σ.1
1 |=2 q, and

Σ1 �|≈2(q ≥ .1),

whereas

Σ2|≈2(q ≥ .3), and
Σ.3

2 �|=2 q.

Proposition 56 gives us a way for computing Maxdeg(Σ, A) in the style of the method pro-
posed in [149] (see Table D.5). This is important, as computing Maxdeg(Σ, A), is in fact the
way to answer a query of type “to which degree is A (at least) true, given the facts in Σ ?”
The method, which requires an algorithm for computing (crisp) entailment (e.g. Sat or Lev),
is based on the observation that

Maxdeg(Σ, A) ∈ {0} ∪NΣ, and that Σm ⊇ Σn if n ≥ m.
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Algorithm 13 (Max(Σ, A))
Let Σ be a KB and A a proposition. Set Min = 0, Max = 2.

1. Pick n ∈ NΣ such that Min < n < Max. If there is no such n, then set
Maxdeg(Σ, A) := Min and exit.

2. Check if Σn |=4 A. If so, then set Min = n and go to Step 1. If not so, then set
Max = n and go to Step 1.

Table D.5: Algorithm Max(Σ, A).

Example 48 Consider Example 18, where Σ is

Σ = {(p ≥ .1), (p ∧ q ≥ .5), (q ∨ r ≥ .6)}

and A is p ∨ r. Therefore,

NΣ = {.1, .5, .6}

By binary search, let n := .5.

Σ.5 = {p ∧ q, q ∨ r} |=4 A

holds. Thus, Min := .5; pick n := .6. Now,

Σ.6 = {q ∨ r} �|=4 A

holds. Thus, Max := .6. Since there is no Min < n < Max such that n ∈ NΣ, the procedure
stops. Hence, Maxdeg(Σ, A) = .5 as expected.

By a binary search on NΣ the value of Maxdeg(Σ, A) can be determined in log |NΣ| entailment
tests. Since NΣ is O(Σ), if Σ and A are in CNF, the complexity of determining Maxdeg(Σ, A)
is O(|A||Σ| log |Σ|).

A drawback, which Algorithm 13 inherits is that checking entailment several times is
generally not feasible from a practical point of view, as it could be exponential in time. In
Section D.2.2 we will present a method where computing Maxdeg(Σ, A) “corresponds” to
performing the entailment test only once.

Finally, another immediate method for determining Maxdeg(Σ, A) relies on Proposition 52
and is described below through Algorithm 14.

Example 49 Consider Example 48. Σ is

Σ = {(p ≥ .1), (p ∧ q ≥ .5), (q ∨ r ≥ .6)}

and A is p ∨ r. Completionsf (TΣ) = {S̃1, S̃2}, where



226 Appendix D. Fuzzy decision algorithms

Algorithm 14 (MaxByModels(Σ, A))
Let Σ be a KB and A a proposition. Compute Completionsf (TΣ) = {S̃1, . . . , S̃k}. Set
Min = 0.

1. For all 1 ≤ i ≤ k, consider the four-valued canonical model Ii of S̃i, evaluate |A|t in Ii

and let ni be the value;

2. Let MaxByModels(Σ, A): = min{n1, . . . , nk}.

Table D.6: Algorithm MaxByModels(Σ, A).

S̃1 = {T(p ≥ .5),T(q ≥ .6)}
S̃2 = {T(p ≥ .5),T(q ≥ .5),NT(q ≥ .6),T(r ≥ .6)}.

The four-valued canonical models of S̃1 and S̃2 are I1 and I2, respectively, where

1. I1 is such that |s|t = |s|f = 0, for all letter s, except that

|p|t = .5,
|q|t = .6;

2. I2 is such that |s|t = |ts|f = 0, for all letter s, except that

|p|t = .5,
|q|t = .5,
|r|t = .6.

Therefore, n1 = .5, whereas n2 = .6, and thus

MaxByModels(Σ, A) = min{n1, n2} = .5.

Hence, Maxdeg(Σ, A) = .5 as expected.

The trouble with the above approach is that we have to compute all completions which could
be exponential in the size of the KB. But, the advantage of it is that we can compute the
canonical models off-line once at all. This is especially useful in those cases in which we are
performing a huge number of queries to the KB.

D.1.1 **Relations to possibilistic logic in Lf

We have seen that fuzzy propositions deal with vague concepts, i.e. concepts without precise
definitions (like “hot”). Vague concepts may have a degree of truth in [0, 1]. On the other
hand, (see Section 8.1) there exists also uncertain propositions, i.e. propositions about con-
cepts with clear and precise definitions (like “triangle”). Precise concepts have a truth in
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{t, f}, but due to the lack of precision of the available information on these concepts, one can
only estimate to what extent it is possible or necessary that they are true. The logics dealing
with this kind of uncertainty have been called Possibilistic Logics [103, 106, 108, 109, 153, 178].

In this section we will show that there is a strict connection between our four-valued fuzzy
logic and (necessity-valued) possibilistic logic. It is worth noting that we will not perform an
in-depth study, as this is beyond the scope of this thesis. This can be seen as an interesting
topic for future research. Our discussion, is fairly concerned to present a result establishing
a connection between possibilistic logics and fuzzy logics.

In possibilistic logics, see [106] for an in-depth presentation, the expressions are of type
(A,Pn) and (A,Nn), where A is a proposition. We will use φ as a metavariable for possibilistic
proposition.

A weight Pn (resp. Nn) attached to A models to what extent A is possible (resp. nec-
essarily) true. For instance, (Triangle,P.7) intends to assert that Triangle is possibly true at
least with degree .7. On the other hand side, (Polygon,N.4) intends to assert that Polygon is
necessarily true at least with degree .4.

The semantics is given in terms of fuzzy sets of (two-valued) interpretations, i.e. to each
propositional interpretation I a weight π(I) ∈ [0, 1] is assigned. Essentially, π(I) determines
the possibility that I is the real world1.

Therefore, the possibility of a proposition A is then given by

Π(A) = max{π(I) : I satisfies A} (D.12)

Hence, Π(A) = .7 means that “the maximal possibility of an interpretation satisfying A being
the real world is .7”, i.e. “A is possible with degree .7”.

Complementarily, the necessity of a proposition is then given by

N(A) = 1−Π(¬A). (D.13)

which can be rewritten as

N(A) = min{1− π(I) : I does not satisfy A} (D.14)

(min ∅ = 1) A fuzzy set of interpretations π satisfies (is a model of) an expression of type
(A,Pn) (respectively (A,Nn)) if Π(A) ≥ n (respectively N(A) ≥ n). Finally, a set of uncertain
propositions Φ entails φ (denoted by Φ |=pos

2 φ) iff every model π of Φ is a model of φ. Just
note that the following relations can easily be verified.

Π(A ∨B) = max{Π(A),Π(B)}
Π(A ∧B) ≤ min{Π(A),Π(B)}
N(A ∧B) = min{N(A), N(B)}
N(A ∨B) ≥ max{N(A), N(B)}

By definition we have

Π(A ∨ ¬A) = max{Π(A),Π(¬A)} = 1

and, thus,
1π has to satisfy the constraint that for some I, π(I) = 1. This guarantees that there is at least one world

which could be considered the real one.
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Π(A) = 1 or Π(¬A) = 1 (D.15)

It follows that for n > 0 2

(A,Nn) |=pos
2 (A,Pn) (D.16)

In fact, suppose to the contrary that (A,Nm) �|=pos
2 (A,Pn). Therefore, for some fuzzy set of

interpretations we have

1−Π(¬A) ≥ n, and
Π(A) < n.

Therefore, max{Π(A),Π(¬A)} < 1, which is in contradiction with (D.15).
By definition we have,

A |=2 B implies Π(A) ≤ Π(B) (D.17)

As a consequence, if A |=2 B then ¬B |=2 ¬A and, thus,

Π(¬B) ≤ Π(¬A)

which is equivalent to

1−Π(¬B) ≥ 1−Π(¬A)

Therefore,

A |=2 B implies N(A) ≤ N(B) (D.18)

Furthermore,

N(A ∧ (¬A ∨B)) = 1−Π(¬(A ∧ (¬A ∨B)))
= 1−Π(¬A ∨ (A ∧ ¬B))
= 1−max{Π(¬A),Π(A ∧ ¬B)}
= min{1−Π(¬A), 1−Π(A ∧ ¬B)}
= min{N(A), N(¬A ∨B)}

(D.19)

Therefore,

(A,Nm), (¬A ∨B,Nn) |=pos
2 (B,N min{m, n}) (D.20)

Similarly,

(A,Nn), (¬A ∨B,Pm) |=pos
2 (B,Pm) if n > 1−m (D.21)

In fact,

2Case n = 0 is obvious.
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N(A) ≥ n iff 1−Π(¬A) ≥ n

iff Π(¬A) ≤ 1− n (D.22)

Π(¬A ∨B) ≥ m iff max{Π(¬A),Π(B)} ≥ m (D.23)

Equations (D.22) and (D.23) imply

Π(B) ≥ m if 1− n < m

Consider the following example.

Example 50 Let Φ be the following set of uncertain propositions.

Φ = {(p, N.8), (p → q, N.4), (q → r, P.7)}

Then Φ |=pos
2 (r, P.7). In fact, from (D.20) we have

Φ |=pos
2 (q, N.4)

Since .4 > 1− .7, from (D.21), Φ |=pos
2 (r, P.7) follows.

Hollunder’s Theorem 3.4 in [149] gives us a method for deciding possibilistic entailment by
relying on a propositional decision procedure. In fact, let

Φn = {A : (A,Nm) ∈ Φ and m ≥ n} (D.24)
Φn = {A : (A,Nm) ∈ Φ and m > n} (D.25)

then

Theorem 1 (Hollunder) Let Φ be a set of possibilistic propositions and n > 0. Then

1. Φ |=pos
2 (A,Nn) iff Φn |=2 A;

2. Φ |=pos
2 (A,Pn) iff

(a) Φ0 |=2 A, or

(b) there is some (B,Pm) ∈ Φ such that m ≥ n and Φ1−m ∪ {B} |=2 A. �

1. Point 1 can roughly be justified by observing Equation (D.20), which can be seen as a
“weak” form of resolution step involving necessity valued propositions only. Suppose we
are trying to prove (B,Nk) from Φ. From (D.20) and (min{m, n} ≥ k iff m ≥ k, n ≥ k) it
follows that in order to prove (B,Nk), we can restrict our attention to those (A,Nn) ∈ Φ,
such that n ≥ k.

2. Point 2 can roughly be justified by observing Equation (D.21), which can be seen
as a “weak” form of resolution step involving both necessity and possibility valued
propositions. Suppose we are trying to prove (B,Pk) from Φ.
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(a) Case 2a. If Φ |=pos
2 (B,Nk), then Φ |=pos

2 (B,Pk) follows from (D.16).

(b) Case 2b. Otherwise, by (D.21), there must be a (C,Pm) ∈ Φ, with m ≥ k, which
interacts with a (A,Nn) ∈ Φ. But this can be the case only if n > 1−m. Hence,
we need to consider only those (A,Nn) ∈ Φ such that n > 1−m.

Example 51 Let Φ be the set of uncertain propositions of Example 50, i.e.

Φ = {(p, N.8), (p → q, N.4), (q → r, P.7)}

we will prove that Φ |=pos
2 (r, P.7) (as already seen in Example 50 by means of semantics

considerations) by applying Theorem 1. By Theorem 1, Point 2b, we have (q → r, P.7) ∈ Φ,
.7 ≥ .7, Φ1−.7 is

Φ1−.7 = {p, p → q}

and

Φ1−.7 ∪ {q → r} |=2 r.

Hence, Φ |=pos
2 (r, P.7).

The main point is that a closer look to Proposition 56 reveals that it is similar to Hollun-
der’s Theorem 1, Point 1, i.e. whenever we restrict Φ to necessity propositions only. As a
consequence, let Σ be a Lf KB and let

Σ̂ = {(A,Nn) : (A ≥ n) ∈ Σ}. (D.26)

Since |=4⊂|=2, from Proposition 56 and Theorem 1 it follows that

Proposition 59 Let Σ ⊆ Lf , A ∈ L and n > 0. If Σ|≈4(A ≥ n) then Σ̂ |=pos
2 (A,Nn). �

Example 52 Let Σ be

Σ = {(A ≥ .5), (B ∨ C ≥ .7)}

we have seen (Figure D.1) that

Σ|≈4((A ∨ C) ∧ (B ∨ C ∨D) ≥ .5)

By definition w have

Σ̂ = {(A,N.5), (B ∨ C,N.7),

It can easily be verified that

Σ̂ |=pos
2 ((A ∨ C) ∧ (B ∨ C ∨D),N.5)
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It is worth noting that the converse of Theorem 59 is not true, i.e.

Σ̂ |=pos
2 (A,Nn) does not imply Σ|≈4(A ≥ n). (D.27)

For instance,

(p ≥ .6), (¬p ≥ .7) �|≈4(q ≥ .6),

whereas

(p, N.6), (¬p, N.7) |=pos
2 (q, N.6)

and, thus, |≈4 ⊂|=
pos
2 holds.

Neither Proposition 59 nor the converse of it holds for |≈2. We can confirm this by
considering Σ1 and Σ2 of the previous section:

Σ1 = {(p ≥ .2), (¬p ≥ .3)}, and
Σ2 = {(p ≥ .2), (¬p ≥ .9)}.

Therefore,

Σ2|≈2(q ≥ .3), and
Σ̂2 �|=pos

2 (q, N.3)

whereas

Σ1 �|≈2(q ≥ .1), and
Σ̂1 |=pos

2 (q, N.1)

D.2 Deciding entailment in Lf
+

At first, note that the following proposition holds.

Proposition 60 For case Lf
+

1. Proposition 7 does not hold.
A |=4 B → B, but (A ≥ .7) �|≈4 (B → B ≥ .7).

2. Proposition 8 does not hold.
(Only if) direction holds. For the (if) direction we have: A |=4 B → B, but (A ≥ .7)
�|≈4 (B → B ≥ .7).

3. Proposition 9 does not hold.
(A ∧ (A → B) ≥ .6)|≈4(B ≥ .6), but (¬B ≥ .6) �|≈4(¬(A ∧ (A → B)) ≥ .6) (|B|t = |B|f =
.6, |A|t = |A|f = .4).

4. Proposition 54 does not hold.
(If) direction holds. For the (only if) direction we have: let Σ be {(A ≥ .6), (A → B ≥ .8)}.
Then Σ|≈4(B ≥ .8), but Σ.8 �|≈4(B ≥ .8).
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5. Proposition 55 does not hold.
(Only if) direction holds. For the (if) direction we have: let Σ be {(A ≥ .3), (A → B ≥ .4)}.
Then Σ.3 |=4 B, but Σ �|≈4(B ≥ .3).

6. Proposition 56 does not hold.
(Only if) direction does not hold as a consequence of Point 4 above. (If) direction does
not hold as a consequence of Point 5 above.

7. Proposition 57 does not hold.
(Only if) direction holds. (If) direction does not hold: let Σ be {(A ≥ .3), (A → B ≥ .4)}.
Then Σ |=4 B but Σ �|≈4(B ≥ .3).

8. Proposition 58 does not hold.
(Only if) direction holds, but (if) direction does not hold (from Point 6 and Point 7
above. �

As the above proposition shows, most of the nice properties of Lf do not hold in Lf
+. Espe-

cially, the fact that Proposition 56 does not hold in Lf
+ has the consequence that

1. we cannot decide fuzzy entailment in terms of entailment, and

2. we are not able to compute the maximal degree of truth by means of successive calls to
the entailment procedure,

as we did in the case of Lf . The problem relies on the difference of the axiom schema for
modus ponens between the non-fuzzy/fuzzy case: we remind that in L+ we have

A, A→ B |=4 B, (D.28)

whereas in Lf
+ we have

(A ≥ m), (A → B ≥ n)|≈4(B ≥ n) if m > 1− n (D.29)

Therefore, it is immediate to verify that given A and A → B the modus ponens rule
always is applied, yielding B, while this is not true for the fuzzy counterpart, i.e. from
(A ≥ .2), (A → B ≥ .6) the modus ponens rule cannot be applied (see also Point 7 in Propo-
sition 60), invalidating Proposition 57.

We present now a calculus which is an extension of the procedure Sat for Lf . As for Lf ,
we consider signed fuzzy propositions of type T(A ≥ n) and NT(A ≥ n). Moreover, unlike
Lf , T(A > n) and NT(A > n) are signed proposition in Lf

+ too. We extend interpretation
functions in such a way that an interpretation I satisfies T(A > n) iff |A|t > n, whereas I
satisfies NT(A > n) whenever |A|t ≤ n.

As for Lf

Σ|≈4(A ≥ n) iff TΣ ∪ {NT(A ≥ n)} is not satisfiable (D.30)

holds. With respect to conjugates we have the following Table D.7. Each entry says us under
which conditions the row-column pair of signed expressions are conjugated. A × symbol in
an entry means that the pair cannot be a conjugated one.
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T(A ≥ m) T(A > m) NT(A ≥ m) NT(A > m)
T(A ≥ n) × × n ≥ m n > m

T(A > n) × × n ≥ m n ≥ m

NT(A ≥ n) n ≤ m n ≤ m × ×
NT(A > n) n < m n ≤ m × ×

Table D.7: Conjugated signed fuzzy propositions in Lf
+.

Given two signed fuzzy propositions σ1 and σ2, we define Cond(σ, σ2) to be the condition, ac-
cording to Table D.7, under which σ1 and σ2 are conjugated, e.g. Cond(T(A ≥ n),NT(A ≥ m)) =
n ≥ m and Cond(T(A ≥ n),T(A ≥ m)) = ×.

Moreover, we extend the definition of closed branch φ by saying that a branch φ in a
deduction tree is closed whenever it contains a conjugated pair or it contains T(A > 1).

By considering the following Table D.8

α α1 α2

T(A ∧B ≥ n) T(A ≥ n) T(B ≥ n)
T(A ∧B > n) T(A > n) T(B > n)
NT(A ∨B ≥ n) NT(A ≥ n) NT(B ≥ n)
NT(A ∨B > n) NT(A > n) NT(B > n)
NT(A → B ≥ n) T(A > 1− n) NT(B ≥ n)
NT(A → B > n) T(A ≥ 1− n) NT(B > n)

β β1 β2

T(A ∨B ≥ n) T(A ≥ n) T(B ≥ n)
T(A ∨B > n) T(A > n) T(B > n)
NT(A ∧B ≥ n) NT(A ≥ n) NT(B ≥ n)
NT(A ∧B > n) NT(A > n) NT(B > n)
T(A → B ≥ n) NT(A > 1− n) T(B ≥ n)
T(A → B > n) NT(A ≥ 1− n) T(B > n)

Table D.8: α and β table for Lf
+.

and the rules in Table D.3, we obtain

Proposition 61 Let S be a set of signed fuzzy propositions in Lf
+. Then Sat(S) iff S is

satisfiable. �

Proof: The proof consists in an extension of proof of Proposition 49.
Rules (A), (B1), (B2) and (PB) are correct in the Lf

+ case too, i.e. if φ is a branch then
Sφ is satisfiable iff there is a branch φ′ as the result of the application of a rule to φ such that
Sφ′

satisfiable.
⇒ .) Suppose Sat(S). Let T be the generated deduction tree and let φ be a completed not
closed branch from S to a leaf in T . Such a branch has to exist, otherwise Sat(S) = false.
Let

ST
≥ = {T(A ≥ n) ∈ Sφ},

ST
> = {T(A > n) ∈ Sφ}, and

SNT = {NT(A ≥ n) ∈ Sφ}.
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Of course, Sφ = ST
≥ ∪ ST

> ∪ SNT. Define, for ε > 0

n≥
A = max{n : T(A ≥ n) ∈ ST

≥}, and

n>
A = max{n : T(A > n) ∈ ST

>}+ ε.

Let I be a relation such that

|p|t = max{n≥
p , n>

p }, and
|p|f = 0.

Since, φ is completed and not closed, I is a four-valued fuzzy interpretation and there is an
ε > 0 such that I satisfies all σ ∈ ST

≥; I satisfies all σ ∈ ST
> (note that n + ε > n), and I

satisfies all σ ∈ SNT and, thus, I satisfies Sφ. As a consequence, S ⊆ Sφ is satisfiable.
⇐ .) Suppose S is satisfiable. Let T be the generated completed tree. From the correctness
of the rules it follows that there is a completed branch φ in T such that Sφ is satisfiable.
Therefore, Sat(S).

Q.E.D.

Example 53 Let Σ be fuzzy KB of Example 19. The following deduction tree in Figure D.3
shows that Σ ∪ {(Gil ∨ Karl ≥ .4)}|≈4(Tall ≥ .2).

TΣ ∪ {T(Gil ∨ Karl ≥ .4)}
NT(Tall ≥ .2)}

NT(Adult > .2)

NT(Gil > .3)

T(Karl ≥ .4)

T(Child ≥ .9)

T(Tall ≥ .2)
×

Figure D.3: Example of deduction in Lf
+.

From a computational point of view, fuzzy entailment in Lf
+ behaves as fuzzy entailment in

Lf .

Proposition 62 Let Σ ⊆ Lf
+ and A ∈ L+. Then checking Σ|≈4(A ≥ n) is a coNP-complete

problem. �
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Proof: Proof is as in Proposition 50. Q.E.D.

Similarly as we did for L+, if we restrict Lf
+ to Lf

+ we obtain a tractable fuzzy logic. Lf
+ is

defined inductively as follows: Lf
+ is the minimal set such that

1. every fuzzy proposition in L in CNF is in Lf
+;

2. if A, A1, . . . , An and B, B1, . . . , Bm are literals in L, then both (A1 ∧ . . . ∧An → B ≥ k)
and (A → B1 ∨ . . . ∨Bm ≥ k) are in Lf

+.

We extend the algorithm EasyEntail+ to take as input a Lf
+ fuzzy KB Σ and a Lf

+ fuzzy
proposition (A ≥ n), and adapt rules (B1) and (B2) to their fuzzy case, as shown in Table D.9.

(B1)

T(A1 ∧ . . . ∧An → B ≥ k),
T(A1 ≥ k1), . . . , T(Ah ≥ kh),
T(A1 > kh+1), . . . , T(An > kn)

T(B ≥ k)
if for all 1 ≤ j ≤ h, kj > 1− k, and

for all h + 1 ≤ j ≤ n, kj ≥ 1− k

(B2)

T(A→ B1 ∨ . . . ∨Bm ≥ k),
NT(B1 ≥ k1), . . . , NT(Bh ≥ kh),
NT(Bh+1 > kh+1), . . . , NT(Bm > km)

NT(A > 1− k)
if for all 1 ≤ j ≤ h, kj ≤ k, and

for all h + 1 ≤ j ≤ m, kj < k

Table D.9: Modified (B1) and (B2) rules for (A → B ≥ n) ∈ L
f
+.

Proposition 63 Let Σ be a Lf
+ KB, let (A ≥ n) be in Lf

+ and n > 0. Checking if Σ|≈4(A ≥ n)
can be done in time O(|Σ||A|) by means of the algorithm EasyEntail+. �

Proof: As for Proposition 23. Q.E.D.

Consider Example 53. Figure D.3 is a deduction tree build by applying EasyEntail+(Σ, A).

D.2.1 **Relations to possibilistic logic in Lf
+

In Section D.1.1, Proposition 59 shows that there is relation between fuzzy entailment in Lf

and possibilistic implication. Hence, it is natural to ask whether a similar relation continues
to hold whenever we switch to Lf

+.
The proof of Proposition 59 relies on the fact that in Lf , Σ|≈4(A ≥ n) iff Σn |=4 A holds.

We have already seen in Proposition 60, Point 5. that this is not true Lf
+. But, a weaker

relation holds. In fact, it is easily verified that in Lf
+ Σ|≈4(A ≥ n) implies Σ |=4 A holds.

Notwithstanding, a similar result as stated in Proposition 59 can easily be shown. In fact, we
already have seen that
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(A ≥ n), (A → B ≥ m)|≈4(B ≥ m) if n > 1−m (D.31)
(A,Nn), (A → B,Nm)|≈4(A,N min{n, m}). (D.32)

Therefore, it could be that m �= min{n, m}. Now, suppose that Σ|≈4(A ≥ n). Therefore,
Σ |=4 A. In e.g. [106] it has been shown, so as from Theorem 1 it follows, that if Σ |=4 A then
there is a k > 0 such that Σ̂ |=pos

2 (A,Nk), which is very similar to Proposition 57. Therefore,

Proposition 64 Let Σ ⊆ Lf
+, A ∈ L+ and n > 0. If Σ|≈4(A ≥ n) then there is 0 < k ≤ n

such that Σ̂ |=pos
2 (A,Nk). �

establishing a connection between fuzzy entailment in Lf
+ and possibilistic implication.

Example 54 Let Σ be fuzzy KB

Σ = { (Gil→ Adult ≥ .7),
(Adult→ Tall ≥ .8),
(Karl→ Child ≥ .9),
(Child→ Tall ≥ .6),
(Gil ≥ .4), (Karl ≥ .2) }

It follows that
Σ|≈4(Tall ≥ .8).

By definition, Σ̂ is

Σ̂ = { (Gil→ Adult,N.7),
(Adult→ Tall,N.8),
(Karl→ Child,N.9),
(Child→ Tall,N.6),
(Gil,N.4), (Karl,N.2) }

It follows that

Σ̂ |=pos
2 (Adult,N min{.4, .7}),

Σ̂ |=pos
2 (Tall,N min{.4, .8}),

and similarly,

Σ̂ |=pos
2 (Child,N min{.2, .9}),

Σ̂ |=pos
2 (Tall,N min{.2, .6}).

Therefore,

Σ̂ |=pos
2 (Tall,N.4),

confirming Proposition 64.
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D.2.2 Determining the maximal degree of truth in Lf
+

Concerning the computation of Maxdeg(Σ, A) it is worth noticing that we cannot compute
Maxdeg(Σ, A) by means of a sequence of entailment test (as it happens for KBs in Lf ), but
rather than by means of a sequence of fuzzy entailment test. Moreover, as they are tautologies,
for Lf

+

Maxdeg(Σ, A) ∈ {0, .5} ∪NΣ.

holds.

Algorithm 15 (Max+(Σ, A))
Let Σ ⊆ Lf

+ and A ∈ Lf
+. Set Min = 0, Max = 2.

1. Pick n ∈ NΣ ∪ {.5} such that Min < n < Max. If there is no such n, then set
Maxdeg(Σ, A) := Min and exit.

2. Check if Σ|≈4(A ≥ n). If so, then set Min = n and go to Step 1. If not so, then set
Max = n and go to Step 1.

Table D.10: Algorithm Max+(Σ, A) for Lf
+.

By means of Algorithm 15 above, Maxdeg(Σ, A) requires O(|Σ|) fuzzy entailment tests. As
O(|Σ|) can be very huge, this may be unfeasible.

We address now this problem by presenting a method for computing Maxdeg(Σ, A) which
performs the fuzzy entailment test only once. At first, we generalise fuzzy propositions to the
form (A ≥ λ), where λ is a fuzzy extended value defined as follows. Let v be a new variable.
A fuzzy extended value (with metavariable λ) is defined as follows:

1. n ∈ [0, 1] is a fuzzy extended value;

2. v is a fuzzy extended value;

3. 1− v is a fuzzy extended value.

An interpretation I is such that nI = n, vI ∈ [0, 1] and (1− v)I = 1 − vI . Note that
(1− v)I ∈ [0, 1]. In the following, given n ∈ [0, 1] and an equation (denoted by eq), λ1 ≥ λ2

or λ1 > λ2, with eq[v/n] we will denote the equation eq′ which is the result of replacing all
occurrences of v in eq with n. For instance, if eq is .8 ≥ 1 − v then eq[v/.7] is .8 ≥ .3. The
following Table D.11, shows the solution for v under which an equation eq := λ1 ≥ λ2 holds.
The solution (denoted by Sol(eq)) is given in terms of an interval [m, n] ⊆ [0, 1] and has the
following property: if Sol(eq) = [m, n] then for all k ∈ [m, n], eq[v/k] holds. For instance, if
eq is .8 ≥ 1− v, then Sol(eq) = [.2, 1]. In fact, for all k ∈ [.2, 1], (.8 ≥ 1− v)[v/k] = .8 ≥ 1−k
holds.
The solutions for eq: = λ1 > λ2 are defined similarly. Moreover, we define Sol(n ≥ m) = [0, 1]
if n ≥ m and Sol(n > m) = [0, 1] if n > m. Sol(·) is undefined in the other cases.
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eq := λ1 ≥ λ2 Sol(eq)
v ≥ v [0, 1]
v ≥ 1− v [.5, 1]
1− v ≥ v [0, .5]
1− v ≥ 1− v [0, 1]
v ≥ n [n, 1]
1− v ≥ n [0, 1− n]
n ≥ v [0, n]
n ≥ 1− v [1− n, 1]

Table D.11: Solutions for v such that λ1 ≥ λ2 holds.

Let σ be a signed fuzzy proposition and n ∈ (0, 1]. A conditioned signed fuzzy proposition
is an expression of the form 〈σ, v ∈ [0, n]〉. The intended meaning of 〈σ, v ∈ [0, n]〉 is that σ
holds whenever v “ranges” in [0, n]. We will write σ as a shortcut of 〈σ, v ∈ [0, 1]〉. We will
use r as a metavariable for an interval [m, n] and ρ as a metavariable for conditioned signed
fuzzy proposition.

In the following, let σ, 〈σ, v ∈ r〉, S, φ and T be a signed fuzzy propositions, a conditioned
signed fuzzy proposition, a sets of conditioned signed fuzzy proposition, a branch and a
deduction tree involving conditioned signed fuzzy propositions, respectively. For all n ∈ [0, 1],
we define

1. σ[v/n] to be the signed fuzzy proposition σ′ which is the result of replacing every
occurrence of v in σ with n;

2. 〈σ, v ∈ r〉[v/n] as σ[v/n] if n ∈ r, otherwise 〈σ, v ∈ r〉[v/n] is the empty string;

3. S[v/n] as {ρ[v/n] : ρ ∈ S};

4. φ[v/n] is the branch φ′ which is the result of replacing every occurrence of ρ in φ with
ρ[v/n];

5. T [v/n] as the deduction tree T ′ which is the result of replacing every branch φ in T
with φ[v/n].

Example 55 Let

σ = T(A ≥ 1− v),
ρ = 〈σ, v ∈ [0, .7]〉, and
S = {〈σ, v ∈ [0, .7]〉, 〈σ, v ∈ [0, .3]〉}.

Then for n = .6 we have that

σ[v/n] = T(A ≥ .4)
〈σ, v ∈ [0, .7]〉[v/n] = T(A ≥ .4), and
S[v/n] = {T(A ≥ .4)}.

Just note that 〈σ, v ∈ [0, .3]〉[v/n] is the empty string, as n �∈ [0, .3].
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Satisfiability of fuzzy propositions is defined as usual: I satisfies (A ≥ λ) iff |A|t ≥ λI and
I satisfies (A > λ) iff |A|t > λI . I satisfies a signed fuzzy proposition, e.g. T(A ≥ λ) iff I
satisfies (A ≥ λ). The other cases are similar.

Finally, I satisfies 〈σ, v ∈ [0, n]〉 iff if vI ∈ [0, n] then I satisfies σ[v/vI ].

Example 56 Let ρ be 〈T(A ≥ v), v ∈ r〉, where r is [0, .6]. Let I be an interpretation such
that:

vI = .55,
|A|t = .7, and
|A|f = .4.

Therefore, I satisfies ρ. Consider n = .3. Certainly, n ∈ r. Now, T(A ≥ v)[v/n] is T(A ≥ .3).
I satisfies T(A ≥ .3).

In what follows, we will use the obvious extension of signed fuzzy propositions of type α and
of type β as defined in Table D.8: we just replace n in in Table D.8 with λ with the obvious
simplification 1 − (1 − v) = v. For instance, T(A → B ≥ 1− v) is of type β and NT(A > v)
and T(B ≥ 1− v) are its β1 and β2 components, respectively.

With respect to α and β tables in the conditioned case, these looks like Table D.8 and are
shown in Table D.12 below, which is its straightforward adaption to the conditioned case.

α α1 α2

〈T(A ∧B ≥ λ), v ∈ r〉 〈T(A ≥ λ), v ∈ r〉 〈T(B ≥ λ), v ∈ r〉
〈T(A ∧B > λ), v ∈ r〉 〈T(A > λ), v ∈ r〉 〈T(B > λ), v ∈ r〉
〈NT(A ∨B ≥ λ), v ∈ r〉 〈NT(A ≥ λ), v ∈ r〉 〈NT(B ≥ λ), v ∈ r〉
〈NT(A ∨B > λ), v ∈ r〉 〈NT(A > λ), v ∈ r〉 〈NT(B > λ), v ∈ r〉
〈NT(A → B ≥ λ), v ∈ r〉 〈T(A > 1− λ), v ∈ r〉 〈NT(B ≥ λ), v ∈ r〉
〈NT(A → B > λ), v ∈ r〉 〈T(A ≥ 1− λ), v ∈ r〉 〈NT(B > λ), v ∈ r〉

β β1 β2

〈T(A ∨B ≥ λ), v ∈ r〉 〈T(A ≥ λ), v ∈ r〉 〈T(B ≥ λ), v ∈ r〉
〈T(A ∨B > λ), v ∈ r〉 〈T(A > λ), v ∈ r〉 〈T(B > λ), v ∈ r〉
〈NT(A ∧B ≥ λ), v ∈ r〉 〈NT(A ≥ λ), v ∈ r〉 〈NT(B ≥ λ), v ∈ r〉
〈NT(A ∧B > λ), v ∈ r〉 〈NT(A > λ), v ∈ r〉 〈NT(B > λ), v ∈ r〉
〈T(A → B ≥ λ), v ∈ r〉 〈NT(A > 1− λ), v ∈ r〉 〈T(B ≥ λ), v ∈ r〉
〈T(A → B > λ), v ∈ r〉 〈NT(A ≥ 1− λ), v ∈ r〉 〈T(B > λ), v ∈ r〉

Table D.12: α and β table for Lf
+ in the conditioned case.

For the definition of conjugated signed fuzzy propositions, we rely on Table D.7, where n and
m are replaced with λ1 and λ2, respectively. Two signed fuzzy propositions σ1 and σ2 are
conditioned conjugated (c-conjugated) iff Sol(Cond(σ1, σ2)) = [0, k], for some k ∈ [0, 1]. Note
that if σ1 and σ2 are c-conjugated then for all n ∈ Sol(Cond(σ1, σ2)) = [0, k], σ1[v/n] and
σ2[v/n] are conjugated. As usual, a c-conjugate of σ will be identified by σc, whereas with
σc,max we identify the c-conjugate of σ obtained by exchanging T and NT in σ. Furthermore,
if Sol(Cond(σ1, σ2)) = [0, 1] then σ1 and σ2 are conjugated.
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Example 57 Consider the following signed expressions:

σ1 = T(A ≥ 1− v),
σ2 = NT(A ≥ v),
σ3 = T(A ≥ v), and
σ4 = NT(A ≥ 1− v).

It is easily verified that

Sol(Cond(σ1, σ2)) = [0, .5],
Sol(Cond(σ1, σ4)) = [0, 1],
Sol(Cond(σ3, σ2)) = [0, 1], and
Sol(Cond(σ3, σ4)) = [.5, 1].

hold. Thus, σ1 and σ2 are c-conjugated, whereas σ3 and σ4 are not. Finally, both σ1 and σ4

and σ3 and σ2 are conjugated.

The motivation behind the constraint that Sol(Cond(σ1, σ2)) should be of the form [0, k] will
be explained later on.

With respect to conditioned signed fuzzy propositions we have: two conditioned signed
fuzzy propositions 〈σ1, v ∈ r1〉 and 〈σ2, v ∈ r2〉 are conditioned conjugated (c-conjugated) iff
σ1 and σ2 are c-conjugated. If r1 ∩ r2 ∩ Sol(Cond(σ1, σ2)) = [0, 1] then 〈σ1, v ∈ r1〉 and
〈σ2, v ∈ r2〉 are conjugated. Note that if 〈σ1, v ∈ r1〉 and 〈σ2, v ∈ r2〉 are c-conjugated then for
all n ∈ r1 ∩ r2 ∩ Sol(Cond(σ1, σ2)), 〈σ1, v ∈ r1〉[v/n] and 〈σ2, v ∈ r2〉[v/n] are conjugated.

The deduction rules are a generalisation of the rules defined in Table D.3 and are an adap-
tion to the case of conditioned signed fuzzy proposition. The rules are shown in Table D.13.

(A)
〈α, v ∈ r〉

〈α1, v ∈ r〉, 〈α2, v ∈ r〉

(B1)
〈β, v ∈ r1〉, 〈βc

1, v ∈ r2〉
〈β2, v ∈ [0, k]〉 [0, k] = r1 ∩ r2 ∩ Sol(Cond(β1, β

c
1)).

(B2)
〈β, v ∈ r1〉, 〈βc

2, v ∈ r2〉
〈β1, v ∈ [0, k]〉 [0, k] = r1 ∩ r2 ∩ Sol(Cond(β2, β

c
2)).

(PB)
〈β, v ∈ r〉

〈β1, v ∈ r〉 〈βc,max
1 , v ∈ r〉, 〈β2, v ∈ r〉

Table D.13: Inference rules for conditioned singed fuzzy propositions in Lf
+.

The rules are defined in such a way that they are correct: e.g. consider the (B1) rule. Given
an interpretation I, if I satisfies the premises then I satisfies the conclusion. Just note that
Sol(Cond(β1, β

c
1)) has the form [0, l], for some l ∈ (0, 1] and, thus, r1∩ r2∩Sol(Cond(β1, β

c
1))

is of the form [0, k].

Proposition 65 The rules in Table D.13 are correct. �
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Proof: We show the proof for the (B1) rule. The proof for the others is similar. Let I
be an interpretation. We show that if I satisfies both 〈β, v ∈ r1〉 and 〈βc

1, v ∈ r2〉, then I
satisfies 〈β2, v ∈ [0, k]〉, where [0, k] = r1 ∩ r2 ∩ Sol(Cond(β1, β

c
1)). Assume that I satisfies

the premises of the (B1) rule. In order to show that I satisfies 〈β2, v ∈ [0, k]〉 we have to
show that if vI ∈ [0, k] then I satisfies β2[v/vI ]. So, suppose also that vI ∈ [0, k]. Hence,
vI ∈ r1 ∩ r2 ∩ Sol(Cond(β1, β

c
1)). Therefore,

1. from vI ∈ r1 and by hypothesis, I satisfies β[v/vI ];

2. from vI ∈ r2 and by hypothesis, I satisfies βc
1[v/vI ].

Since vI ∈ Sol(Cond(β1, β
c
1)), βc

1[v/vI ] and β1[v/vI ] are conjugated. Therefore, I cannot
satisfy β1[v/vI ]. But, I satisfies β[v/vI ] and, thus, I has to satisfy β2[v/vI ]. Q.E.D.

Example 58 Consider the following signed expressions:

σ1 = T(A ∨B ≥ .9),
σ2 = NT(A ≥ .6),
σ3 = T(A ∨B ≥ 1− v),
σ4 = NT(A ≥ v), and
σ5 = T(A ∨B ≥ .6),

and the following intervals

r1 = [0, .7],
r2 = [0, .6],
r3 = [0, .7],
r4 = [0, .8], and
r5 = [0, .3].

Note that σ1, σ3 and σ5 are of type β. Consider σ1. Its β1 and β2 components are β1 =
T(A ≥ .9) and β2 = T(B ≥ .9), respectively. It is easily verified that

Sol(Cond(β1, σ2)) = [0, 1]

hold. Thus, β1 and σ2 are c-conjugated, i.e. βc
1 = σ2 is a c-conjugate of β1. More precisely,

they are conjugates. Hence, the following instance of rule (B1) can be applied.

(B1)
〈σ1, v ∈ r1〉, 〈σ2, v ∈ r2〉
〈T(B ≥ .9), v ∈ [0, .6]〉

where [0, .6] = r1 ∩ r2 ∩ [0, 1].
Similarly, it is easily verified that by means of rule (B1) we have:

1. from 〈σ3, v ∈ r3〉 and 〈σ4, v ∈ r4〉, infer 〈T(B ≥ 1− v), v ∈ [0, .5]〉;

2. from 〈σ5, v ∈ r5〉 and 〈σ4, v ∈ r4〉, infer 〈T(B ≥ .6), v ∈ [0, .3]〉.
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Concerning closed branches we have the following definitions: a branch φ is conditioned closed
(c-closed) iff Sφ contains ρ1 = 〈σ1, v ∈ r1〉 and ρ2 = 〈σ2, v ∈ r2〉 such that ρ1 and ρ2 are c-
conjugated, i.e. Sol(Cond(σ1, σ2)) = [0, k]; φ is closed iff r1 ∩ r2 ∩ Sol(Cond(σ1, σ2)) = [0, 1].
Just note that by definition, Sol(Cond(σ1, σ2)) = [0, k], for some k ∈ (0, 1]. Hence, for all n in
r1 ∩ r2 ∩ [0, k], σ1[v/n] and σ2[v/n] are conjugated, and, thus, φ[v/n] is closed (the restriction
n ∈ r1 ∩ r2 ∩ [0, k], rather than n ∈ [0, k], is necessary).

Example 59 If φ is a branch such that Sφ contains both

〈T(A ≥ 1− v), v ∈ [0, 1]〉
〈NT(A ≥ 1− v), v ∈ [0, 1]〉,

then φ is closed. In fact, σ1 = T(A ≥ 1− v) and σ2 = NT(A ≥ 1− v) are conjugated, as
Sol(Cond(σ1, σ2)) = [0, 1]. Therefore for all n ∈ [0, 1], T(A ≥ 1− n) and NT(A ≥ 1− n) are
conjugated, and, thus, φ[v/n] is closed.

This is not the case if e.g. σ1 = T(A ≥ 1− v) and σ2 = NT(A ≥ v). In this case,
Sol(Cond(σ1, σ2)) = [0, .5] and, thus, φ is c-closed and φ[v/n] is closed only if n ∈ [0, .5].

Finally, for all branches φ we define SOL(φ) to be

SOL(φ) = {r1 ∩ r2 ∩ Sol(Cond(σ1, σ2)) : 〈σi, v ∈ ri〉 ∈ Sφ, σ1, σ2 c-conjugated}. (D.33)

Roughly, SOL(φ) gives us the set of solutions [0, k] such that φ[v/n] is closed for any n ∈ [0, k].
Given the solutions SOL(φ) for which the branch φ is c-closed, obviously, we are looking

for the maximal one. Therefore, we define

Max(SOL(φ)) =
⋃

ri∈SOL(φ)

ri, (D.34)

where Max(∅) = [0, 0]. The interval [0, k] = Max(SOL(φ)) gives us simply the maximal
interval such that φ[v/n] is closed for any n ∈ [0, k]. In other words, among the possible
candidates of c-conjugated pairs, which potentially c-close a branch φ, we are looking for the
pair which gives us the possible highest value n for v, which closes the branch φ[v/n].

Example 60 Consider the following signed expressions

σ1 = T(A ≥ 1− v),
σ2 = NT(A ≥ v),
σ3 = NT(A ≥ .8),
σ4 = T(B ≥ v),
σ5 = NT(B ≥ .7), and
σ6 = NT(B ≥ v).

It is easily verified that

σ1, σ2 are c-conjugated and Sol(Cond(σ1, σ2) = [0, .5],
σ1, σ3 are c-conjugated and Sol(Cond(σ1, σ3) = [0, .2],
σ4, σ5 are not c-conjugated and Sol(Cond(σ4, σ5) = [.7, 1], and
σ4, σ6 are c-conjugated and Sol(Cond(σ4, σ6) = [0, 1].
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Suppose φ is a branch such that Sφ contains

〈σ1, v ∈ [0, .4]〉,
〈σ2, v ∈ [0, .1]〉,
〈σ3, v ∈ [0, .6]〉,
〈σ4, v ∈ [0, .5]〉,
〈σ5, v ∈ [0, .3]〉, and
〈σ6, v ∈ [0, .15]〉.

Since,

[0, .4] ∩ [0, .1] ∩ [0, .5] = [0, .1],
[0, .4] ∩ [0, .6] ∩ [0, .2] = [0, .2], and
[0, .5] ∩ [0, .15] ∩ [0, 1] = [0, .15],

it follows that

SOL(φ) = {[0, .1], [0, .2], [0, .15]}.

Therefore,

Max(SOL(φ)) = [0, .1] ∪ [0, .2] ∪ [0, .15] = [0, .2].

Note that n = .2 closes branch φ[v/n] and is the result of the c-conjugated pair σ1, σ3 and
Sφ[v/n] is {T(A ≥ .8),NT(A ≥ .8),T(B ≥ .2),NT(B ≥ .7)}.

We are ready know to describe our procedure for determining Maxdeg(Σ, A). In order to
compute Maxdeg(Σ, A)

1. we start with the set SΣ,A = TΣ ∪ {NT(A ≥ v)} (we try to find out the maximal value
n such that SΣ,A[v/n] is not satisfiable);

2. we apply the deduction rules in Table D.13 to SΣ,A until the resulting tree is either
closed or completed;

3. let TΣ,A be the resulting deduction tree, i.e. every branch φi in TΣ,A is either closed or
completed;

4. for each branch φi ∈ TΣ,A, let ri = Max(SOL(φi)), i.e. the best solution in order to
c-close φi;

5. as we have to c-close all the branches φi ∈ TΣ,A, we have to choose the minimal solution
among the ri, i.e. the one which c-closes all the branches: to this purpose, we define

min max(TΣ,A) =
⋂

φi∈TΣ,A

Max(SOL(φi)). (D.35)

6. Let rΣ,A = min max(TΣ,A) = [0, n]. n is the maximal degree of truth Maxdeg(Σ, A).

Algorithm MaxV al(Σ, A) in Table D.14 below describes the above procedure formally.
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Algorithm 16 (MaxV al(Σ, A))
MaxV al(Σ, A) takes as input Σ ⊆ Lf

+ and A ∈ Lf
+. MaxV al(Σ, A) returns n iff

Maxdeg(Σ, A) = n. Let the root node be labelled with SΣ,A = TΣ ∪ {NT(A ≥ v)}. The
algorithm applies the rules of Table D.13 until each branch in the resulting tree TΣ,A is either
closed or completed. At each step of the construction of a deduction tree the following steps
are performed:

1. select a branch φ which is neither completed nor closed. If there is no such branch go
to Step 4.;

2. expand φ by means of the rules (A), (B1) and (B2) until it becomes AB-completed.
Let φ′ be the resulting branch;

3. if φ′ is neither closed nor completed then

(a) select a signed expression of type β which is not yet fulfilled in the branch;

(b) apply rule (PB) and go to Step 1;

otherwise, go to Step 1.

4. let TΣ,A be the resulting tree and let rΣ,A = min max(TΣ,A) = [0, n]. Let MaxV al(Σ, A)
be n and exit.

Table D.14: Algorithm MaxV al(Σ, A) in Lf
+.

Example 61 Let Σ be fuzzy KB

Σ = { (Gil→ Adult ≥ .7),
(Adult→ Tall ≥ .8),
(Karl→ Child ≥ .9),
(Child→ Tall ≥ .2),
(Gil ∨ Karl ≥ .4) }

(see also, Example 53). We are looking for Maxdeg(Σ,Tall). Figure D.4 is a deduction tree
build during the execution of MaxV al(Σ, A), where A is Tall.

Let TSΣ,A
be the resulting deduction tree and consider the branch φ in it. Let σ1 be

NT(Tall ≥ v), whereas let σ2 be 〈T(Tall ≥ .2), v ∈ [0, .8]〉. It follows that σ1 and σ2 are c-
conjugated, as Sol(Cond(σ1, σ2)) = [0, .2]. Therefore, SOL(φ) = [0, 1]∩ [0, .8]∩ [0, .2] = [0, .2].
As a consequence, min max(TSΣ,A

) = [0, .2], and MaxV al(Σ, A) := .2, as expected (in fact,
Maxdeg(Σ, A) = .2). Just note that TSΣ,A

[v/.2] is a deduction tree for TΣ∪ {NT(Tall ≥ .2)},
similar to the one shown in Figure D.3 (Example 53).

Example 62 Let Σ be fuzzy KB



D.2. Deciding entailment in Lf
+ 245

TΣ
NT(Tall ≥ v)

〈NT(Adult > .2), v ∈ [0, .8]〉

〈NT(Gil > .3), v ∈ [0, .8]〉

〈T(Karl ≥ .4), v ∈ [0, .8]〉

〈T(Child ≥ .9), v ∈ [0, .8]〉

〈T(Tall ≥ .2), v ∈ [0, .8]〉

φ

Figure D.4: Example of MaxV al deduction in Lf
+.

Σ = { (Jon→ Student ∧ Adult ≥ .6),
(Student→ Tall ≥ .5),
(Adult→ Tall ≥ .8),
(Jon ≥ .3) }

It is easy to see that Σ �|≈4(Tall ≥ n), for all n > 0. Therefore, Maxdeg(Σ,Tall) = 0.
We now show that MaxV al(Σ,Tall) returns in fact 0. Consider the deduction tree TSΣ,Tall

in Figure D.5, resulting of the application of MaxV al(Σ,Tall).
It can be verified that

Max(SOL(φ1)) = Max(∅) = [0, 0],
Max(SOL(φ2)) = [0, .8],
Max(SOL(φ3)) = [0, .5],
Max(SOL(φ4)) = [0, .8], and
Max(SOL(φ5)) = [0, .8].

As a consequence,

min max(TΣ,A) =
⋂

φi∈TΣ,A

Max(SOL(φi)) = [0, 0] ∩ [0, .8] ∩ [0, .5] ∩ [0, .8] ∩ [0, .8] = [0, 0].

Therefore, MaxV al(Σ,Tall) = 0. It is worth noting that, for all 0 < n ≤ 1, by relying on
branch φ1, an interpretation I proving Σ �|≈4(Tall ≥ n) can be build. In fact, let I be such
that for all letters A

|A|t = .3 if A = Jon,
|A|t = 0, for allA �= Jon, and
|A|f = 0.
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TΣ
NT(Tall ≥ v)

〈NT(Student > .5), v ∈ [0, .5]〉

〈NT(Adult > .2), v ∈ [0, .8]〉
✏✏✏✏✏✏✏


NT(Jon > .4)
✏✏✏✏✏✏✏

�������
NT(Student > .5)

✑
✑
✑✑

◗
◗
◗◗

NT(Adult > .2)

φ1

T(Adult > .2)

T(Tall ≥ .8)

φ2

T(Student > .5)

T(Tall ≥ .5)
✑
✑
✑✑

◗
◗
◗◗

NT(Adult > .2)

φ3

T(Adult > .2)

T(Tall ≥ .8)

φ4

T(Jon > .4)

T(Student ∧ Adult ≥ .6)

T(Student ≥ .6)

T(Adult ≥ .6)

T(Tall ≥ .5)

T(Tall ≥ .8)

φ5

Figure D.5: Example of MaxV al deduction in Lf
+ returning 0.

It is easily verified that I satisfies Sφ1 [v/n]. In particular, I is a model of both TΣ ⊂ Sφ1 [v/n],
and NT(Tall ≥ n) ∈ Sφ1 [v/n]. Therefore, I is a model of Σ not satisfying (Tall ≥ n).

Now we are going to proof that MaxV al(Σ, A) is working correct, i.e. that MaxV al(Σ, A) =
Maxdeg(Σ, A).

Proposition 66 Let Σ ⊆ Lf
+, A ∈ L+ and n ≥ 0. Then Maxdeg(Σ, A) = n iff MaxV al(Σ, A)

= n. �

Proof: The proof is build by means of the following steps. At first we give an alternative
and smaller set R2 of deduction rules which is both correct and complete. We show that
MaxV al(Σ, A) works well if it relies on R2. From the observation we will make, it will follows
that MaxV al(Σ, A) works well also if it relies on (A), (B1), (B2) and (PB).

So, consider our usual set of rules

R0 := {(A), (B1), (B2), (PB)}.

As we already know, R0 is equivalent to the set of rules

R1 := {(A), (PB)},

as the e.g. (B1) rule is a shortcut of applying (PB) to β and then closing the left branch.
Both R0 and R1 are a semantic tableaux. Consider

R2 := {(A), (PBβ)},
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where (A) and (PBβ) are

(A)
α

α1, α2

(PBβ)
β

β1 β2

The set of rules R2 is also known as analytic tableaux.
It is quite easy to see that the Sat procedure is correct and complete (in both cases, non

fuzzy/fuzzy) whenever it uses sets Ri, i > 0 in place of R0.
In the following we will concentrate our attention to the rules in R2, applied both to

signed fuzzy propositions as to conditioned signed fuzzy propositions. In this latter case, the
rules R2 (derived from Table D.13) are described in Table D.15 below:

(A)
〈α, v ∈ r〉

〈α1, v ∈ r〉, 〈α2, v ∈ r〉

(PBβ)
〈β, v ∈ r〉

〈β1, v ∈ r〉 〈β2, v ∈ r〉

Table D.15: Analytic tableaux inference rules for conditioned singed fuzzy propositions.

Now, consider Σ ⊆ Lf
+ and A ∈ L+ and run MaxV al(Σ, A) with the above rule set R2. Let

TΣ,A be the resulting deduction tree, obtained from SΣ,A = TΣ∪{NT(A ≥ v)}. The following
observations can be made:

1. each conditioned signed fuzzy proposition ρ occurring in TΣ,A is of the form 〈σ, v ∈ [0, 1]〉.
Please note that we use σ as a shortcut for 〈σ, v ∈ [0, 1]〉;

2. as a consequence, for all n ∈ (0, 1], TΣ,A[v/n] is a deduction tree for SΣ,A[v/n] =
TΣ ∪ {NT(A ≥ n)};

3. if ρ = 〈σ, v ∈ [0, 1]〉 occurs in TΣ,A, then σ should have one of the following form (n ∈
[0, 1]):

σ1 = T(A ≥ n), or
σ2 = NT(A > n), or
σ3 = NT(A ≥ v), or
σ4 = T(A > 1− v);

4. combining the σi above, it follows that for each branch φ in TΣ,A and for all 〈σi, v ∈ [0, 1]〉 ∈
Sφ, 〈σj , v ∈ [0, 1]〉 ∈ Sφ, Sol(Cond(σi, σj)) could be only of the form

Sol(Cond(σ1, σ2)) = [0, 1], or
Sol(Cond(σ1, σ3)) = [0, n], or
Sol(Cond(σ4, σ2)) = [0, 1− n], or
Sol(Cond(σ4, σ3)) = [0, .5].

Therefore, Sol(Cond(σi, σj)) can only be of the form Sol(Cond(σi, σj)) = [0, k], for
some k ∈ [0, 1];
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5. for all branches φi in TΣ,A, if Max(SOL(φi)) = [0, ki], where ki > 0 then for all
n ∈ [0, ki], φi[v/n] is a closed branch in TΣ,A[v/n]. If ki = 0, then φi[v/n] is not closed,
for any n ∈ [0, 1]. Moreover,

ki = max{n : φi[v/n] closed};

6. as a consequence, (i) there is n > 0 such that TΣ,A[v/n] closed iff

min max(TΣ,A) = [0, k], k > 0

and (ii) k is such that

k = max{n : TΣ,A[v/n] closed}.

From the last point, Maxdeg(Σ, A) = n iff MaxV al(Σ, A) = n and MaxV al relies on the set
of rules R2, follows.

Finally, consider the set of rules R0. By arguments similar to above, it is easy to see that
if TΣ,A is a deduction tree build by MaxV al(Σ, A) by relying on R0 and MaxV al(Σ, A) = k,
then for all n ∈ [0, k]

• TΣ,A[v/n] is a deduction tree for TΣ ∪ {NT(A ≥ n)};

• TΣ,A[v/n] is closed iff k > 0.

From Point 4. and Point 6. above, we know that min max(TΣ,A) has to be of the form [0, k].
Thus any deduction relying on R0 can be restricted to conditioned signed fuzzy propositions ρ
of the form 〈σ, v ∈ [0, n]〉, so as Sol(Cond(σi, σj)) can be restricted to the form [0, n]. Hence,
notwithstanding we to restrict the (B1) rule and the (B2) rule, as described in Table D.13, no
solution can be left out. Therefore, Maxdeg(Σ, A) = n iff MaxV al(Σ, A) = n and MaxV al
relies on the set of rules R0, which concludes the proof. Q.E.D.

From a complexity point of view, the algorithm MavV al behaves as the Sat algorithm.

Proposition 67 Let Σ ⊆ Lf
+, A ∈ L+ and n ∈ [0, 1]. Then checking Maxdeg(Σ, A) ≥ n is

a coNP-complete problem. �

Proof: Let n ∈ [0, 1]. Since Σ|≈4(A ≥ n) iff Maxdeg(Σ, A) ≥ n, and (see Proposi-
tion 62) for all n, deciding Σ|≈4(A ≥ n) is a coNP-complete problem, coNP-hardness of the
Maxdeg(Σ, A) ≥ n decision problem follows.

The following NP algorithm determines whether Maxdeg(Σ, A) < n. Non-deterministically
generate a deduction tree T for TΣ∪{NT(A ≥ v)} by running MaxV al(Σ, A): Maxdeg(Σ, A) <
n iff for some branch φ in T , SOL(φ) = [0, k] and k < n. The depth of the branch φ is poly-
nomially bounded by the input. Hence, deciding Maxdeg(Σ, A) < n is in NP. Therefore,
deciding Maxdeg(Σ, A) ≥ n is in coNP. Q.E.D.
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D.2.2.1 The polynomial case Lf
+

As we have seen (Proposition 63), given Σ ⊆ Lf
+, A ∈ Lf

+ and n > 0, deciding Σ|≈4(A ≥ n)
can be done in time O(|Σ||A|). As the algorithm MaxV al behaves as Sat, it is natural to
expect that if we restrict our attention to Lf

+, and extend MaxV al as we did for EasyEntail+,
we obtain an O(|Σ||A|) time algorithm too.

Therefore, at first we adapt the (B1) and (B2) rules to the case of conditioned signed fuzzy
propositions, as shown below in Table D.16. The rules are a generalisation of those described
in Table D.9. Just note that e.g. with respect to rule (B1) in Table D.9, the condition

“if for all 1 ≤ j ≤ h, kj > 1− k . . .”

has been replaced with its adaption to the conditioned case

“if for all 1 ≤ j ≤ h, Sol(λj > 1− λ) = [0, k] . . .”

Note that Sol(λj > 1− λ) is the equivalent to Sol(Cond(NT(Aj > 1− λ),T(Aj ≥ λj))).

(B1)

〈T(A1 ∧ . . . ∧An → B ≥ λ), v ∈ r0〉,
〈T(A1 ≥ λ1), v ∈ r1〉, . . . , 〈T(Ah ≥ λh), v ∈ rh〉,
〈T(A1 > λh+1), v ∈ rh+1〉, . . . , 〈T(An > λn), v ∈ rn〉

〈T(B ≥ λ), v ∈ r〉

if for all 1 ≤ j ≤ h, Sol(λj > 1− λ) = [0, k] = rjk , for some k ∈ [0, k], and
for all h + 1 ≤ j ≤ n, Sol(λj ≥ 1− λ) = [0, k] = rjk , for some k ∈ [0, k], and
r = r0 ∩

⋂
1≤j≤n

(rj ∩ rjk )

(B2)

〈T(A→ B1 ∨ . . . ∨Bm ≥ λ), v ∈ r0〉,
〈NT(B1 ≥ λ1), v ∈ r1〉, . . . , 〈NT(Bh ≥ λh), v ∈ rh〉,
〈NT(Bh+1 > λh+1), v ∈ rh+1〉, . . . , 〈NT(Bm > λm), v ∈ rm〉

〈NT(A > 1− λ), v ∈ r〉

if for all 1 ≤ j ≤ h, Sol(λj ≤ λ) = [0, k] = rjk , for some k ∈ [0, k], and
for all h + 1 ≤ j ≤ m, Sol(λj < λ) = [0, k] = rjk , for some k ∈ [0, k], and
r = r0 ∩

⋂
1≤j≤m

(rj ∩ rjk )

Table D.16: Modified (B1) and (B2) rules for EasyMaxV al in case Lf
+.

The algorithm EasyMaxV al (see Table D.17) is a combination of algorithm EasyEntail+
and algorithm MaxV al and has the property to run in polynomial time.

Figure D.4 (see Example 61) shows a deduction tree which is the result of an application
of the EasyMaxV al algorithm.

Proposition 68 Let Σ ⊆ Lf
+, A ∈ Lf

+ and n ∈ [0, 1]. Then checking Maxdeg(Σ, A) ≥ n can
be done in time O(|Σ||A|), by running EasyMaxV al(Σ, A). �

D.3 Deciding entailment in Horn-Lf

As we did in Section C.3 and Section C.5 our aim is to investigate decision procedures which
are a combination of SLD-derivation and our decision procedure for Lf , Sat.
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Algorithm 17 (EasyMaxV al(Σ, A))
EasyMaxV al(Σ, A) takes as input Σ ⊆ Lf

+ and A ∈ Lf
+. EasyMaxV al(Σ, A) returns n iff

Maxdeg(Σ, A) = n. Let the root node be labelled with SΣ,A = TΣ ∪ {NT(A ≥ v)}. The
algorithm applies the rules of Table D.13 until each branch in the resulting tree TΣ,A is either
closed or completed. At each step of the construction of a deduction tree the following steps
are performed:

1. select a branch φ which is neither completed nor closed. If there is no such branch go
to Step 4.;

2. expand φ by means of the rules (A), (B1), (B2)(not applied to 〈σ, v ∈ r〉 if σ is an
implication), (B1) and (B2) until it becomes AB-completed. Let φ′ be the resulting
branch;

3. if φ′ is neither closed nor completed then

(a) select a conditioned signed expression ρ of type β, where ρ is 〈σ, v ∈ r〉 and σ
involves NT, which is not yet fulfilled in the branch;

(b) apply rule (PB) and go to Step 1;

otherwise, go to Step 1.

4. Let TΣ,A be the resulting tree and let rΣ,A = min max(TΣ,A). Let EasyMaxV al(Σ, A)
be n, where rΣ,A = [0, n], and exit.

Table D.17: Algorithm EasyMaxV al(Σ, A).

At first, we define the notions of SLD-derivation and SLD-refutation in Horn-Lf . Let G
be a goal of the form

← (A1 ≥ V1), . . . , (An ≥ Vn),
〈Vf1 , f1(Vf1

1
, . . . , Vf1

n1
)〉, . . . , 〈Vfk , fk(Vfk

1
, . . . , Vfk

nk
)〉 : V R.

Let E be a horn rule R of the form

(A ≥W )← (B1 ≥W1), . . . , (Bm ≥Wm), 〈W, f(W1, . . . , Wm)〉,

or a horn fact (p ≥ n).

1. If (Ai ≥ Vi) is the selected atom in G and if there is a most general unifier (mgu) θ of
(A ≥W ) and (Ai ≥ Vi) (i.e. A = Ai, θ = {W/Vi}), then the resolvent of the goal G and
the horn rule R using θ is the goal
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← ((A1 ≥ V1), . . . , (Ai−1 ≥ Vn),
(B1 ≥W1), . . . , (Bm ≥Wm),
(Ai+1 ≥ Vi+1), . . . , (An ≥ Vn),
〈Vf1 , f1(Vf1

1
, . . . , Vf1

n1
)〉, . . . , 〈Vfk , fk(Vfk

1
, . . . , Vfk

nk
)〉,

〈W, f(W1, . . . , Wm)〉)θ : V Rθ ∪ {Vi ≤W}.

2. If (Ai ≥ Vi) is the selected atom in G and if there is a mgu θ of (p ≥ n) and (Ai ≥ Vi)
(i.e. p = Ai, θ = {Vi/n}), then the resolvent of the goal G and the horn fact E is the
goal

← ((A1 ≥ V1), . . . , (Ai−1 ≥ Vn),
(Ai+1 ≥ Vn), . . . , (An ≥ Vn),
〈Vf1 , f1(Vf1

1
, . . . , Vf1

n1
)〉, . . . , 〈Vfk , fk(Vfk

1
, . . . , Vfk

nk
)〉)θ : V Rθ ∪ {Vi ≤ n}.

3. If 〈Vf i , f i(Vf i
1
, . . . , Vf i

ni
)〉 is the selected atom in G and, if it is of the form 〈Vfi, n〉, where

n ∈ [0, 1], then for θ = {Vfi/n} the resolvent of the goal G is the goal

← (A1 ≥ V1), . . . , (An ≥ Vn),
〈Vf1 , f1(Vf1

1
, . . . , Vf1

n1
)〉, . . . ,

〈Vf i−1 , f i−1(Vf i−1
1

, . . . , Vf i−1
ni−1

)〉,
〈Vf i+1 , f i+1(Vf i+1

1
, . . . , Vf i+1

ni+1
)〉, . . . ,

〈Vfk , fk(Vfk
1
, . . . , Vfk

nk
)〉)θ : V Rθ ∪ {Vfi ≤ n}.

A SLD-derivation for a goal G0 in a Horn-Lf KB Σ is a derivation constituted by:

1. a sequence of horn rules and horn facts E1, . . . , En in Σ;

2. a sequence of mgu’s θ1, . . . , θn;

3. a sequence of goals G0, . . . , Gn such that for each i ∈ {0, . . . , n−1}, Gi+1 is the resolvent
of Gi and Ei+1 using θi+1.

A SLD-derivation may terminate with an empty goal in which case the derivation is a SLD-
refutation.

Let Q be a query ∃V1, . . . , Vn.(A1 ≥ V1) ∧ . . . ∧ (An ≥ Vn). An answer θ to a query Q
w.r.t. a Horn-Lf KB Σ is called a computed answer if the goal associated with Qθ has
a SLD-refutation in Σ, i.e. if θ is the restriction to the variables in Q of the composition
θ1θ2 . . . θn, where θ1, . . . , θn are the mgu’s used in the SLD-refutation. The success set of Q
w.r.t. Σ is defined as

SuccessSet(Σ, Q) = {θ: θ computed answer of Q w.r.t. Σ}. (D.36)
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D.3.1 The case of horn Horn-Lf KBs

At first, we will concentrate our attention to those Horn-Lf KBs which are horn and establish
correctness and completeness of SLD-refutation.

Let us consider the following examples.

Example 63 Let Σ be the following horn Horn-Lf KB. With Ri we indicate the ith horn
rule and with Fj the jth horn fact.

Σ = { R1 : (A1 ≥ V1)← (A2 ≥ V2), (A3 ≥ V3), 〈V1,min{V2, V3}〉,
R2 : (A2 ≥ V4)← (A4 ≥ V5), (A5 ≥ V6), 〈V4, V5 · V6〉,
F1 : (A4 ≥ .5),
F2 : (A5 ≥ .8),
F3 : (A3 ≥ .7)}

Consider the query

Q = ∃V.(A1 ≥ V ).

and the associated goal of Q, GQ,

← (A1 ≥ V ), 〈V0, 1〉 : ∅.

Below we show that there is a SLD-refutation for goal GQ in Σ.

(1) ← (A1 ≥ V ), 〈V0, 1〉 : ∅
Associated goal GQ

(2) ← (A1 ≥ V ) : {V0 ≤ 1}
θ1 = {V0/1}

(3) ← (A2 ≥ V2), (A3 ≥ V3), 〈V, min{V2, V3}〉 : {V0 ≤ 1, V ≤ V1}
R1, θ2 = {V1/V }

(4) ← (A4 ≥ V5), (A5 ≥ V6), (A3 ≥ V3), 〈V, min{V2, V3}〉, 〈V2, V5 · V6〉 : {V0 ≤ 1, V ≤ V1, V2 ≤ V4}
R2, θ3 = {V4/V2}

(5) ← (A5 ≥ V6), (A3 ≥ V3), 〈V, min{V2, V3}〉, 〈V2, .5 · V6〉 : {V0 ≤ 1, V ≤ V1, V2 ≤ V4, V5 ≤ .5}
F1, θ4 = {V5/.5}

(6) ← (A3 ≥ V3), 〈V, min{V2, V3}〉, 〈V2, .5 · .8〉 : {V0 ≤ 1, V ≤ V1, V2 ≤ V4, V5 ≤ .5, V6 ≤ .8}
F2, θ5 = {V6/.8}

(7) ← (A3 ≥ V3), 〈V, min{.4, V3}〉 : {V0 ≤ 1, V ≤ V1, .4 ≤ V4, V5 ≤ .5, V6 ≤ .8, V2 ≤ .4}
θ6 = {V2/.4}

(8) ← 〈V, min{.4, .7}〉 : {V0 ≤ 1, V ≤ V1, .4 ≤ V4, V5 ≤ .5, V6 ≤ .8, V2 ≤ .4, V3 ≤ .7}
F3, θ7 = {V3/.7}

(9) ← : {V0 ≤ 1, .4 ≤ V1, .4 ≤ V4, V5 ≤ .5, V5 ≤ .5, V2 ≤ .4, V3 ≤ .7, V ≤ .4}
θ8 = {V/.4}

The computed answer θ is the restriction to the fuzzy variable V of θ1θ2 · · · θ8, i.e. θ = {V/.4}.
Now, Qθ is (A1 ≥ .4). It can be verified that Σ|≈4(A1 ≥ .4). It follows that θ is a correct
answer.

Example 64 Let Σ be the following horn Horn-Lf KB.

Σ = { R1 : (A1 ≥ V1)← (A2 ≥ V2), 〈V1,
√

V2〉,
F1 : (A2 ≥ .4),
F2 : (A2 ≥ .9)}
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Consider the query

Q = ∃V.(A1 ≥ V ).

The associated goal of Q is

GQ =← (A1 ≥ V ), 〈V0, 1〉 : ∅.

Below we show that there are two SLD-refutations for goal GQ in Σ.

(1) ← (A1 ≥ V ), 〈V0, 1〉 : ∅ Associated goal GQ

(2) ← (A1 ≥ V ) : {V0 ≤ 1} θ11 = {V0/1}
(3) ← (A2 ≥ V2), 〈V,

√
V2〉 : {V0 ≤ 1, V ≤ V1} R1, θ12 = {V1/V }

(4) ← 〈V,
√

.4〉 : {V0 ≤ 1, V ≤ V1, V2 ≤ .4} F1, θ13 = {V2/.4}
(5) ← : {V0 ≤ 1, V ≤ V1, V2 ≤ .4, V ≤

√
.4} θ14 = {V/

√
.4}

(1) ← (A1 ≥ V ), 〈V0, 1〉 : ∅ Associated goal GQ

(2) ← (A1 ≥ V ) : {V0 = 1} θ21 = {V0/1}
(3) ← (A2 ≥ V2), 〈V,

√
V2〉 : {V0 = 1, V ≤ V1} R1, θ22 = {V1/V }

(4) ← 〈V,
√

.9〉 : {V0 = 1, V ≤ V1, V2 ≤ .9} F2, θ23 = {V2/.9}
(5) ← : {V0 = 1, V ≤ V1, V2 ≤ .9, V =

√
.9} θ24 = {V/

√
.9}

The success set is SuccessSet(Σ, Q) = {θ1, θ2}, where θ1 = {V/
√

.4} and θ2 = {V/
√

.9}.
Moreover, each computed answer θi is a correct answer, i.e. Σ|≈4Qθi and Maxdeg(Σ, Q) = θ2.
Since θ1 < θ2, it follows that Maxdeg(Σ, Q) =↑ SuccessSet(Σ, Q). It follows that for each
correct answer θ there is the computed answer θ2 =↑ SuccessSet(Σ, Q) such that θ2 ≥ θ1.
For instance, for θ = {V/.4} it is easily verified that θ is a correct answer to the query Q
w.r.t. Σ, i.e. Σ|≈4(A1 ≥ .4) and θ2 ≥ θ holds (

√
.9 ≥ .4).

In the following example we show that the condition of being nondecreasing for fuzzy degree
functions is necessary in order to preserve correctness of the calculus.

Example 65 Let Σ be the following horn Horn-Lf KB.

Σ = { R1 : (A1 ≥ V1)← (A2 ≥ V2), 〈V1, 1− V2〉,
F1 : (A2 ≥ .8)}

Just notice here that the function f(V2) = 1−V2 is a decreasing function. Consider the query

Q = ∃V.(A1 ≥ V ).

The associated goal of Q is

GQ =← (A1 ≥ V ), 〈V0, 1〉 : ∅.

Below we show that there is a SLD-refutations for goal GQ in Σ.

(1) ← (A1 ≥ V ), 〈V0, 1〉 : ∅ Associated goal GQ

(2) ← (A1 ≥ V ) : {V0 = 1} θ1 = {V0/1}
(3) ← (A2 ≥ V2), 〈V, 1− V2〉 : {V0 = 1, V ≤ V1} R1, θ2 = {V1/V }
(4) ← 〈V, 1− .8〉 : {V0 = 1, V ≤ V1, V2 ≤ .8} F1, θ3 = {V2/.8}
(5) ← : {V0 = 1, V ≤ V1, V2 ≤ .8, V = .2} θ4 = {V/.2}
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The computed answer is θ = {V/.2}. But, Σ|≈4(A1 ≥ 1). In fact, suppose that Σ �|≈4(A1 ≥ 1),
i.e. there is an interpretation I satisfying Σ such that |A1|t < 1. Let

V1
I = |A1|t+1

2

V2
I = 1−|A1|t

2 .

Note that V1
I ≤ 1−V2

I , V1
I > |A1|t and V2

I < .8. It follows that I does not satisfy R1, and
thus, I does not satisfy Σ, contrary to our assumption. Hence, the set of computed answer θ
is not complete.

Finally, the following example shows that some termination problems could arise with recur-
sive horn Horn-Lf KBs.

Example 66 Let Σ be the following recursive horn Horn-Lf KB.

Σ = { R1 : (A1 ≥ V1)← (A1 ≥ V2), 〈V1,
V2+1

2 〉,
F1 : (A1 ≥ m)}

It can be verified that Σ|≈4(A1 ≥ n), for all n ≥ m. In particular, Maxdeg(Σ, Q) = 1. But,
consider the query Q = ∃V.(A1 ≥ V ). The associated goal of Q is GQ =← (A1 ≥ V ), 〈V0, 1〉 :
∅.

Of course, θ0 = {V/m} is a correct answer. Moreover, it can easily be verified that for
each k ≥ 1, θk = {V/m+2k−1

2k } is a correct answer too. Therefore, the success set of Q w.r.t. Σ
is the infinite set S = {θk : k ≥ 0}. As a consequence, we are unable to compute the success
set completely, i.e. we cannot compute Maxdeg(Σ, Q). Just note that Maxdeg(Σ, Q) = ↑ S
= ↑ {θk : k ≥ 0}. Since θk is increasing in k, it follows that

Maxdeg(Σ, Q) = lim
k→∞

m + 2k − 1
2k

= 1.

The examples above lead us to the convincement that computed answers of a query Q w.r.t. a
KB Σ are correct and, if Σ is not recursive, that for each correct answer θ1 there is a computed
answer θ2 such that θ1 ≤ θ2. We can confirm this by means of the following proposition.

Proposition 69 Let Σ be a horn Horn-Lf KB and let Q be a query:

1. every computed answer θ of Q w.r.t. Σ is a correct answer (correctness), i.e.

SuccessSet(Σ, Q) ⊆ AnswerSet(Σ, Q);

2. if Σ is not recursive then for every correct answer θ1 of Q w.r.t. Σ there is a computed
answer θ2 of Q w.r.t. Σ such that θ1 ≤ θ2 (completeness). �

Proof: (Sketch) We first consider Point 1. Let G be a goal, E be a horn rule or a horn
fact. Let G′ be the resolvent of the goal G and E by using mgu θ. We show that if I is an
interpretation satisfying both G and E, the I satisfies G′. In order to ease the proof, we will
restrict G and E to a simple form. The generalisation is straightforward. We have 3 cases to
consider.
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1. Let G be a goal of the form

← (A1 ≥ V1), (A2 ≥ V2), 〈V, f1(V1, V2)〉 : ∅

and let E be a horn rule of the form

(A1 ≥ V3)← (A3 ≥ V4), 〈V3, f
2(V4)〉.

Let (A1 ≥ V1) be the selected atom in G. The mgu is θ = {V3/V1}. By definition, the
resolvent G′ of G and E using θ is

← (A3 ≥ V4), (A2 ≥ V2), 〈V, f1(V1, V2)〉, 〈V1, f
2(V4)〉 : {V1 ≤ V3}.

Let I be an interpretation satisfying G and E. We show that I satisfies G′. Let
8m ∈ [0, 1]5 such that I %m

%V
satisfies {V1 ≤ V3}. We show that I %m

%V
does not satisfy some

atom of G′.

Assume that 8m = (m, m1, m2, m3, m4), 8V = (V, V1, V2, V3, V4). Since I %m
%V

satisfies {V1 ≤
V3}, it follows that m1 ≤ m3. I satisfies G. Therefore, for m ≤ f1(m1, m2) (i) the case
where I %m

%V
does not satisfy (A2 ≥ V2) is trivial; (ii) if I %m

%V
does not satisfy (A1 ≥ V1), from

m1 ≤ m3 it follows that I %m
%V

does not satisfy (A1 ≥ V3). But I satisfies E. Therefore, for
m3 ≤ f2(m4), I %m

%V
does not satisfy (A3 ≥ V4). But m1 ≤ m3 and, thus, for m1 ≤ f2(m4)

I %m
%V

does not satisfy (A3 ≥ V4) which completes the case.

2. Let G be a goal of the form

← (A1 ≥ V1), (A2 ≥ V2), 〈V, f(V1, V2)〉 : ∅

and let E be a horn fact of the form

(A1 ≥ n).

The mgu is θ = {V1/n}. By definition, the resolvent G′ of G and E using θ is

← (A2 ≥ V2), 〈V, f(n, V2)〉 : {V1 ≤ n}.

Let I be an interpretation satisfying G and E. We show that I satisfies G′. Let
8m ∈ [0, 1]3 such that I %m

%V
satisfies {V1 ≤ n}. We show that I %m

%V
does not satisfy some

atom of G′.

Assume that 8m = (m, m1, m2), 8V = (V, V1, V2). Since I %m
%V

satisfies {V1 ≤ n}, it follows
that m1 ≤ n. I satisfies G. Therefore, for m ≤ f(m1, m2) if I %m

%V
does not satisfy

(A1 ≥ V1), from m1 ≤ n it follows that I %m
%V

does not satisfy (A1 ≥ n), contrary to
the assumption that I satisfies (A1 ≥ n). Hence, I %m

%V
does not satisfy (A2 ≥ V2) or

〈V, f(V1, V2)〉. Therefore, for m ≤ f(m1, m2) I %m
%V

does not satisfy (A2 ≥ V2). Since
m1 ≤ n and f is nondecreasing in all its arguments, it follows that m < f(n, m2).
Therefore, for m ≤ f(n, m2) I %m

%V
does not satisfy (A2 ≥ V2), which completes the case.
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3. Let G be a goal of the form

← (A1 ≥ V1), 〈V, f(V1, V2)〉, 〈V2, n〉 : ∅

The mgu is θ = {V2/n}. By definition, the resolvent G′ of G using θ is

← (A1 ≥ V1), 〈V, f(V1, n)〉 : {V2 ≤ n}

Let I be an interpretation satisfying G. We show that I satisfies G′. Let 8m ∈ [0, 1]3

such that I %m
%V

satisfies {V2 ≤ n}. We show that I %m
%V

does not satisfy some atom of G′.

Assume that 8m = (m, m1, m2), 8V = (V, V1, V2). Since I %m
%V

satisfies {V2 ≤ n}, it follows
that m2 ≤ n. I satisfies G. Therefore, I %m

%V
satisfies 〈V2, n〉. Hence, I %m

%V
does not satisfy

(A1 ≥ V1) or 〈V, f(V1, V2)〉. But, for m ≤ f(m1, m2) I %m
%V

does not satisfy (A1 ≥ V1).
But, m2 ≤ n, and thus, m < f(m1, n). As a consequence, for m < f(m1, n) I %m

%V
does

not satisfy (A1 ≥ V1), which completes the case.

For Point 2., we will only give a sketch of the proof. Essentially, the proof follows the
completeness proof for logic programs (see e.g. [194]).

A fuzzy Herbrand base w.r.t. Σ is a set of horn facts (p ≥ n) such that p occurs in Σ.
We will indicate it with BΣ. A fuzzy Herbrand interpretation w.r.t. Σ is a set M ⊆ BΣ.
We will say that M is maximal iff for no (p ≥ n1) ∈ M there is (p ≥ n2) ∈ M such that
n2 > n1. A fuzzy Herbrand model of horn Horn-Lf KB Σ is a fuzzy Herbrand interpretation
satisfying Σ. Of course, for each fuzzy Herbrand model M of Σ, the maximal fuzzy Herbrand
model MAX(M), of Σ is such that MAX(M) ⊆ M , where MAX(M) = {(p ≥ n) ∈ M :n =
max{m: (p ≥ m) ∈ M}}. Clearly, if {Mi}i∈I is a set of Herbrand models of Σ, then

⋂
i∈I Mi

is a fuzzy Herbrand model, called the least fuzzy Herbrand model. With MΣ we indicate the
maximal least fuzzy Herbrand model of Σ.

Similarly to the non fuzzy case, it can be shown that

Claim 1 The maximal least fuzzy Herbrand model of Σ, if Σ is not recursive, is MΣ =
{(p ≥ n) : n = Maxdeg(Σ, p)}.

Now, consider the following mapping

TΣ: 2BΣ → 2BΣ

defined as follows. Let M be a fuzzy Herbrand interpretation w.r.t. Σ. Then if M �= ∅ then

TΣ(M) = {(p ≥ k) ∈ BΣ: (A ≥ V )← (A1 ≥ V1), . . . , (An ≥ Vn), 〈V, f(V1, . . . , Vn)〉 ∈ ΣR,

(A1 ≥ m1), . . . , (An ≥ mn) ∈M,

k = f(m1, . . . , mn)}.

If M = ∅ then

TΣ(∅) = {(p ≥ n) ∈ ΣF }
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Let T k
Σ defined as usual:

T 1
Σ(M) = TΣ(M)

T k+1
Σ (M) = TΣ(T k

Σ(M))

Similarly to the non fuzzy case, it can be shown that

Claim 2 Let Σ be a not recursive horn Horn-Lf KB. Then the maximal least fuzzy Herbrand
model of Σ, MΣ, is such that

MΣ = MAX(lfp(TΣ) = MAX( lim
n→∞Tn

Σ(∅)),

where lfp(TΣ) is the least fixpoint of TΣ.

This give us a way to prove Point 2. Suppose Σ|≈4(A ≥ n). Then we know from Claim 1
that there is (A ≥ m) ∈ MΣ such that m ≥ n. But, from Claim 2 it follows that (A ≥ m) ∈
MAX(limn→∞ TΣ(∅)). Hence, there is a k ≥ 1 such that (A ≥ n) ∈MAX(T k

Σ(∅)). From this
it is easily verified that ← (A ≥ m) has a SLD-refutation in Σ, proving Point 2. Q.E.D.

Proposition 70 Let Σ be a not recursive horn Horn-Lf KB and let Q be a query. Then

Maxdeg(Σ, Q) =↑ SuccessSet(Σ, Q).

�

Proof: Form Proposition 69 we have that for each correct answer θ1, there is a com-
puted answer θ2 such that θ1 ≤ θ2. Now consider θ1 = Maxdeg(Σ, Q). By definition, θ1 ∈
AnswerSet(Σ, Q) and θ1 =↑ AnswerSet(Σ, Q). Therefore, there is θ2 ∈ SuccessSet(Σ, Q)
such that θ1 ≤ θ2. Let θ3 =↑ SuccessSet(Σ, Q). Therefore, θ1 ≤ θ3. But, SuccessSet(Σ, Q) ⊆
AnswerSet(Σ, Q), and thus, θ3 =↑ SuccessSet(Σ, Q) ≤↑ AnswerSet(Σ, Q) = θ1. Therefore,
Maxdeg(Σ, Q) = ↑ AnswerSet(Σ, Q) = θ1 = θ3 = ↑ SuccessSet(Σ, Q). Q.E.D.

Proposition 70 give us immediately a first method in order to compute the maximal degree
of truth of a query Q w.r.t. a not recursive KB Σ.

In the following we will present an alternative method in order to determine whether
Σ|≈4Q. Essentially, we transform Σ and Q into a first-order logic program ϕ(Σ) and a
first-order query ϕ(Q), respectively, in such a way that Σ|≈4Q can be decided in terms of
ϕ(Σ) |=2 ϕ(Q). As a consequence, we can decide Σ|≈4Q by relying on a standard first-order
prolog system.

For each letter A ∈ L consider an unary first-order predicate A(·) and let Σ be a horn
Horn-Lf KB: ϕ is the following function.

1. Let R be a horn rule of the form

(A ≥ V )← (A1 ≥ V1), . . . , (An ≥ Vn), 〈V, f(V1, . . . , Vn)〉.

Then

ϕ(R) = A(V )← A1(V1), . . . , An(Vn), V = f(V1, . . . , Vn).
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2. Let γ be a horn fact (i.e. a fuzzy proposition) of the form (p ≥ n). Then

ϕ(γ) = P (n).

3. Let Q be a query of the form

∃V1, . . . , Vn.(A1 ≥ V1) ∧ . . . ∧ (An ≥ Vn).

Then

ϕ(Q) = ∃V1, . . . , Vn.A1(V1) ∧ . . . ∧An(Vn).

4. Let Σ be a horn Horn-Lf KB. Then

ϕ(ΣF ) = {ϕ(γ): γ ∈ ΣF }
ϕ(ΣR) = {ϕ(R):R ∈ ΣR}
ϕ(Σ) = ϕ(ΣR) ∪ ϕ(ΣF ).

Essentially, ϕ transforms horn Horn-Lf KBs and queries into First-Order logic programs and
logic program queries, respectively. Notice that we have to restrict the fuzzy degree function
to those case for which V = f(V1, . . . , Vn) can be expressed in logic programming.

Example 67 Consider Σ and Q in Example 64. By definition, ϕ(Σ) and ϕ(Q) are

ϕ(Σ) = { R1 : A1(V1)← A2(V2), V1 =
√

V2,
F1 : A2(.4),
F2 : A2(.9)}

and

ϕ(Q) = ∃V.A1(V ).

The associated goal of ϕ(Q) is

Gϕ(Q) =← A1(V ).

Below we show that there are two SLD-refutations for goal Gϕ(Q) in ϕ(Σ).

(1) ← A1(V ) Associated goal Gϕ(Q)

(2) ← A2(V2), V =
√

V2 R1, θ11 = {V1/V }
(3) ← V =

√
.4 F1, θ12 = {V2/.4}

(4) ← θ13 = {V/
√

.4}

(1) ← A1(V ) Associated goal Gϕ(Q)

(2) ← A2(V2), V =
√

V2 R1, θ21 = {V1/V }
(3) ← V =

√
.9 F1, θ22 = {V2/.9}

(4) ← θ23 = {V/
√

.9}

The success set is S = {θ1, θ2}, where θ1 = {V/
√

.4} and θ2 = {V/
√

.9}. Notice that each
computed answer θi is also a computed answer in Example 64. This is justified by the fact
that there is a easy to see correspondence between the SLD-refutations in Example 64 and
the SLD-refutations above.
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The following proposition shows that each computed answer θ w.r.t. SLD-derivation in horn
Horn-Lf is also a computed answer w.r.t. to the transformation ϕ and vice-versa.

Proposition 71 Let Σ be a horn Horn-Lf KB, let Q be a query. Then

SuccessSet(Σ, Q) = SuccessSet(ϕ(Σ), ϕ(Q)).

�

Proof: (Sketch). The proof is given by induction on the length n of SLD-refutations. It
is easily verified that there is a bijection between SLD-refutations for ← GQ w.r.t. Σ and
SLD-refutations for ← Gϕ(Q) w.r.t. ϕ(Σ). Q.E.D.

The above proposition has an enormous impact from an implementation point of view. It
mainly says that rather than building a new engine, we can rely on an existing one: namely
on a standard prolog system. It allows us also to compute Maxdeg(Σ, Q) according to
Proposition 70 and Proposition 71.

D.3.2 The case of generic Horn-Lf KBs

Suppose that Σ is a generic Horn-Lf KBs and Q is a query. How can we determine
Maxdeg(Σ, Q)? We will see that we can apply Method 2 or Method 4 as in case of L (see
Page 179), by relying on Proposition 52, Proposition 53, Proposition 25 and Proposition 26.

Proposition 72 Let Σ be a Horn-Lf KB and let Q be a query. Then Σ|≈4Q if either

1. there is a SLD-refutation for goal GQ in Σ; or

2. there are n ≥ 1 SLD-derivations for goal GQ in Σ ending with goals GQ1 , . . . , GQn, such
that for all four-valued canonical models I of four-valued completions S̃ belonging to
Completions(TΣF ), I does satisfy some Qi, for 1 ≤ i ≤ n.

If Σ is not recursive then the only if direction (completeness) holds too. �

Combining Proposition 72 with Proposition 71, the following methods determine whether
Σ|≈4Q (the methods are complete if Σ is not recursive).

Method 2: Collect n ≥ 1 SLD-derivations of GQ in Σ, ending with goals GQ1 , . . . , GQn , until
(i) there is an empty goal; or, (ii) for all four-valued canonical models I of four-valued
completions S̃ ∈ Completions(TΣF ), I does satisfy some Qi, for 1 ≤ i ≤ n. In the
worst case we have to compute all SLD-derivations.

Method 4.1: Compute Completions(TΣF ). Determine whether for all S̃ ∈ Completions(TΣF ),
GQ has a SLD-refutation in Σ+

S̃ ∪ ΣR, i.e. whether Σ+
S̃ ∪ ΣR|≈4Q. Note that Σ+

S̃ ∪ ΣR

is a horn Horn-Lf KB.

Method 4.2: Compute Completions(TΣF ). Determine whether for all S̃ ∈ Completions(TΣF ),
Gϕ(Q) has a SLD-refutation in ϕ(Σ+

S̃ ∪ ΣR), i.e. whether ϕ(Σ+
S̃ ∪ ΣR) |=2 ϕ(Q). Note

that ϕ(Σ+
S̃ ∪ ΣR) is a first-order horn KB.
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Example 68 Consider

Σ = { R1 : (A1 ≥ V1)← (A2 ≥ V2), 〈V1, V2〉,
R2 : (A1 ≥ V3)← (A3 ≥ V4), 〈V3,

√
V4〉,

F1 : (A2 ∨A3 ≥ .4)}

and query

Q = ∃V.(A1 ≥ V1).

We would like to verify that Maxdeg(Σ, Q) = {V/.4}. It can be verified that Completions(
TΣF ) = {S̃1, S̃2}, where

S̃1 = {T(A2 ≥ .4)},
S̃1 = {NT(A2 ≥ .4),T(A3 ≥ .4)}.

It follows that Σ+
S̃1

= {(A2 ≥ .4)}, whereas Σ+
S̃2

= {(A3 ≥ .4)}.
As a consequence, the success set of Q w.r.t. Σ+

S̃1
∪ΣR is {θ1} (θ1 = {V/.4}), whereas the

success set of Q w.r.t. Σ+
S̃2
∪ΣR is {θ2} (θ2 = {V/

√
.4}) (similarly for the success set of ϕ(Q)

w.r.t. ϕ(Σ+
S̃i
∪ ΣR), i = 1, 2). What is Maxdeg(Σ, Q)? Clearly,

Maxdeg(Σ, Q) = Maxdeg(Σ+
S̃1
∪ ΣR, Q) ↓Maxdeg(Σ+

S̃2
∪ ΣR, Q).

Since
√

.4 > .4, it follows that Maxdeg(Σ, Q) = θ1

Finally, the following proposition shows us how to compute Maxdeg(Σ, Q).

Proposition 73 Let Σ be a not recursive Horn-Lf KB and let Q be a query. Let Completions(TΣF ) =
{S̃1, . . . , S̃k}. Then

Maxdeg(Σ, Q) = ↓1≤i≤k {Maxdeg(Σ+
S̃i
∪ ΣR, Q)}

= ↓1≤i≤k {Maxdeg(ϕ(Σ+
S̃i
∪ ΣR), ϕ(Q))}

Notice that from an implementation point of view, certainly the last point is the easiest to
implement (corresponds to Method 4.2).

D.4 Deciding entailment in fuzzy ALC
The decision procedures we will see in this section are mainly a simple combination of those
seen in Section D.2 about the four-valued fuzzy propositional logic Lf

+ and those seen in
Section C.4 about crisp four-valued ALC. The decision procedure we will develop is restricted
to the case of well formed KBs only. Hence, our purpose is to device a decision procedure
for determining Σ|≈4(A ≥ n), where A is an assertion an Σ is a well formed fuzzy KB. The
procedure is an extension of the one for deciding entailment in Lf

+ to the fuzzy ALC case.
In the following, signed fuzzy formulae are expressions of type
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T(A ≥ n),
NT(A ≥ n),
T(A > n), and
NT(A > n),

(D.37)

where A is an assertion and n > 0. Moreover, we will assume that each specialisation C → D
is a signed fuzzy formula, too. We will use, as usual, σ as a metavariable for signed fuzzy
formulae. In the following, we will use γ as metavariable for fuzzy expressions of type (A ≥ n)
or (A > n).

We extend interpretation functions in such a way that it has also to satisfy

t ∈ (A > n)I iff |A|t > n

f ∈ (A > n)I iff |A|f > n
(D.38)

Of course, an interpretation I satisfies (A > n) iff t ∈ (A > n)I . Now, an interpretation I
satisfies a signed fuzzy formula σ iff

I satisfies γ if σ = Tγ
I does not satisfy γ if σ = NTγ

(D.39)

Just note that, e.g. if I satisfies NT(A > n) then |A|t ≤ n. Finally, I satisfies a set of signed
fuzzy formulae S iff I satisfies every component of S.

Given a fuzzy KB Σ, let

TΣ = {Tγ : γ ∈ ΣF } ∪ {C → D ∈ ΣT }. (D.40)

As a consequence of the above definition, we have the well known condition

Σ|≈4(A ≥ n) iff TΣ ∪ {NT(A ≥ n)} is not satisfiable (D.41)

reducing the entailment decision problem between a fuzzy ALC KB and an assertion to the
non-satisfiability decision problem of a set of signed fuzzy formulae.

Now, we go on to define conjugated signed fuzzy formulae, signed fuzzy formulae of con-
junctive type (of type α) and signed fuzzy formulae of disjunctive type (of type β), respectively.

With respect to conjugates we have the same table as Table D.7 for the Lf
+ case. Each

entry says us under which conditions the row-column pair of signed expressions are conjugated.
A × symbol in an entry means that the pair cannot be a conjugated one.

T(A ≥ m) T(A > m) NT(A ≥ m) NT(A > m)
T(A ≥ n) × × n ≥ m n > m

T(A > n) × × n ≥ m n ≥ m

NT(A ≥ n) n ≤ m n ≤ m × ×
NT(A > n) n < m n ≤ m × ×

Table D.18: Conjugated signed fuzzy formulae in fuzzy ALC.
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Given two signed fuzzy formulae σ1 and σ2, we define Cond(σ, σ2) to be the condition, accord-
ing to Table D.18, under which σ1 and σ2 are conjugated, e.g. Cond(T(A ≥ n),NT(A ≥ m)) =
n ≥ m and Cond(T(A ≥ n),T(A ≥ m)) = ×. Given a signed fuzzy formulae σ with σc we
indicate a conjugate of σ (if there exists one). Just notice that, as for Lf

+, a conjugate of a
signed fuzzy formula may be not unique, as there are could be infinitely many. With σc,max

we indicate the conjugate of σ obtained by exchanging the symbols T and NT in σ. Of course
σc,max is unique.

Signed formulae of type α (of conjunctive type) and β (of disjunctive type) and on their
components are defined as follows (see crisp ALC case and Table D.8 for the Lf

+ case):

1. With respect to the connectives �,! we have:

α α1 α2

T((C �D)(w) ≥ n) T(C(w) ≥ n) T(D(w) ≥ n)
T((C �D)(a) > n) T(C(w) > n) T(D(w) > n)
NT((C !D)(a) ≥ n) NT(C(w) ≥ n) NT(D(w) ≥ n)
NT((C !D)(a) > n) NT(C(w) > n) NT(D(w) > n)

β β1 β2

T((C !D)(w) ≥ n) T(C(w) ≥ n) T(D(w) ≥ n)
T((C !D)(w) > n) T(C(w) > n) T(D(w) > n)
NT((C �D)(w) ≥ n) NT(C(w) ≥ n) NT(D(w) ≥ n)
NT((C �D)(w) > n) NT(C(w) > n) NT(D(w) > n)

2. With respect to fuzzy specializations we have:

β β1 β2 Condition
C → D NT(C(w) ≥ n) T(D(w) ≥ n) for all objects w, for all n ∈ [0, 1]

We will say that the specialisation σ has been instantiated with w and n, if w is the
object and n is the real involved in σ’s components.

Signed formulae of this type are indicated also with β→ and their components with β→
1

and β→
2 .

Just notice here that the table for fuzzy specialization C → D is the result of viewing
it according to Equation 8.47.

3. With respect to the ∀ and ∃ connectives we have:

α α1 α2 Condition
NT((∀R.C)(w) ≥ n) T(R(w, x) > 1− n) NT(C(x) ≥ n) for a new variable x
NT((∀R.C)(w) > n) T(R(w, x) ≥ 1− n) NT(C(x) > n) for a new variable x
T((∃R.C)(w) ≥ n) T(R(w, x) ≥ n) T(C(x) ≥ n) for a new variable x
T((∃R.C)(w) > n) T(R(w, x) > n) T(C(x) > n) for a new variable x

Signed fuzzy formulae of this type are indicated also with α∃ and their components
with α∃

1 and α∃
2 , respectively. Moreover, we define Ind(α∃) = a, Ind(α∃

i ) = x and
Role(α∃) = R.
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β β1 β2 Condition
T((∀R.C)(w) ≥ n) NT(R(w, v) > 1− n) T(C(v) ≥ n) for all objects v
T((∀R.C)(w) > n) NT(R(w, v) ≥ 1− n) T(C(v) > n) for all objects v
NT((∃R.C)(w) ≥ n) NT(R(w, v) ≥ n) NT(C(v) ≥ n) for all objects v
NT((∃R.C)(w) > n) NT(R(w, v) > n) NT(C(v) > n) for all objects v

Signed fuzzy formulae of this type are indicated also with β∀ and their components with
β∀

1 and β∀
2 , respectively. Let Ind(β∀) = a, Ind(β∀

i ) = v and Role(β∀) = R.

Moreover, we will say that the above signed fuzzy formulae σ of type α∃ (β∀) has
been instantiated with x (v), if x is the new variable (object v is) involved in σ’s
components and given by the condition. For instance, if α∃ = T((∃R.C)(a) ≥ n) has
been instantiated with x then α∃

1 is T(R(a, x) ≥ n), whereas α∃
2 is T(C(x) ≥ n).

In one shot, the α and β tables are shown in Table D.19 below.

α α1 α2 Condition
T((C �D)(w) ≥ n) T(C(w) ≥ n) T(D(w) ≥ n)
T((C �D)(a) > n) T(C(w) > n) T(D(w) > n)
NT((C !D)(a) ≥ n) NT(C(w) ≥ n) NT(D(w) ≥ n)
NT((C !D)(a) > n) NT(C(w) > n) NT(D(w) > n)
NT((∀R.C)(w) ≥ n) T(R(w, x) > 1− n) NT(C(x) ≥ n) for a new variable x
NT((∀R.C)(w) > n) T(R(w, x) ≥ 1− n) NT(C(x) > n) for a new variable x
T((∃R.C)(w) ≥ n) T(R(w, x) ≥ n) T(C(x) ≥ n) for a new variable x
T((∃R.C)(w) > n) T(R(w, x) > n) T(C(x) > n) for a new variable x

β β1 β2 Condition
T((C !D)(w) ≥ n) T(C(w) ≥ n) T(D(w) ≥ n)
T((C !D)(w) > n) T(C(w) > n) T(D(w) > n)
NT((C �D)(w) ≥ n) NT(C(w) ≥ n) NT(D(w) ≥ n)
NT((C �D)(w) > n) NT(C(w) > n) NT(D(w) > n)

C → D NT(C(w) ≥ n) T(D(w) ≥ n) for all objects w, for all n ∈ [0, 1]
T((∀R.C)(w) ≥ n) NT(R(w, v) > 1− n) T(C(v) ≥ n) for all objects v
T((∀R.C)(w) > n) NT(R(w, v) ≥ 1− n) T(C(v) > n) for all objects v
NT((∃R.C)(w) ≥ n) NT(R(w, v) ≥ n) NT(C(v) ≥ n) for all objects v
NT((∃R.C)(w) > n) NT(R(w, v) > n) NT(C(v) > n) for all objects v

Table D.19: α and β table for fuzzy ALC.

We extend the definition of closed branch φ by saying that a branch φ in a deduction tree is
closed whenever it contains a conjugated pair or it contains T(A > 1).

The decision algorithm is a fuzzy extension of procedure AcyclicSatDL(S). At first, the
rules are a combination of the rules for Lf

+ (see Table D.3) and those for ALC in the case of
well formed KBs (see Table C.15), and are shown in Table D.20.

The definitions of deduction tree, closed tree, AB-analysed formula in a branch φ, AB-
completed branch φ and of fulfilled signed fuzzy formula is as for ALC(see page 185).

Moreover, let S be a set of signed fuzzy formulae. With S(→) we indicate the set

S(→) = {C → D ∈ S}. (D.42)
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(A)
α

α1, α2 if α is not of type α∃

(B1)
β, βc

1

β2 if β is not of type C → A

(B2)
β, βc

2

β1 if β is neither of type β∀ nor of type A → C

(PB)
β

β1 βc,max
1 , β2 if β is neither of type β∀ nor of type β→

Table D.20: Semantic tableaux for well formed fuzzy ALC KBs.

The α∃ expressions and β∀ expressions will be handled in a similar way as for ALC. If there
is a signed fuzzy formula α∃ ∈ S then let S(α∃) defined as follows (see (C.31) and (C.32) as
a comparison to the crisp ALC case):

S(T((∃R.C)(w) ≥ m)) = {T(C(x) ≥ m)} ∪
{T(D(x) ≥ n) : T((∀R.D)(w) ≥ n) ∈ S, m > 1− n} ∪
{T(D(x) > n) : T((∀R.D)(w) > n) ∈ S, m ≥ 1− n} ∪
{NT(D(x) ≥ n) : NT((∃R.D)(w) ≥ n) ∈ S, m ≥ n}∪
{NT(D(x) > n) : NT((∃R.D)(w) > n) ∈ S, m > n}

(D.43)

S(T((∃R.C)(w) > m)) = {T(C(x) > m)} ∪
{T(D(x) ≥ n) : T((∀R.D)(w) ≥ n) ∈ S, m ≥ 1− n} ∪
{T(D(x) > n) : T((∀R.D)(w) > n) ∈ S, m ≥ 1− n} ∪
{NT(D(x) ≥ n) : NT((∃R.D)(w) ≥ n) ∈ S, m ≥ n}∪
{NT(D(x) > n) : NT((∃R.D)(w) > n) ∈ S, m ≥ n}

(D.44)

S(NT((∀R.C)(w) ≥ m)) = {NT(C(x) ≥ m)} ∪
{T(D(x) ≥ n) : T((∀R.D)(w) ≥ n) ∈ S, m ≤ n} ∪
{T(D(x) > n) : T((∀R.D)(w) > n) ∈ S, m ≤ n} ∪
{NT(D(x) ≥ n) : NT((∃R.D)(w) ≥ n) ∈ S, 1−m ≥ n}∪
{NT(D(x) > n) : NT((∃R.D)(w) > n) ∈ S, 1−m ≥ n}

(D.45)

S(NT((∀R.C)(w) > m)) = {NT(C(x) > m)} ∪
{T(D(x) ≥ n) : T((∀R.D)(w) ≥ n) ∈ S, m < n} ∪
{T(D(x) > n) : T((∀R.D)(w) > n) ∈ S, m ≤ n} ∪
{NT(D(x) ≥ n) : NT((∃R.D)(w) ≥ n) ∈ S, 1−m ≥ n}∪
{NT(D(x) > n) : NT((∃R.D)(w) > n) ∈ S, 1−m > n},

(D.46)

where x is a new variable.
As for the crisp ALC case (see Equation (C.33)), the above four equations can be rewritten

in the following compact way:
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S(α∃) = {α∃
2}∪

{β∀
2 : β∀ ∈ S,

Ind(α∃) = Ind(β∀),
Role(α∃) = Role(β∀),
Cond(α∃

1 , β
∀
1 ) �= ×}

(D.47)

where both α∃ and β∀ have been instantiated with the same new variable x (Ind(α∃
2) =

Ind(β∀
2 ) = x).

A short explanation of the above definition should take place. We will consider only the
case of Equation (D.43) and the subset

S′ = {T(D(x) ≥ n) : T((∀R.D)(w) ≥ n) ∈ S, m > 1− n}. (D.48)

The other subsets and cases have similar explanations. Let I be a model of S. Hence I is a
model of σ = T((∃R.C)(w) ≥ m) ∈ S. From the α table of σ, it follows immediately that I
has to satisfy both T(R(w, x) ≥ m) and T(C(x) ≥ m), for some new variable x. Now, suppose
that there is T((∀R.D)(w) ≥ n) ∈ S. Therefore, I satisfies T((∀R.D)(w) ≥ n) too. But, from
Equation (8.53), it follows that I has to satisfy T(D(x) ≥ n), if it is the case that m > 1−n.
Hence, if I satisfies S, then I has to satisfy S′ too. In terms of an inference point of view, we
have that from T((∃R.C)(w) ≥ m) we would infer T(R(w, x) ≥ m) and T(C(x) ≥ m). Now,
(B1) can be applied according to

(B1)
T(R(w, x) ≥ m),T((∀R.D)(w) ≥ n)

T(D(x) ≥ n)

if m > 1− n.

Example 69 Let S be

S = { T((∃R1.C1)(a) ≥ .4),
T((∀R1.D11)(a) ≥ .6),
T((∀R1.D12)(a) ≥ .7),
T((∃R2.C2)(b) ≥ .8)}

then

S(T((∃R1.C1)(a) ≥ .4)) = {T(C1(x1) ≥ .4),T(D12(x1) ≥ .7)},

whereas

S(T((∃R2.C2)(a) ≥ .8)) = {T(C2(x2) ≥ .8)}.

It follows that S is satisfiable if and only if both the set S(T((∃R1.C1)(a) ≥ .4)) and the set
S(T((∃R2.C2)(a) ≥ .8)) are satisfiable.

The procedure AcyclicSatDL(S) below determines whether a set of signed fuzzy formulae S
is satisfiable or not. It works exactly as for the crisp ALC case: in order to determine whether
S is satisfiable or not,we start with a root node labelled S. Each not closed branch, not being
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AB-completed, will be expanded until it becomes AB-completed or closed. If it becomes closed
then AcyclicSatDL(S) fails. Otherwise, if a signed formula of type α∃ occurs in a branch φ
and Sφ(α∃) has not yet been considered with respect to φ, i.e. AcyclicSatDL(Sφ(α∃)) has
not yet been tested, then we test AcyclicSatDL(Sφ(α∃) ∪ Sφ(→)). If for some of these α∃

the test fails then, AcyclicSatDL(S) fails. Otherwise, we proceed by applying the principle
of bivalence to a not fulfilled β (neither being of type β∀ nor of type β→).

Algorithm 18 (AcyclicSatDL(S))
Let S be a well formed set of signed fuzzy formulae. AcyclicSatDL(S) starts from the root
labelled S and applies the following steps:

1. Select a not closed branch φ. If there is no such branch then return false and exit.

2. If φ is not yet AB-completed then expand φ by means of the rules (A), (B1) and (B2)
until it becomes AB-completed. Update φ to the resulting branch;

3. If φ is AB-completed then

(a) if for some signed fuzzy formula α∃ in Sφ, AcyclicSatDL(Sφ(α∃)∪Sφ(→)) = false
holds, where S(α∃) has not yet been tested with respect to φ, then close φ and go
to Step 1. Otherwise,

(b) select a signed fuzzy formula of type β, not being of type β∀, which is not yet
fulfilled in the branch;

(c) apply rule (PB) and go to Step 1.

Table D.21: Algorithm AcyclicSatDL(S) for fuzzy ALC.

Example 70 Let Σ be the set

Σ = { (R(a, a) ≥ .4)
((∀R.D11)(a) ≥ .8)
((∀R.D12)(a) ≥ .7)
((∀R.D13)(a) ≥ .6)}

Let A be the fuzzy assertion

((D12 � ∀R.(D11 �D12))(a) ≥ .7).

We will proof that Σ|≈4A holds by showing that effectively AcyclicSatDL(TΣ ∪ {NTA}) =
false. We will present the proof by means of the deduction tree in Figure D.6.
The first three nodes after the first one are obtained by a straightforward application of the
(B1) rule. Thereafter, Step 3a of AcyclicSatDL has been applied. It is easily verified that

AcyclicSatDL(S(NT((∀R.(D11 �D12))(a) ≥ .7))) = false,

by observing that S(NT((∀R1.(D11 �D12))(a) ≥ .7)) is
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TΣ,NTA

T(D11(a) ≥ .8)

T(D12(a) ≥ .7)

NT((∀R.(D11 �D12))(a) ≥ .7)

SatDL(S(NT((∀R.(D11 �D12))(a) ≥ .7)) = false⇒ NT((D11 �D12)(x) ≥ .7)
T(D11(x) ≥ .8)
T(D12(x) ≥ .7)

NT(D12(x) ≥ .7)
×

×

Figure D.6: Closed deduction tree with recursive call to AcyclicSatDL in fuzzy ALC.

{NT((D11 �D12)(x) ≥ .7),T(D11(x) ≥ .8),T(D12(x) ≥ .7)}

according to Equation (D.45). The proof of AcyclicSatDL(S(NT((∀R.(D11 �D12))(a) ≥ .7)))
= false is the small bounded deduction tree in Figure D.6. Therefore, AcyclicSatDL returns
false as expected.

Proposition 74 Let S be a well formed set of signed fuzzy formulae in ALC. It follows then
that AcyclicSatDL(S) iff S is satisfiable. �

Proof: The proof is a combination of the proof of Proposition 28 for crisp ALC and the
proof of Proposition 61 for Lf

+.
At first, it can be easily verified that the rules (A), (B1), (B2) and (PB) in Table D.20

are correct, i.e. φ is a branch and Sφ is satisfiable iff there is a branch φ′ as the result of the
application of a rule to φ such that Sφ′

satisfiable.
⇒ .) Suppose AcyclicSatDL(S). We show by induction on the number n of occurrences of
signed fuzzy formulae of type α∃ ∈ S that there is (i) a finite deduction tree T build by
Sat(S); (ii) a not closed branch φ from S to a leaf in T ; and a set S(φ) such that S(φ) is
satisfiable and Sφ ⊆ S(φ). As a consequence, S ⊆ Sφ is satisfiable.

Case n = 0 : Let T be the generated deduction tree and let φ be a not closed branch from
S to a leaf in T . Such a branch has to exist, otherwise AcyclicSatDL(S) = false. Let
S(φ) = Sφ. Moreover, define
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ST
≥ = {T(A ≥ n) ∈ S(φ)},

ST
> = {T(A > n) ∈ S(φ)}, and

SNT = {NT(A ≥ n) ∈ S(φ)}.

Of course, S(φ) = ST
≥ ∪ ST

> ∪ SNT. Define, for ε > 0

n≥
A = max{n : T(A ≥ n) ∈ ST

≥}, and

n>
A = max{n : T(A > n) ∈ ST

>}+ ε.

Let I be a relation such that, the domain ∆I of I is the set of objects appearing in
S(φ) and wI = w for all w ∈ ∆I . For each primitive concept A, for each role R, for all
w, v ∈ ∆I define (max ∅ = 0)

|A|t(w) = max{n≥
A(w), n

>
A(w)},

|A|f (w) = 0,

|R|t(w, v) = max{n≥
R(w,v), n

>
R(w,v)}, and

|R|f (w, v) = 0.

Since, φ is completed and not closed, there is ε > 0 such that I is a four-valued fuzzy
interpretation and I satisfies all σ ∈ ST

≥, I satisfies all σ ∈ ST
> and I satisfies all σ ∈ SNT

and, thus, I satisfies S(φ). As a consequence, S ⊆ Sφ is satisfiable.

Case n > 0 : Let T be the generated deduction tree and let φ be a not closed and completed
branch from S to a leaf in T . Such a branch has to exist, otherwise AcyclicSatDL(S) =
false Now, Step 3. of the algorithm is applied. Suppose α∃

1 , . . . , α
∃
m ∈ Sφ are the top

level α∃
i for which AcyclicSatDL(S(α∃

i )) has been checked. Let xi be the new variables
introduced. Certainly, m ≤ n holds. Since AcyclicSatDL(S) = true, it follows that∧

1≤i≤m Sat(S(α∃
i )) holds. Since, for all 1 ≤ i ≤ m the number of occurrences of signed

fuzzy formulae of type α∃ in S(α∃
i ) is less than n, by induction there are (i) finite

deduction trees Ti; (ii) not closed and completed branches φi from Sφ(α∃
i ) to a leaf in

Ti; and (iii) sets S(φi) such that S(φi) is satisfiable and Sφ
i ⊆ S(φi).

Let

S(φ) = Sφ ∪
⋃

1≤i≤m

(S(φi ∪ {σi})

where (see the α∃ table)

σi =




T(Ri(wi, xi) > 1− n) if α∃
i = NT((∀Ri.Ci)(wi) ≥ n)

T(Ri(wi, xi) ≥ 1− n) if α∃
i = NT((∀Ri.Ci)(wi) > n)

T(Ri(wi, xi) ≥ n) if α∃
i = T((∃Ri.Ci)(wi) ≥ n)

T(Ri(wi, xi) > n) if α∃
i = T((∃Ri.Ci)(wi) > n)
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Define

ST
≥ = {T(A ≥ n) ∈ S(φ)},

ST
> = {T(A > n) ∈ S(φ)}, and

SNT = {NT(A ≥ n) ∈ S(φ)}.

(D.49)

Of course, S(φ) = ST
≥ ∪ ST

> ∪ SNT and by definition Sφ ⊆ S(φ). Define, for ε > 0

n≥
A = max{n : T(A ≥ n) ∈ ST

≥}, and

n>
A = max{n : T(A > n) ∈ ST

>}+ ε.

Let I be a relation such that, the domain ∆I of I is the set of objects appearing in
S(φ) and wI = w for all w ∈ ∆I . For each primitive concept A, for each role R, for all
w, v ∈ ∆I define

|A|t(w) = max{n≥
A(w), n

>
A(w)},

|A|f (w) = 0,

|R|t(w, v) = max{n≥
R(w,v), n

>
R(w,v)}, and

|R|f (w, v) = 0.

Since, φ is completed and not closed, there is ε > 0 such that I is a four-valued fuzzy
interpretation and I satisfies all σ ∈ ST

≥, I satisfies all σ ∈ ST
> and I satisfies all σ ∈ SNT

and, thus, I satisfies S(φ). As a consequence, S ⊆ Sφ is satisfiable.

⇐ .) Suppose S is satisfiable. Let T be the generated completed tree. From the correctness
of the rules it follows that there is a completed branch φ in T such that Sφ is satisfiable.
Therefore, AcyclicSatDL(S). Q.E.D.

Example 71 Let us see how the interpretation of the above proof is build. Let Σ be the set

Σ = { (R(a, a) ≥ .4)
((∀R.D11)(a) ≥ .8)
((∀R.D12)(a) ≥ .7)}

Let A be the fuzzy assertion

((D12 � ∀R.(D11 �D13))(a) ≥ .7).

It is easily verified that Σ �|=4 A holds. In fact, AcyclicSatDL(TΣ ∪ {NTA}) = true, as shown
in the not closed and completed deduction tree in Figure D.7.

Let α∃
1 be NT((∀R.(D11 �D13))(a)) ≥ .7). Just notice that S(α∃

1) is

S(α∃
1) = {NT((D11 �D13)(x) ≥ .7),T(D11(x) ≥ .8),T(D12(x) ≥ .7)}
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TΣ,NTA

T(D11(a) ≥ .8)

T(D12(a) ≥ .7)

NT((∀R.(D11 �D13))(a) ≥ .7)

AcyclicSatDL(S(NT((∀R.(D11 �D13))(a) ≥ .7)) = true ⇒ NT((D11 �D13)(x) ≥ .7)
T(D11(x) ≥ .8)
T(D12(x) ≥ .7)

NT(D13(x) ≥ .7)

Figure D.7: Not closed and completed deduction tree with recursive call to AcyclicSatDL in
fuzzy ALC.

As shown in Figure D.7,

AcyclicSatDL(α∃
1) = true

According to the proof of Proposition 74 above, it follows that Sφ1 is

S(φ1) = { NT((D11 �D13)(x) ≥ .7)
T(D11(x) ≥ .8),
T(D12(x) ≥ .7),
NT(D13(x) ≥ .7)}

which is satisfiable. Finally, let

S(φ) = Sφ ∪ S(φ1) ∪ {T(R(a, x) > .3)}

where

Sφ = TΣ ∪ { NTA,
T(D11(a) ≥ .8),
T(D12(a) ≥ .7),
NT((∀R1.(D11 �D13))(a) ≥ .7)}.

I is build as follows. The domain of I is

∆I = {a, x}

Of course, aI = a and xI = x. Moreover, from the proof of Proposition 74 it follows that the
interpretation I build from S′ is such that for all ε > 0



D.4. Deciding entailment in fuzzy ALC 271

|D11 |t(a) = .8, |D11 |f (a) = 0,
|D12 |t(a) = .7, |D12 |f (a) = 0,
|D13 |t(a) = 0, |D13 |f (a) = 0,
|D11 |t(x) = .8, |D11 |f (x) = 0,
|D12 |t(x) = .7, |D12 |f (x) = 0,
|D13 |t(x) = 0, |D13 |f (x) = 0,
|R|t(a, a) = .4, |R|f (a, a) = 0,
|R|t(a, x) = .3 + ε, |R|f (a, x) = 0,
|R|t(x, a) = 0, |R|f (x, a) = 0,
|R|t(b, b) = 0, |R|f (b, b) = 0.

It follows that I satisfies TΣ ∪ {NTA}.

Concerning the problem of determining Σ|≈2(A ≥ n), we can run AcyclicSatDL where the α
table has been extended as follows:

α α1 α2

T(¬A ≥ n) NT(A > 1− n) NT(A > 1− n)
T(¬A > n) NT(A ≥ 1− n) NT(A ≥ 1− n)
NT(¬A ≥ n) T(A > 1− n) T(A > 1− n)
NT(¬A > n) T(A ≥ 1− n) T(A ≥ 1− n)

It is straightforward to see that this yields to a correct and complete decision algorithm for
two-valued fuzzy ALC.

Concerning the computation of completions, we rely on the case of ALC with acyclic
specialisations (see Section C.4.3).

Therefore, let S be a set of signed fuzzy formulae and define, as usual,

S̃ = {TA ∈ S : A atomic fuzzy assertion}∪
{NTA ∈ S : A atomic fuzzy assertion} (D.50)

It is worth noticing that in applying AcyclicSatDL(TΣ), according to Equation D.49, S(φ)
could contain signed atomic fuzzy assertions of type T(A > n). The question is: are these
atomic fuzzy assertions necessary in order to build canonical models? The answer is no.

At first, note that starting with TΣ one could generate signed fuzzy assertions of the
following form.

T(C(w) ≥ n) or NT(C(w) ≥ n),
T(R(w, v) ≥ n) or T(R(w, v) > n).

(D.51)

This means that the only form of type T(A > n) is in fact T(R(w, v) > n). Just notice that
e.g. T(R(w, v) > n) can be generated through the following steps: T(((∃R.E) !D)(w) ≥ n)
may generate T((∃R.E)(w) ≥ n) and NT((∃R.E)(w) ≥ n), whereas NT((∃R.E)(w) ≥ n) may
generate T (R(w, x) > 1− n) and NT(E(w) ≥ n).

If Σ is a set of fuzzy assertions of type (A ≥ n), then for all fuzzy assertions (A > n) it fol-
lows that Σ|≈4(A > n)3 iff Σ|≈4(A ≥ n). In fact, proceed in a similar way as in Section D.2.2,
proof of Proposition 66: consider our set of rules

3For a moment suppose the definition of fuzzy entailment has been extended to the case (A > n) too.
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R0 := {(A), (B1), (B2), (PB)}.

It is clear that R0 can be replaced with the simple set

R1 := {(A), (B1), (B2), (PBβ)},

where (PBβ) is

(PBβ)
β

β1 β2 if β is neither of type β∀ nor of type β→

It is easily shown that R1 is a correct and complete set of rules w.r.t. determining satisfiability,
i.e. S satisfiable iff AcyclicSatDL(S), where the fuzzy assertions appearing in S are only of
type (A ≥ n).

By considering the above set of rule R1, it is easily verified that AcyclicSatDL(TΣ) gen-
erates only signed fuzzy assertions of type

T(C(w) ≥ n) or T(R(w, v) ≥ n). (D.52)

Note, from TΣ, neither NTγ nor T(R(w, v) > n) can be generated. As R1 is a correct and
complete set of rules, this means that we can throw away from S(φ) all signed assertions of
this form, i.e. in building completions S̃T, we have to consider only signed fuzzy assertions of
the form T(E ≥ n), where A is an atomic assertion.

So, we define

S̃T = {T(A ≥ n) ∈ S̃}, (D.53)
S̃+ = {T(A ≥ n) ∈ S̃ : A primitive assertion} (D.54)

(D.55)

Moreover, let

ΣS̃ = {γ : Tγ ∈ S̃T}, (D.56)

Σ+
S̃ = {γ : Tγ ∈ S̃+}, (D.57)

Similarly as for Lf , given a set S̃, we define the canonical model of S̃ as follows. Let ∆I be
the set of objects appearing in S̃ and let wI = w, for all w ∈ ∆I . For each primitive concept
A, for each role R, for all objects w, v ∈ ∆I , set |R|f (w, v) = 0 and

|A|t(w) = max{n : T(A(w) ≥ n) ∈ ST},
|A|f (w) = max{n : T(¬A(w) ≥ n) ∈ ST}, and
|R|t(w, v) = max{n : T(R(w, v) ≥ n) ∈ ST}

where, as usual, max ∅ = 0. It is easily verified that a canonical model of S̃ is also a model of
S. It is worth noticeable that given S̃, the canonical model of S̃ is unique.
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The following definitions are an adaption of the ones defined in Section C.4.3 about well
formed ALC KBs. Given a a well formed fuzzy KB Σ, define

Ext(Σ) = {(A(a) ≥ n):A: = C ∈ ΣT , a occurs in ΣF , Maxdeg(Σ, A(a)) = n}. (D.58)

We extend the definition to sets S of signed fuzzy formulae as follows:

Ext(S) = {T(A(a) ≥ n):TA: = C ∈ S, a occurs in S,
n = max{m:S ∪ {NT(A(a) ≥ m)} not satisfiable}. (D.59)

The following algorithm in Table D.22 computes the four-valued completions of a well formed
set S of signed formulae. Essentially it follows crisp AcyclicComplDL(S).

Algorithm 19 (AcyclicComplDL(S))
Essentially, the procedure proceeds in a similar way as AcyclicSatDL.

1. Select a not closed branch φ. If there is no such φ then AcyclicComplDL(S): =∅ and exit.

2. Let Ext(Sφ) as in Equation D.59. Assign Sφ: =Sφ ∪ Ext(Sφ).

3. If φ is not yet AB-completed then expand φ by means of the rules (A), (B1) and (B2) until it becomes
AB-completed. Update φ to the resulting branch;

4. If φ is AB-completed then

(a) for all α∃ ∈ Sφ, let S̃(α∃) = AcyclicComplDL(Sφ(α∃) ∪ Sφ(→)), where Sφ(α∃) has not yet been
considered with respect to φ. If for some α∃ ∈ Sφ, S̃(α∃) = ∅ then close φ and go to Step 1.
Otherwise,

(b) select a signed fuzzy formula of type β, neither of type β∀ nor of type β→ and not yet fulfilled in
the branch;

(c) apply rule (PB) and go to Step 1.

5. Let T be the generated deduction tree. Note that T at this point is not closed.

6. For all not closed branches φ from S to a leaf in T do:

(a) let Ψ = {α∃
1 , . . . , α∃

m} be the set of top level α∃
i ∈ Sφ for which Sφ(α∃

i ) has been considered and
let xi be the new variables introduced.

(b) for each tuple (S̃1, . . . , S̃m) such that S̃j ∈ S̃(α∃
j ), let S(φ) = Sφ ∪

⋃
1≤j≤m

(S̃j ∪{σj}), where (see

the α∃ table)

σj =




T(Rj(wj , xj) > 1− n) if α∃
j = NT((∀Rj .Cj)(wj) ≥ n)

T(Rj(wj , xj) ≥ 1− n) if α∃
j = NT((∀Rj .Cj)(wj) > n)

T(Rj(wj , xj) ≥ n) if α∃
j = T((∃Rj .Cj)(wj) ≥ n)

T(Rj(wj , xj) > n) if α∃
j = T((∃Rj .Cj)(wj) > n)

(c) define the S̃ from S(φ) according to (D.50);

(d) set AcyclicComplDL(S): =AcyclicComplDL(S) ∪ {S̃}.

Table D.22: Algorithm AcyclicComplDL(S) for fuzzy ALC.

The analogue of Proposition 33 holds.
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Proposition 75 In ALC, let Σ be a well formed fuzzy KB and let (A(a) ≥ n) be a fuzzy
assertion such that A is a primitive concept. Then Σ|≈4(A(a) ≥ n) iff a occurs in ΣF and for
all canonical models I of completions S̃ ∈ AcyclicComplDL(TΣ), I satisfies (A(a) ≥ n). �

Example 72 Consider

Σ = {A: = C � E, B: = D � F, G: = A !B,
((C !D)(a) ≥ .6), (E(a) ≥ .4), (F (a) ≥ .7)}.

It can be verified that

Maxdeg(Σ, A(a)) = 0,
Maxdeg(Σ, B(a)) = 0,
Maxdeg(Σ, G(a)) = .4.

Let S = TΣ. Therefore, Then Ext(S) = {T(G(a) ≥ .4)}. Let S1 = S ∪ Ext(S), i.e.

S1 = {T(E(a) ≥ .4),T(F (a) ≥ .7),T(G(a) ≥ .4)}.

Then AcyclicComplDL(TΣ) = {S̃1, . . . , S̃3}, such that

S̃T
1 = S1 ∪ {T(A(a) ≥ .4),T(C(a) ≥ .6)}
S̃T

2 = S1 ∪ {T(A(a) ≥ .4),T(C(a) ≥ .4),T(D(a) ≥ .6)}
S̃T

3 = S1 ∪ {T(B(a) ≥ .4),T(D(a) ≥ .6)}.

Example 73 Consider the fuzzy extension of Example 38. Let Σ defined as

Σ = {A: = C, B: = D, ((C !D)(a) ≥ .6)}.

Let S = TΣ. It follows that Ext(S) = ∅. Now, AcyclicComplDL(S) applies rule (PB) to
((C !D)(a) ≥ .6) creating

S1 = S ∪ {T(C(a) ≥ .6)},
S2 = S ∪ {NT(C(a) ≥ .6),T(D(a) ≥ .6)}.

Now, Ext(S1) = {T(A(a) ≥ .6)} and Ext(S2) = {T(B(a) ≥ .6)}, respectively. As a conse-
quence,

AcyclicComplDL(S) = {S̃ ′, S̃ ′′},

where

S̃ ′ = {T(C(a) ≥ .6),T(A(a) ≥ .6)},
S̃ ′′ = {NT(C(a) ≥ .6),T(D(a) ≥ .6),T(B(a) ≥ .6)}.

It is worth noting that the above algorithm requires that we are able to compute Ext(S) and
in particular Maxdeg(Σ, A). The problem is the topic of the next section.
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Algorithm 20 (MaxDL(Σ, A))
Let Σ be a set of ALC fuzzy assertions and fuzzy specialisations, let A be an assertion or a
specialisation. Set Min = 0, Max = 2.

1. Pick n ∈ NΣ ∪ {.5} such that Min < n < Max. If there is no such n, then set
Maxdeg(Σ, A) := Min and exit.

2. Check if Σ|≈4(A ≥ n). If so, then set Min = n and go to Step 1. If not so, then set
Max = n and go to Step 1.

Table D.23: Algorithm MaxDL(Σ, A) for ALC.

D.4.1 Determining the maximal degree of truth in fuzzy ALC
Let us now consider the problem of determining Maxdeg(Σ, A). We can apply an algorithm
similar to Max+(Σ, A)], as seen at Page 237 for the case Lf

+, requiring several calls to fuzzy
entailment tests an reported below (see Table D.23).

As already pointed out in Section D.2.2, the above method for computing Maxdeg(Σ, A)
requires O(|Σ|) fuzzy entailment tests. As O(|Σ|) can be very huge, this may be unfeasible.

So, in order to avoid this problem we will proceed as for Lf
+ in Section D.2.2. Roughly

speaking our algorithm for computing Maxdeg(Σ, A) is similar to Algorithm 16 for the Lf
+

case. Some difficulties arises from the fact that in ALC some recursive calls are required (see
Step 3.a of AcyclicSatDL). In order to handle these too, we simply record the “maximal value”
returned from each of the recursive calls and combine them with the “maximal value” of the
calling level. This will be clearer later on. As the following is mainly a tedious combination
of the notions seen until now and those in Section D.2.2, we will only point out the main
definitions. Most explanations can be found in Section D.2.2.

We generalise fuzzy assertions and specialisations to the form (A ≥ λ) and (A > λ), where
λ is a fuzzy extended value. In the following we will present definitions involving (A ≥ λ)
only, as those involving (A > λ) parallels those of (A ≥ λ). Interpretations are extended to λ

and (A ≥ λ) as for the Lf
+ case. Let σ be a signed fuzzy expression in ALC and n ∈ (0, 1]. A

conditioned signed fuzzy expression is, as already seen, an expression of the form 〈σ, v ∈ [0, n]〉
with meaning as for the Lf

+ case. The satisfiability condition of a conditioned signed fuzzy
expression is: I satisfies 〈σ, v ∈ [0, n]〉 iff if vI ∈ [0, n] then I satisfies σ[v/vI ], as for Lf

+.
With respect to α and β tables in the conditioned case, these are a straightforward exten-

sion of those in Table D.19 (see also Table D.12 for the Lf
+ case). We omit these here.

For the definition of conjugated signed fuzzy propositions, we rely on Table D.18, where
n and m are replaced with λ1 and λ2, respectively. The definition of conditioned conjugated
signed fuzzy expressions is as for the Lf

+ case. We will write σc for a c-conjugate of σ and
σc,max for the the c-conjugate of σ obtained by exchanging T and NT in σ. The definition of
Sol(·) and Cond(·) are as for the Lf

+ case.
Concerning the deduction rules, these are a combination of those for Lf

+ (see Table D.13)
and those for fuzzy ALC and are described in Table D.24 below.
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(A)
〈α, v ∈ r〉

〈α1, v ∈ r〉, 〈α2, v ∈ r〉 if α is not of type α∃

(B1)
〈β, v ∈ r1〉, 〈βc

1, v ∈ r2〉
〈β2, v ∈ [0, k]〉 if β is not of type C → A and

[0, k] = r1 ∩ r2 ∩ Sol(Cond(β1, β
c
1))

(B2)
〈β, v ∈ r1〉, 〈βc

2, v ∈ r2〉
〈β1, v ∈ [0, k]〉

if β is neither of type β∀

nor of type A → C, and
[0, k] = r1 ∩ r2 ∩ Sol(Cond(β2, β

c
2))

(PB)
〈β, v ∈ r〉

〈β1, v ∈ r〉 〈βc,max
1 , v ∈ r〉, 〈β2, v ∈ r〉 if β is neither of type β∀

nor of type β→

Table D.24: Semantic tableaux inference rules for conditioned singed fuzzy expressions in
ALC.

The rules are correct.

Proposition 76 The rules in Table D.24 are correct. �

Proof: The proof is as for Proposition 65. Q.E.D.

Example 74 Consider the following signed expressions (see Example 58 as a comparison to
Lf

+):

σ1 = T((A ∨B)(a) ≥ .9),
σ2 = NT(A(a) ≥ .6),
σ3 = T((A ∨B)(a) ≥ 1− v).

The following instances of rule (B1) can be applied.

(B1)
〈σ1, v ∈ [0, .7]〉, 〈σ2, v ∈ [0, .6]〉

〈T(B ≥ .9), v ∈ [0, .6]〉

(B1)
〈σ3, v ∈ [0, .7]〉, 〈σ2, v ∈ [0, .6]〉
〈T(B ≥ 1− v), v ∈ [0, .4]〉

The last inference is motivated by observing that Sol(Cond(σ3, σ2)) = [0, .4] and that [0, .7]∩
[0, .6] ∩ [0, .4] = [0, .4].

Concerning closed branches we recall the following definitions from the Lf
+ case: a branch φ

is conditioned closed (c-closed) iff Sφ contains ρ1 = 〈σ1, v ∈ r1〉 and ρ2 = 〈σ2, v ∈ r2〉 such
that ρ1 and ρ2 are c-conjugated; φ is closed iff r1 ∩ r2 ∩ Sol(Cond(σ1, σ2)) = [0, 1].
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Before we go on to present the algorithm for determining Maxdeg(Σ, A), we have to
show how the α∃ and β∀ will be handled in the conditioned case. Essentially, we extend the
Equations (D.43)–(D.46) according to the following observation. Suppose that α and β are

α = T((∃R.C)(a) ≥ λ1)
β = T((∀R.D)(a) ≥ λ2)

and that S contains

ρ1 = 〈α, v ∈ r1〉
ρ1 = 〈β, v ∈ r2〉

Consider α’s components and β’s components, i.e.

α1 = T(R(a, x) ≥ λ1)
α2 = T(C(x) ≥ λ1)
β1 = NT(R(a, x) > 1− λ2)
β2 = T(D(x) ≥ λ2)

Suppose r3 is

r3 = r1 ∩ r2 ∩ Sol(Cond(α1, β1)) = [0, k]

that is, r3 is the condition under which α1 and β1 are conjugated and thus rule (B1) can be
applied according to the schema

(B1)
〈α1, v ∈ r1〉, 〈β, v ∈ r2〉

〈β2, v ∈ r3〉

It follows that if S is satisfiable, then

S′ = {〈α2, v ∈ r1〉, 〈β2, v ∈ r3〉}

has to be be satisfiable too. This leads to the following definition of S(α∃) in case we are
considering conditioned signed fuzzy formulae. Let S be a set of conditioned signed fuzzy
formulae. If there is a conditioned signed fuzzy formula α∃ ∈ S then let S(α∃) defined as
follows (see (D.43)–(D.46) as a comparison to the non conditioned case). We will use the
compact definition (see Equation (D.47)).

S(〈α∃, v ∈ r1〉) = {〈α∃
2 , v ∈ r1〉}∪

{〈β∀
2 , v ∈ r3〉 : 〈β∀, v ∈ r2〉 ∈ S,

Ind(α∃) = Ind(β∀),
Role(α∃) = Role(β∀),
r3 = r1 ∩ r2 ∩ Sol(Cond(α∃

1 , β∀
1 )) = [0, k]}

(D.60)

where both α∃ and β∀ have been instantiated with the same new variable x (Ind(α∃
2) =

Ind(β∀
2 ) = x).
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Example 75 Let S be

S = { 〈T((∃R1.C1)(a) ≥ .4), v ∈ [0, .5]〉,
〈T((∀R1.D11)(a) ≥ v), v ∈ [0, .6]〉,
〈T((∀R1.D12)(a) ≥ .7), v ∈ [0, .3]〉,
〈T((∃R2.C2)(b) ≥ 1− v), v ∈ [0, .8]〉,
〈NT((∃R2.D21)(b) ≥ .6), v ∈ [0, .7]〉}.

It follows that

S(〈T((∃R1.C1)(a) ≥ .4), v ∈ [0, .5]〉) = { 〈T(C1(x1) ≥ .4), v ∈ [0, .5]〉,
〈T(D12(x1) ≥ .7), v ∈ [0, .3]〉}.

Notice here that 〈T(D11(x1) ≥ v), v ∈ r〉 does not belong to S(〈T((∃R1.C1)(a) ≥ .4), v ∈ [0, .5]〉),
as

Sol(Cond(T(R1(a, x1) ≥ .4),NT(R1(a, x1) > 1− v))) = (.6, 1].

Similarly, we obtain that

S(〈T((∃R2.C2)(b) ≥ 1− v), v ∈ [0, .8]〉) = { 〈T(C2(x2) ≥ 1− v), v ∈ [0, .8]〉,
〈T(D21(x2) ≥ .6), v ∈ [0, .4]〉}.

In fact,

Sol(Cond(T(R2(a, x2) ≥ 1− v),NT(R2(a, x2) ≥ .6))) = [0, .4].

and

[0, .4] = [0, .8] ∩ [0, .7] ∩ [0, .4].

In the following, given a branch φ and α∃ ∈ S, let rα∃
φ ∈ [0, 1] be an interval. The interval rα∃

φ

will be setup during the deduction process in such a way that it will be the maximal range [0, k]
such that S(α∃)[v/n] is not satisfiable, for all n ∈ [0, k]. Therefore, unlike Equation (D.33),
SOL(φ) –the set of intervals r such that for all n ∈ r, φ[v/n] is closed– is defined as

SOL(φ) =
{r1 ∩ r2 ∩ Sol(Cond(σ1, σ2)) : 〈σi, v ∈ ri〉 ∈ Sφ, σ1, σ2 c-conjugated}∪⋃

α∃∈Sφ {rα∃
φ }.

(D.61)

As for Lf
+, given the solutions SOL(φ), we are looking for the maximal one (see Equa-

tion (D.34)).

Max(SOL(φ)) =
⋃

ri∈SOL(φ)

ri. (D.62)

We are ready now to describe our procedure for determining Maxdeg(Σ, A) for fuzzy ALC.
Let T be a deduction tree and consider Equation D.35 for min max.

min max(TΣ,A) =
⋂

φi∈TΣ,A

Max(SOL(φi)).

The algorithm for determining Maxdeg(Σ, A) is described in Table D.25 below.
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Algorithm 21 (MaxV alDL(Σ, A))
MaxV al(Σ, A) takes as input a well formed fuzzy ALC KB Σ and an ALC assertion A.
MaxV al(Σ, A) returns n iff Maxdeg(Σ, A) = n. Let SΣ,A = TΣ ∪ {NT(A ≥ v)}. Let r =
MaxAcyclicSatDL(SΣ,A) = [0, l]. Return MaxV al(Σ, A) = l and exit.

MaxAcyclicSatDL(S) :
Let the root node be labelled with S. The algorithm applies the rules of Table D.24
until each branch in the resulting tree TS is either closed or completed. At each step of
the construction of a deduction tree the following steps are performed:

1. select a branch φ which is neither completed nor closed. If there is no such branch
go to Step 4.;

2. If φ is not yet AB-completed then expand φ by means of the rules (A), (B1) and
(B2) until it becomes AB-completed. Update φ to the resulting branch;

3. If φ is neither closed nor completed then

(a) for all signed fuzzy formula α∃ in Sφ, let rα∃
φ : = MaxAcyclicSatDL(S(α∃) ∪

S(→));
(b) select a signed fuzzy formula of type β, neither being of type β∀ not of type

β→, which is not yet fulfilled in the branch;
(c) apply rule (PB) and go to Step 1.

4. let TS be the resulting tree and let rS = min max(TS). Return
MaxAcyclicSatDL(S) = rS and exit.

Table D.25: Algorithm MaxV alDL(Σ, A) in fuzzy ALC.

Explanation: Let Σ be a well formed fuzzy ALC KB and let A be an ALC assertion. In
order to determine Maxdeg(Σ, A) we are looking for the maximal value n in place of v such
that

SΣ,A = TΣ ∪ {NT(A ≥ v)}

is not satisfiable. The above subprocedure MaxAcyclicSatDL(S) does this exactly. In fact,
MaxAcyclicSatDL(S) tries to find the maximal range [0, n] such that S[v/n] is not satisfiable.
MaxAcyclicSatDL(S) is essentially a combination of the algorithms AcyclicSatDL(S) and
MaxV al(Σ, A) for Lf

+. The first two steps are quite obvious. Step 3b. in MaxAcyclic-
SatDL(S) is a generalisation of Step 3b. in AcyclicSatDL(S). In AcyclicSatDL(S) we are
looking for some not satisfiable set S(α∃). Consequently, we are looking for the maximal range
rα∃
φ = [0, n] for which the set S(α∃)[v/n] is not satisfiable. This motivates the assignment

rα∃
φ := MaxAcyclicSatDL(S(α∃) ∪ S(→)).

Any such rα∃
φ = [0, n] is a candidate for being the maximal range such that φ[v/n] is closed.



280 Appendix D. Fuzzy decision algorithms

Example 76 Let us consider the following KB

Σ = {((∃R.(C �D))(a) ≥ .7), ((∃R.(C � E))(a) ≥ .8)},

and the assertion A = (∃R.C)(a). We are looking for Maxdeg(Σ, A). Indeed, it is easily
verified that Maxdeg(Σ, A) = .8. We will show that MaxV alDL(Σ, A) = .8. For simplicity,
let4

α∃
1 = T((∃R.(C �D))(a) ≥ .7)

α∃
2 = T((∃R.(C � E))(a) ≥ .8)

β∀ = NT((∃R.C)(a) ≥ v)

Let SΣ,A be

SΣ,A = {α∃
1 , α

∃
2 , β

∀}

From Equation (D.47) it follows that

S(α∃
1) = {T((C �D)(x1) ≥ .7), 〈NT(C(x1) ≥ v), v ∈ [0, .7]〉}

S(α∃
2) = {T((C � E)(x2) ≥ .8), 〈NT(C(x2) ≥ v), v ∈ [0, .8]〉}

Consider the function call MaxAcyclicSatDL(SΣ,A). The deduction tree is shown in Fig-
ure D.8.
Since S is AB-completed, Step 3a. will be executed. It immediately follows from the small
deduction trees that

r
α∃

1
φ1

:= MaxAcyclicSatDL(S(α∃
1)) = [0, .7]

r
α∃

2
φ2

:= MaxAcyclicSatDL(S(α∃
1)) = [0, .8]

As a consequence, Sol(φ) is

Sol(φ) = {rα∃
1

φ1
, r

α∃
2

φ2
}

from which

Max(Sol(φ)) = r
α∃

1
φ1
∪ r

α∃
2

φ2
= [0, .8]

follows. Finally, we have

rS = min max(TS) = [0, .8]

and, thus, MaxV al(Σ, A) = .8.

4Remember that a signed expression σ is also used as an abbreviation of 〈σ, v ∈ [0, 1]〉.
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SΣ,A

AcyclicSatDL(S(α∃
1)) = [0, .7]⇒ T((C �D)(x1) ≥ .7)

NT〈(C(x1) ≥ v), v ∈ [0, .7]〉

T(C(x1) ≥ .7)
T(D(x1) ≥ .7)

φ1

Sol(φ1) = {[0, .7]}

AcyclicSatDL(S(α∃
2)) = [0, .8]⇒ T((C � E)(x2) ≥ .8)

NT〈(C(x2) ≥ v), v ∈ [0, .8]〉

T(C(x2) ≥ .7)
T(D(x2) ≥ .7)

φ2

Sol(φ2) = {[0, .8]}

φ

Sol(φ) = {[0, .7], [0, .8]}

Figure D.8: Example of MaxV alDL(Σ, A) execution in fuzzy ALC.

Practical consideration: From Step 3a. in algorithm MaxV al(Σ, A) it seems that a
recursive call to MaxAcyclicSatDL(S(α∃)) is necessary for all α∃ ∈ Sφ. This is indeed not
the case. In fact, let σ be a signed fuzzy formula (A ≥ h) or (A > h) and let ρ = 〈σ, v ∈ [0, k]〉
be a conditioned signed fuzzy formula, then we define val(·) such that:

val(σ) = h
val(ρ) = min{h, k}. (D.63)

Now, given a branch φ let
nα∃

= max{val(ρ) : ρ ∈ S(α∃)}

It is easily verified that MaxAcyclicSatDL(S(α∃) ∪ S(→)) ≤ nα∃
. Suppose we order the

α∃ ∈ Sφ according nα∃
, i.e. α∃

i : α∃
j iff nα∃

i ≥ nα∃
j . We proceed as follow: let Max = 0 and

S∃ = {α∃
1 , . . . , α

∃
l }

1. select greatest α∃ ∈ S∃ according :, such that nα∃ ≥Max. If there is no such α∃ then
exit;

2. compute rα∃
φ = MaxAcyclicSatDL(S(α∃) ∪ S(→)) = [0, k]. If k > Max then set

Max := k and let

S∃ := S∃ \ ({α∃} ∪ {α∃ ∈ S∃ : nα∃ ≤Max})
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and goto Step 1. If k ≤Max then let

S∃ := S∃ \ {α∃}

and goto Step 1.

This reduces the number of recursive calls. For instance, in Example 76, we first compute
r
α∃

2
φ2

:= MaxAcyclicSatDL(S(α∃
2) ∪ S(→)), as α∃

2 : α∃
1 (nα∃

2 = .8 ≥ .7 = nα∃
1 ). Since

r
α∃

2
φ2

is [0, .8], we set Max := .8. From Max = .8 ≥ .7 = nα∃
1 it follows certainly that

MaxAcyclicSatDL(S(α∃
1) ∪ S(→)) ≤ Max. Therefore, in this case we need not to compute

MaxAcyclicSatDL(S(α∃
1) ∪ S(→)).

Proposition 77 Let Σ be a well formed fuzzy ALC KB, let A be an assertion and n ≥ 0.
Then Maxdeg(Σ, A) = n iff MaxV alDL(Σ, A) = n. �

Proof: The proof is a straightforward adaption of the proof for Proposition 66. It can easily
be shown by induction on the number n of occurrences of conditioned signed fuzzy formulae
of type α∃ ∈ S that MaxAcyclicSatDL(S) returns the maximal range r such that S[v/k] is
not satisfiable, for all k ∈ r. The case n = 0 is shown as for Proposition 66, whereas for
the case n > 0, we first uses induction on the α∃ ∈ S yielding some ranges r∃ for which the
actual branch φ[v/k] becomes closed (for k ∈ r) and from which we can compute Sol(φ) and,
thus, finally min max(TS), yielding the maximal range for which TS [v/k] becomes closed (for
k ∈ r). Q.E.D.

Finally, concerning the computation of Ext(S) (see Equation (D.59)) in AcyclicComplDL,
it is easily verified that this can be done by invoking subprocedure MaxAcyclicSatDL(S) in
algorithm MaxV alDL.

Proposition 78 Let φ be a branch computed during the execution of AcyclicComplDL(S).
Then Ext(S) can be computed by relying on subprocedure MaxAcyclicSatDL(S) in algorithm
MaxV alDL, i.e.

Ext(Sφ) = {T(A(a) ≥ n):TA: = C ∈ Sφ, a occurs in Sφ,
n = MaxAcyclicSatDL(Sφ ∪ {NT(A(a) ≥ v)})}.

�

D.4.2 Short remarks on computational complexity

From a computational point of view, essentially all results are trivially inherited from crisp
ALC. Hence, we have in the case without specialisations

Proposition 79 Let Σ be a set of fuzzy assertions and let A be an assertion. Determining
whether Σ|≈4(A ≥ n) is a PSPACE-complete problem for fuzzy ALC. �

Proof: PSPACE-hardness follows from the following reduction. Let Σ′ be a crisp ALC KB
and let A be an assertion. Then Σ′ |=4 A iff Σ|≈4(A ≥ 1), where Σ is obtained from Σ′ as

Σ = {(A ≥ 1) : A ∈ Σ′}
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(see Proposition 14 and Proposition 15, and observe that in Σ all numbers are 1). PSPACE-
completeness holds, as AcyclicSatDL runs in polynomial space as for the crisp case (see
Proposition 36). Q.E.D.

In the case we are considering specialisations, from [74] it follows immediately that

Proposition 80 Let Σ be a well formed set of fuzzy assertions and fuzzy specialisations, A
be an assertion. Determining whether Σ|≈4(A ≥ n) is a PSPACE-complete problem for fuzzy
ALC. �

Finally, concerning the problem of determining Maxdeg(Σ, A) we have.

Proposition 81 Let Σ be a well formed fuzzy ALC KB, let A be an assertion and n ∈ [0, 1].
Then Then checking Maxdeg(Σ, A) ≥ n is a PSPACE-complete problem. �

Proof: Let n ∈ [0, 1]. Since Σ|≈4(A ≥ n) iff Maxdeg(Σ, A) ≥ n, and (see Proposition 79)
for all n, and deciding Σ|≈4(A ≥ n) is a PSPACE-complete problem, PSPACE-hardness of
the Maxdeg(Σ, A) ≥ n decision problem follows. Furthermore, it is easily verified that
MaxAcyclicSatDL runs in polynomial space (by induction on the number n of occurrences
of conditioned signed fuzzy formulae of type α∃ ∈ S). Q.E.D.

D.5 Deciding entailment in fuzzy Horn-ALC
The decision procedure determining whether Σ|≈4Q, where Σ is a well formed fuzzy Horn-ALC
KB and Q is a query, is a natural combination of the decision procedure developed for
Horn-Lf in Section D.3 and for the decision procedure developed for Horn-ALC in Sec-
tion C.5.4 (case well formed KBs). As we will see later on, Method 2, Method 4.1 and Method
4.2, defined for Horn-Lf (see Page 259) are applicable in the case of fuzzy Horn-ALC too.

At first, we define the notions of SLD-derivation and SLD-refutation in fuzzy Horn-ALC.
Let G be a goal of the form

← (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn),
〈Vf1 , f1(8Vf1 , 8Yf1)〉, . . . , 〈Vfk , fk(8Vfk , 8Yfk)〉 : V R.

Let E be a horn rule R of the form

(P ′(8Y ) ≥W )← (P ′
1(8Y1) ≥W1), . . . , (P ′

m(8Ym) ≥Wm), 〈W, f( 8W, 8Z)〉,

or a horn fact (P (8w) ≥ n).

1. If (Pi( 8Xi) ≥ Vi) is the selected atom in G and if there is a most general unifier (mgu)
θ of (P ′(8Y ) ≥W ) and (Pi( 8Xi) ≥ Vi) (i.e. (P ′(8Y ) ≥W )θ = (Pi( 8Xi) ≥ Vi)θ), then the
resolvent of the goal G and the horn rule R using θ is the goal

← ((P1( 8X1) ≥ V1), . . . , (Pi−1( 8Xi−1) ≥ Vi−1),
(P ′

1(8Y1) ≥W1), . . . , (P ′
m(8Ym) ≥Wm),

(Pi+1( 8Xi+1) ≥ Vi+1), . . . , (Pn( 8Xn) ≥ Vn),
〈Vf1 , f1(8Vf1 , 8Yf1)〉, . . . , 〈Vfk , fk(8Vfk , 8Yfk)〉,
〈W, f( 8W, 8Z)〉)θ : V Rθ ∪ {Vi ≤W}.



284 Appendix D. Fuzzy decision algorithms

2. If (Pi( 8Xi) ≥ Vi) is the selected atom in G and if there is a mgu θ of (P (8w) ≥ n) and
(Pi( 8Xi) ≥ Vi) (i.e. (i.e. (P (8w) ≥ n) = (Pi( 8Xi) ≥ Vi)θ)), then the resolvent of the goal
G and the horn fact E is the goal

← ((P1( 8X1) ≥ V1), . . . , (Pi−1( 8Xi−1) ≥ Vi−1),
(Pi+1( 8Xi+1) ≥ Vi+1), . . . , (Pn( 8Xn) ≥ Vn),
〈Vf1 , f1(8Vf1 , 8Yf1)〉, . . . , 〈Vfk , fk(8Vfk , 8Yfk)〉)θ : V Rθ ∪ {Vi ≤ n}.

3. If 〈Vf i , f i(8Vf i , 8Yf i)〉 is the selected atom in G and, if it is of the form 〈Vf i , n〉, where
n ∈ [0, 1], then for θ = {Vfi/n} the resolvent of the goal G is the goal

← (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn),
〈Vf1 , f1(8Vf1 , 8Yf1)〉, . . . ,
〈Vf i−1 , f i−1(8Vf i−1 , 8Yf i−1)〉,
〈Vf i+1 , f i+1(8Vf i+1 , 8Yf i+1)〉, . . . ,
〈Vfk , fk(8Vfk , 8Yfk)〉)θ : V Rθ ∪ {Vfi ≤ n}.

A SLD-derivation for a goal G0 in a fuzzy Horn-ALC KB Σ is a derivation constituted by:

1. a sequence of horn rules and horn facts E1, . . . , En in Σ;

2. a sequence of mgu’s θ1, . . . , θn;

3. a sequence of goals G0, . . . , Gn such that for each i ∈ {0, . . . , n−1}, Gi+1 is the resolvent
of Gi and Ei+1 using θi+1.

A SLD-derivation may terminate with an empty goal in which case the derivation is a SLD-
refutation. Let Q be a query ∃ 8X∃8V .(P1( 8X1) ≥ V1) ∧ . . . ∧ (Pn( 8Xn) ≥ Vn).

An answer θ to a query Q w.r.t. a fuzzy Horn-ALC KB Σ is called a computed answer
if the goal associated with Qθ has a SLD-refutation in Σ, i.e. if θ is the restriction to the
variables 8X, 8V in Q of the composition θ1θ2 . . . θn, where θ1, . . . , θn are the mgu’s used in the
SLD-refutation. The success set of Q w.r.t. Σ is defined as

SuccessSet(Σ, Q) = {θ: θ computed answer of Q w.r.t. Σ}. (D.64)

D.5.1 The case of horn fuzzy Horn-ALC KBs

At first, we will concentrate our attention to those fuzzy Horn-ALC KBs which are horn and
establish correctness and completeness of SLD-refutation.

Let us consider the following example.

Example 77 Let Σ be the following fuzzy Horn-ALC KB which is “equivalent” to the KB
given in Example 24.

Σ = {(A(a) ≥ .2), (B(a) ≥ .7),
(A(a) ≥ .1), (B(a) ≥ .5),
(A(b) ≥ .4), (B(b) ≥ .6)}
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and consider the query Q

Q = ∃X∃V1, V2.(A(X) ≥ V1) ∧ (B(X) ≥ V2).

and its associated goal GQ

← (A(X) ≥ V1), (B(X) ≥ V2), 〈V0, 1〉 : ∅.

We have already seen that the answer set is

AnswerSet(Σ, Q) = {θ: θ ≤ θ′} ∪ {θ: θ ≤ θ′′}.

where

θ′ = {X/a, V1/.2, V2/.7}
θ′′ = {X/b, V1/.4, V2/.6}.

and thus

Maxdeg(Σ, Q) =↑ AnswerSet(Σ, Q) = {θ′, θ′′}.

Below we show that there are five simple SLD-refutations for goal GQ in Σ.

(1) ← (A(X) ≥ V1), (B(X) ≥ V2), 〈V0, 1〉 : ∅ Associated goal GQ

(2) ← (A(X) ≥ V1), (B(X) ≥ V2) : {V0 ≤ 1} θ11 = {V0/1}
(3) ← (B(a) ≥ V2) : {V0 ≤ 1, V1 ≤ .2} θ12 = {X/a, V1/.2}
(4) ← : {V0 ≤ 1, V1 ≤ .2, V2 ≤ .7} θ13 = {V2/.7}

(1) ← (A(X) ≥ V1), (B(X) ≥ V2), 〈V0, 1〉 : ∅ Associated goal GQ

(2) ← (A(X) ≥ V1), (B(X) ≥ V2) : {V0 ≤ 1} θ21 = {V0/1}
(3) ← (B(a) ≥ V2) : {V0 ≤ 1, V1 ≤ .2} θ22 = {X/a, V1/.2}
(4) ← : {V0 ≤ 1, V1 ≤ .2, V2 ≤ .5} θ23 = {V2/.5}

(1) ← (A(X) ≥ V1), (B(X) ≥ V2), 〈V0, 1〉 : ∅ Associated goal GQ

(2) ← (A(X) ≥ V1), (B(X) ≥ V2) : {V0 ≤ 1} θ31 = {V0/1}
(3) ← (B(a) ≥ V2) : {V0 ≤ 1, V1 ≤ .1} θ32 = {X/a, V1/.1}
(4) ← : {V0 ≤ 1, V1 ≤ .1, V2 ≤ .7} θ33 = {V2/.7}

(1) ← (A(X) ≥ V1), (B(X) ≥ V2), 〈V0, 1〉 : ∅ Associated goal GQ

(2) ← (A(X) ≥ V1), (B(X) ≥ V2) : {V0 ≤ 1} θ41 = {V0/1}
(3) ← (B(a) ≥ V2) : {V0 ≤ 1, V1 ≤ .1} θ42 = {X/a, V1/.1}
(4) ← : {V0 ≤ 1, V1 ≤ .1, V2 ≤ .5} θ43 = {V2/.5}

(1) ← (A(X) ≥ V1), (B(X) ≥ V2), 〈V0, 1〉 : ∅ Associated goal GQ

(2) ← (A(X) ≥ V1), (B(X) ≥ V2) : {V0 ≤ 1} θ51 = {V0/1}
(3) ← (B(b) ≥ V2) : {V0 ≤ 1, V1 ≤ .4} θ52 = {X/b, V1/.4}
(4) ← : {V0 ≤ 1, V1 ≤ .4, V2 ≤ .6} θ53 = {V2/.6}

Therefore, the success set is
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SuccessSet(Σ, Q) = {θ1, θ2, θ3, θ4, θ5},

where

θ1 = {X/a, V1/.2, V2/.7}
θ2 = {X/a, V1/.2, V2/.5}
θ3 = {X/a, V1/.1, V2/.7}
θ4 = {X/a, V1/.1, V2/.5}
θ5 = {X/b, V1/.4, V2/.6}.

It is easily verified that each computed answer θi is a correct answer, i.e. Σ|≈4Qθi. Moreover,
from θ2 ≤ θ1, θ3 ≤ θ1 and θ4 ≤ θ3 ≤ θ1 it is easily verified that

↑ SuccessSet(Σ, Q) = {θ1, θ5} = Maxdeg(Σ, Q).

Since Horn-Lf can be reduced to Horn-ALC, the nondecreasing condition for fuzzy degree
function is necessary in order to preserve correctness of the calculus (see Example 65) and some
termination problems could arise with recursive horn fuzzy Horn-ALC KBs (see Example 66).

The following proposition can be shown in a similar way as for the Horn-Lf case.

Proposition 82 Let Σ be a horn fuzzy Horn-ALC KB and let Q be a query:

1. every computed answer θ of Q w.r.t. Σ is a correct answer (correctness), i.e.

SuccessSet(Σ, Q) ⊆ AnswerSet(Σ, Q);

2. if ΣR is not recursive then for every correct answer θ1 of Q w.r.t. Σ there is a computed
answer θ2 of Q w.r.t. Σ such that θ1 ≤ θ2 (completeness). �

Proof: (Sketch) The proof can be given in a similar way as for Proposition 69. Correctness
proof is as for Proposition 69. For the completeness part, just define a fuzzy Herbrand base
w.r.t. Σ as a set of ground facts (P (8w) ≥ n), where both P and all objects in 8w occur in Σ
and proceed similarly as in proof of Proposition 69. Q.E.D.

The following proposition follows immediately.

Proposition 83 Let Σ be a horn fuzzy Horn-ALC KB and let Q be a query. If ΣR is not
recursive then

Maxdeg(Σ, Q) =↑ SuccessSet(Σ, Q).

�
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Proposition 83 give us a first method in order to compute the maximal degree of truth of a
query Q w.r.t. a KB Σ and is based on SLD-refutations in fuzzy Horn-ALC(completeness
holds, if ΣR is not recursive).

As for Horn-Lf , in order to determine whether Σ|≈4Q we can rely on current standard
first-order prolog systems. That is, we can transform Σ and Q into a first-order logic program
ϕ(Σ) and a first-order query ϕ(Q), respectively, in such a way that Σ|≈4Q can be decided in
terms of ϕ(Σ) |=2 ϕ(Q).

For each n-ary predicate P (X1, . . ., Xn) consider a new n + 1-ary first-order predicate
P (X1, . . ., Xn, Xn+1) and let Σ be a horn fuzzy Horn-ALC KB: ϕ is the following function.

1. Let R be a horn rule of the form

(P ( 8X) ≥ V )← (P1( 8X1) ≥ V1), . . . , (Pn( 8Xn) ≥ Vn), 〈V, f(8V , 8Y )〉,

Then

ϕ(R) = P ( 8X, V )← P1( 8X1, V1), . . . , Pn( 8Xn, Vn), V = f(8V , 8Y ).

2. Let γ be a horn fact, i.e. an expression of the form (P (8w) ≥ n). Then

ϕ(γ) = P (8w, n).

3. Let Q be a query of the form

∃ 8X∃8V .(P1( 8X1) ≥ V1) ∧ . . . ∧ (Pn( 8Xn) ≥ Vn).

Then

ϕ(Q) = ∃ 8X∃8V .P1( 8X1, V1) ∧ . . . ∧ Pn( 8Xn, Vn).

4. Let Σ be a horn fuzzy Horn-ALC KB. Then

ϕ(ΣF ) = {ϕ(γ): γ ∈ ΣF }
ϕ(ΣR) = {ϕ(R):R ∈ ΣR}
ϕ(Σ) = ϕ(ΣR) ∪ ϕ(ΣF ).

As for Horn-Lf , ϕ transforms horn fuzzy Horn-ALC KBs and queries into First-Order logic
programs and a logic program queries, respectively. Of course, we have to restrict the fuzzy
degree function to those cases for which V = f(8V , 8Y ) can be expressed in logic programming.

Example 78 Consider Σ and Q in Example 77. By definition, ϕ(Σ) and ϕ(Q) are

ϕ(Σ) = {A(a, .2), B(a, .7),
A(a, .1), B(a, .5),
A(b, .4), B(b, .6)}
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and

ϕ(Q) = ∃X∃V1, V2.A(X, V1) ∧B(X, V2).

The associated goal of ϕ(Q) is

Gϕ(Q) =← A(X, V1), B(X, V2).

As in in Example 77, there are five SLD-refutations for Gϕ(Q) in ϕ(Σ). It is easily verified
that the set of computed answers is as in Example 77

SuccessSet(ϕ(Σ), ϕ(Q)) = {θ1, θ2, θ3, θ4, θ5},

where

θ1 = {X/a, V1/.2, V2/.7}
θ2 = {X/a, V1/.2, V2/.5}
θ3 = {X/a, V1/.1, V2/.7}
θ4 = {X/a, V1/.1, V2/.5}
θ5 = {X/b, V1/.4, V2/.6}.

and thus

↑ SuccessSet(ϕ(Σ), ϕ(Q)) = {θ1, θ5} = Maxdeg(Σ, Q).

The following proposition shows that each computed answer θ w.r.t. SLD-derivation in horn
fuzzy Horn-ALC is also a computed answer w.r.t. to the transformation ϕ and vice-versa.

Proposition 84 Let Σ be a horn fuzzy Horn-ALC KB, let Q be a query. Then

SuccessSet(Σ, Q) = SuccessSet(ϕ(Σ), ϕ(Q)).

�

Proof: (Sketch). The proof is given by induction on the length n of SLD-refutations. It
is easily verified that there is a bijection between SLD-refutations for ← GQ w.r.t. Σ and
SLD-refutations for ← Gϕ(Q) w.r.t. ϕ(Σ). Q.E.D.

As for horn Horn-Lf , the above proposition has an enormous impact from an implementation
point of view. It mainly says that rather than building a new engine, we can rely on existing
ones: namely on standard prolog systems. They allow us also to compute Maxdeg(Σ, Q)
according to Proposition 83 and Proposition 84.
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D.5.2 The case of generic fuzzy Horn-ALC KBs

Finally, Suppose that Σ is a generic fuzzy Horn-ALC KB and Q is a query. How can we
determine Maxdeg(Σ, Q)? It is not difficult to see that we are able to device a decision
procedure for determining Σ|≈4Q, by relying on a combination of decision procedure for
Horn-Lf (see Section D.3.2) and for Horn-ALC (see Section C.5.4).

By combining Proposition 72 and Proposition 47 we get

Proposition 85 Let Σ be a fuzzy Horn-ALC KB and let Q be a query. Then Σ|≈4Q if either

1. there is a SLD-refutation for goal GQ in Σ; or

2. there are n ≥ 1 SLD-derivations for goal GQ in Σ ending with goals GQ1 , . . . , GQn, such
that for all canonical models I of completions S̃ ∈ AcyclicComplDL(TΣT ∪ TΣF ), I
does satisfy some Qi, for 1 ≤ i ≤ n.

If ΣR is not recursive then the only if direction (completeness) holds too. �

Combining Proposition 85 with Proposition 84, the following methods determine whether
Σ|≈4Q (completeness holds, if ΣR is not recursive).

Method 2: Collect n ≥ 1 SLD-derivations of GQ in Σ, ending with goals GQ1 , . . . , GQn ,
until (i) there is an empty goal; or, (ii) for all canonical models I of completions
S̃ ∈ AcyclicComplDL(TΣT ∪TΣF ), I does satisfy some Qi, for 1 ≤ i ≤ n. In the worst
case we have to compute all SLD-derivations.

Method 4.1: Compute AcyclicComplDL(TΣT ∪ TΣF ). Determine whether for all S̃ ∈
AcyclicComplDL( TΣT ∪ TΣF ), GQ has a SLD-refutation in Σ+

S̃ ∪ ΣR, i.e. whether
Σ+
S̃ ∪ ΣR|≈4Q. Note that Σ+

S̃ ∪ ΣR is a horn Horn-Lf KB.

Method 4.2: Compute AcyclicComplDL(TΣT ∪ TΣF ). Determine whether for all S̃ ∈
AcyclicComplDL( TΣT ∪TΣF ), Gϕ(Q) has a SLD-refutation in ϕ(Σ+

S̃ ∪ΣR), i.e. whether
ϕ(Σ+

S̃ ∪ ΣR) |=2 ϕ(Q). Note that ϕ(Σ+
S̃ ∪ ΣR) is a first-order horn KB.

Finally, the following proposition is the fuzzy Horn-ALC analogue of Proposition 73 and
shows us how to determine Maxdeg(Σ, Q).

Proposition 86 Let Σ be a fuzzy Horn-ALC KB and let Q be a query. Suppose that ΣR is
not recursive and

AcyclicComplDL(TΣT ∪ TΣF ) = {S̃1, . . . , S̃k}.

Then

Maxdeg(Σ, Q) = ↓1≤i≤k {Maxdeg(Σ+
S̃i
∪ ΣR, Q)}

= ↓1≤i≤k {Maxdeg(ϕ(Σ+
S̃i
∪ ΣR), ϕ(Q))}

Notice that from an implementation point of view, certainly the last point is the easiest to
implement (corresponds to Method 4.2).
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Example 79 Consider the following KB Σ.

Σ = {(H ≥ V )← (D ≥ V1), 〈V, V1〉,
(H ≥ V )← (C ≥ V2), 〈V, V2〉,

A: = C � E,
B: = D � F,
G: = A !B,

((C !D)(a) ≥ .6), (E(a) ≥ .4), (F (a) ≥ .7), (E(b) ≥ .8), (C(b) ≥ .9)}.

Notice that ΣT ∪ ΣF is a superset of the KB Example 72. Now, let S1 be

S1 = {T(E(a) ≥ .4), T(F (a) ≥ .7), T(E(b) ≥ .8), T(C(b) ≥ .9), T(G(a) ≥ .4), T(A(b) ≥ .8), T(G(b) ≥ .8)}.

From the fact that

Ext(TΣ) = {T(G(a) ≥ .4),T(A(b) ≥ .8),T(G(b) ≥ .8)},

it can easily be verified (see Example 72) that AcyclicComplDL(ΣT ∪ ΣF ) = {S̃1, S̃2, S̃3},
where

S̃T
1 = S1 ∪ {T(A(a) ≥ .4),T(C(a) ≥ .6)}
S̃T

2 = S1 ∪ {T(A(a) ≥ .4),T(C(a) ≥ .6),T(D(a) ≥ .6)}
S̃T

3 = S1 ∪ {T(B(a) ≥ .4),T(D(a) ≥ .6)}.

Let Q be the query

Q = ∃X∃V1, V2.(G(X) ≥ V1) ∧ (H(X) ≥ V2).

It follows that

SuccessSet(Σ+
S̃1
∪ ΣR, Q) = {θ1, θ2}

SuccessSet(Σ+
S̃2
∪ ΣR, Q) = {θ1, θ2}

SuccessSet(Σ+
S̃3
∪ ΣR, Q) = {θ1, θ2}

where

θ1 = {X/a, V1/.4, V2/.6}
θ2 = {X/b, V1/.8, V2/.9}

It follows that

Maxdeg(Σ+
S̃1
∪ ΣR, Q) = {θ1, θ2}

Maxdeg(Σ+
S̃2
∪ ΣR, Q) = {θ1, θ2}

Maxdeg(Σ+
S̃4
∪ ΣR, Q) = {θ1, θ2}

and thus

Maxdeg(Σ, Q) = {θ1, θ2}.
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Example 80 Consider the fuzzy extension of Example 73 and Example 45. Let Σ defined as

Σ = {E(X)← A(X),
E(X)← B(X),

A: = C,
B: = D,

((C !D)(a) ≥ .6)}.

and consider the query

Q = ∃X∃V.(E(X) ≥ V ).

Let us verify that Σ|≈4Q.
From Example 73, we already know that AcyclicComplDL(S) = {S̃ ′, S̃ ′′}, where

S̃ ′ = {T(C(a) ≥ .6),T(A(a) ≥ .6)},
S̃ ′′ = {NT(C(a) ≥ .6),T(D(a) ≥ .6),T(B(a) ≥ .6)}.

It follows that

Σ+
S̃′ = {(C(a) ≥ .6), (A(a) ≥ .6)},

Σ+
S̃′′ = {(D(a) ≥ .6), (B(a) ≥ .6)}.

Now, it is easily verified that GQ has a SLD-refutation in Σ+
S̃′∪ΣR and in Σ+

S̃′′∪ΣR, confirming
Σ |=4 Q. In particular we have that

Maxdeg(Σ, Q) = {θ}, where
θ = {X/a, V/.6}.
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[118] Ronald Fagin and S. Marek Yoëlle. Allowing users to weight search terms in information
retrieval. IBM Research Report RJ 10108, jan 1998.

[119] Melvin Fitting. First-Order Logic and Automated Theorem Proving. Springer-Verlag,
1990.

[120] Melvin Fitting. bilattices and the semantics of logic programming. Journal of Logic
Programming, 11:91–116, 1991.

[121] Larry Fitzpatrick and Mei Dent. Automatic feedback using past queries: Social search-
ing? In Proceedings of the 20th International Conference on Research and Development
in Information Retrieval (SIGIR-97), pages 306–313, Philadelphia,PA, July 1997.

[122] Myron Flickner, Harpreet Sawhney, Wayne Niblack, Jonathan Ashley, Qian Huang, and
Dom Byron. Query by image and video content: The QBIC system. IEEE Computer,
28(9):23–32, 1995.

[123] Enrico Franconi. Crack. In J. W. Schmidt and A. A. Stogny, editors, Proceedings of the
International Workshop on Description Logics - DL-98, pages 58–59, 1998.

[124] Norbert Fuhr. Probabilistic datalog - a logic for powerful retrieval methods. In Pro-
ceedings of SIGIR-95, 18th International Conference on Research and Development in
Information Retrieval, pages 282–290, Seattle, WA, 1995.
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ACNF (CNF of proposition A), 80
ADNF (DNF of proposition A), 80
ANNF (NNF of proposition A), 80
Cond(·, ·)

in fuzzy ALC, 262
in Lf

+, 233
Ext(S)

in fuzzy ALC, 273
in ALC, 199

Ext(Σ)
in fuzzy ALC, 273
in ALC, 199

IDDoc (document identifiers), 18
Interpretation (mapping between form and

semantics), 20
LO (object-oriented formalism), 25
LDoc (document representation language),

18
LForm (document form representation lan-

guage), 20
LQuery (document query language), 18
LSemantics (document semantics represen-

tation language), 20
l ↑ h

in fuzzy Horn-ALC, 121
in Horn-Lf , 109

Max(SOL(φ))
in fuzzy ALC, 278
in Lf

+, 242
NΣ

in Lf , 224
n-tree, 210
n-tree equivalence, 210
P (d → q), 21, 73
R | C (role restriction), 68
S(α∃)

in fuzzy ALC, 264
in ALC, 185

S(〈α∃, v ∈ r1〉)

in fuzzy ALC, 277
S(⇒)

in fuzzy ALC, 263
in ALC, 185

S(φ)
in fuzzy ALC, 268, 273
in ALC, 190, 192, 194

SOL(φ)
in fuzzy ALC, 278
in Lf

+, 242
Sol(eq)

in Lf
+, 237

SNT

in ALC, 190, 194
Sφ (set of signed expressions in φ), 166
ST

in ALC, 190, 193, 194
in L, 166
in Lf , 219

ST
0

in ALC, 194
SB(α∃)

in ALC, 201
T k

Σ

in Horn-Lf , 257
TΣ

in Horn-Lf , 256
∀ (concept universal quantification), 67
α

signed formulae in fuzzy ALC, 262
signed formulae in ALC, 183
signed proposition in L, 165
signed proposition in L+, 174

α∃

signed formula fuzzy ALC, 262
signed formula in ALC, 184

α⇒

signed formula in ALC, 183
� (concept conjunction), 67
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ByteSeq (type, sequences of bytes), 40
β

signed formulae in fuzzy ALC, 262
signed formulae in ALC, 183
signed proposition in L, 165
signed proposition in L+, 174

β∀

signed formula in fuzzy ALC, 263
signed formula in ALC, 184

β→

signed formula in fuzzy ALC, 262
β⇒

signed formula in ALC, 183
βc

i (conjugate of β), 165
⊥ (bottom concept), 67
R (retrieval function), 18
VALC (alphabet of ALC variables), 182
I %m

%V

in Horn-Lf , 108
I %d

%X
in Horn-ALC, 93

◦ (role composition), 68
∃ (concept existential quantification), 67,

68
: = (concept definition), 69
|=4

entailment in Horn-ALC, 94
entailment in Horn-L, 84

|=4 (entailment in L), 80
|=A

4

type A entailment in ALC, 87
|=B

4

type B entailment in ALC, 87
|≈4

entailment in fuzzy ALC, 113
entailment in fuzzy Horn-ALC, 121
entailment in Horn-Lf , 109
entailment in Lf , 100

|=
entailment w.r.t. DBFC, 142
entailment w.r.t. DBF, 131
entailment w.r.t. DBF and Σ, 131

|=2

entailment in ALC, 69, 87
≈4

assertion equivalence in fuzzyALC, 113

concept equivalence in fuzzy ALC, 113
fuzzy proposition equivalence in Lf , 100

≡2

concept equivalence in ALC, 68, 87
≡4

assertion equivalence in four-valuedALC,
87

concept equivalence in four-valuedALC,
87

proposition equivalence in L, 80
≡S

concept equivalence in four-valuedALC,
187

∆I (domain of I), 67
←

connective in Horn-L, 83
⇒ (concept specialisation), 69
→ (fuzzy specialisation), 114
→

implication connective (in L+), 82
implication connective (in Lf

+), 103
min max(TΣ,A)

in fuzzy ALC, 278
in Lf

+, 243
NT (Not True), 165
[[CI ]]− (negative extension), 85
¬ (concept negation), 67
¬ (propositional negation), 79
Ω(DBF), 129
O (alphabet of ALC individuals), 68
! (concept disjunction), 67
Σ

in fuzzy ALC, 115
in Lf , 100

π (OID assignement), 34
π∗ (extension), 34
[[CI ]]+ (positive extension), 85
≺ (partial order on CN), 34
 Σ

2 (sumbsumption in ALC), 70
σ[v/n]

in Lf
+, 238

Σ
KB in fuzzy ALC, 113
KB in fuzzy Horn-ALC, 120
KB in ALC, 69, 87
KB in Horn-ALC, 93
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KB in Horn-L, 84
KB in Horn-Lf , 108
KB in L, 80
KB in Lf , 100

Σn

in Lf , 223
ΣF (set of assertions), 69
ΣR (set of horn rules in Σ), 84
ΣT (set of specialisations), 69
ΣS̃

in fuzzy alc, 272
in ALC, 195
in L, 169
in Lf , 220

Σ+
S̃

in fuzzy ALC, 272
in ALC, 195
in L, 169
in Lf , 220

σc (conjugate of σ), 218, 239, 262, 275
σc,max (max conjugate of σ), 218, 239, 262,

275
σNT

in ALC, 187
σT

in ALC, 187
T (True), 165
TypeA (alphabeth of atomic types), 33
" (top concept), 67
S̃

in fuzzy ALC, 271
in ALC, 194
in L, 168
in Lf , 220

S̃+

in fuzzy ALC, 272
in ALC, 194
in L, 168
in Lf , 220

S̃NT

in ALC, 194
in L, 168
in Lf , 220

S̃T

in fuzzy ALC, 272
in ALC, 194
in L, 168

in Lf , 220
S̃T

>

in fuzzy ALC, 267, 269
in Lf

+, 233
S̃T
≥

in fuzzy ALC, 267, 269
in Lf

+, 233
Value(T ) (set of values of type T ), 33
ValueA (set of atomic values), 33
ϕ(Q)

in fuzzy Horn-ALC, 287
in Horn-Lf , 257

ϕ(Σ)
in fuzzy Horn-ALC, 287
in Horn-Lf , 257

∨ (propositional disjunction), 79
∧ (propositional conjunction), 79
Km (modal logic), 182
AttrName(alphabeth of attributes), 33
Location(location class), 40
Method(alphabeth of MNs), 35
ObjectId(set of OIDs), 33
Type(alphabeth of types), 34
Value(alphabeth of values), 33
KE (semantic tableaux), 164, 165
AN (set of object-oriented ANs), 33
after (video method), 52
before (video method), 52
CIO (complex image object class), 48
CMO (CMO class), 56, 59
CN (set of object-oriented CNs), 33
CSMO (CSMO class), 47, 58
CTO (complex text object class), 49
Feature (class of features), 54
GetData (MDO method), 40
isAboveof (image method), 52
isBelowof (image method), 52
isLeftof (image method), 52
isRightof (image method), 52
MDO (MDO class), 40, 58
MET (set of object-oriented MNs), 35
next (video method), 52
OID (set of object-oriented OIDs), 33
previous (video method), 52
Region (region class), 43, 58
TY (set of object-oriented types), 34
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acronym
AN (Attribute Name), 33
CMO (Complex Media Object), 56
CN (Concept Name), 33
CNF (Conjunctive Normal Form), 79
CSMO (Complex Single Media Object),

43, 47
DL (Description Logic), 21, 65
DNF (Disjunctive Normal Form), 79
FOL (First-Order Logic), 21
IR (Information Retrieval), 19
KB (Knowledge Base), 69
MDO (Media Data Object), 40
MIR (Multimedia Information Retrieval),

17
MN (Method Name), 35
NNF (Negation Normal Form), 68, 79
OID (Object IDentifier), 33
OODB (Object Oriented DataBase), 33,

36
assertion

in DLs, 65
in ALC, 68

associated goal
in fuzzy Horn-ALC, 120
in Horn-ALC, 94
in Horn-L, 84
in Horn-Lf , 108

atomic assertion (in ALC), 68

blocked variable
in ALC, 187

branch
AB-completed (in fuzzy ALC), 263
AB-completed (in ALC), 185
AB-completed (in L), 166
closed (in fuzzy ALC), 263
closed (in ALC), 185
closed (in L), 166
closed (in Lf

+), 233, 242
completed (in L), 166
conditioned closed (in fuzzy ALC), 276
conditioned closed (in Lf

+), 242

canonical model
in fuzzy ALC, 272

coherence

in four-valued ALC, 87
in fuzzy ALC, 113

concept (in DLs), 65
concept (in ALC), 67
concept coherence problem, 70
concept definition (in ALC), 69
concept name (in ALC), 69
concrete domain, 129

DBF, 130
atom, 130
individual, 130
object, 130
variable, 130

conjunctive normal form (proposition), 79
constraint propagation (in DLs), 70, 181
contraposition (in L+), 82
cyclic KB (in ALC), 69

deduction tree
closed (in fuzzy ALC), 263
closed (in L), 166
completed (in L), 166
in fuzzy ALC, 263
in ALC, 185
in L, 166

deductive database, 129
description logic, 21, 65
disjunctive normal form (proposition), 79
document

form, 19
meaning, 19
semantics, 19, 139
structure, 31
syntax, 19

entailment
w.r.t. DBFC, 142
w.r.t. DBF, 131
w.r.t. DBF and Σ, 131
in fuzzy ALC, 113
in fuzzy Horn-ALC, 121
in ALC, 69, 87
in Horn-ALC, 94
in Horn-L, 84
in L, 80
in Lf , 100

equivalence
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assertions in four-valued ALC, 87
concepts in four-valued ALC, 87, 187
concepts in fuzzy ALC, 113
concepts in ALC, 68
fuzzy propositions in Lf , 100
propositions in L, 80

form similarity, 144
form-based retrieval, 19
four-valued canonical model

in ALC, 195
in Lf , 221

four-valued canonical model (in L), 169
four-valued completion

in ALC, 194
in L, 168
in Lf , 220
KB (in L), 169
KB (in Lf ), 220

fuzzy
assertion, 97
assertion (in fuzzy ALC), 111
atomic assertion (in fuzzy ALC), 111
degree function (in fuzzy Horn-ALC),

118
degree function (in Horn-Lf ), 106
extended value (in fuzzy ALC), 275
extended value (in Lf

+), 237
interpretation (in fuzzy ALC), 111
interpretation (in Lf ), 99
membership function, 97
proposition (in Lf ), 99
set, 97
specialisation (in fuzzy ALC), 113, 114
valuation (four-valued), 99
valuation (in fuzzy ALC), 111
valuation (two-valued), 99
value (in Horn-Lf ), 106
value restrictions (in Horn-Lf ), 107
variable (in Horn-Lf ), 106

fuzzy Herbrand base
in fuzzy Horn-ALC, 286
in Horn-Lf , 256

horn answer
answer set (in fuzzy Horn-ALC), 121
answer set (in Horn-ALC), 94

answer set (in Horn-Lf ), 109
answer set (w.r.t. DBFC), 142
answer set (w.r.t. DBF and Σ), 131
answer set (w.r.t. DBF), 131
computed (in fuzzy Horn-ALC), 284
computed (in Horn-ALC), 207
computed (in Horn-Lf ), 251
correct (in fuzzy Horn-ALC), 121
correct (in Horn-ALC), 94
correct (in Horn-Lf ), 109
correct (w.r.t. DBFC), 142
correct (w.r.t. DBF and Σ), 131
correct (w.r.t. DBF), 131
in fuzzy Horn-ALC, 121
in Horn-ALC, 94
in Horn-Lf , 109
success set (in fuzzy Horn-ALC), 284
success set (in Horn-ALC), 207
success set (in Horn-Lf ), 251

horn empty goal
in Horn-ALC, 93
in Horn-L, 84
in Horn-Lf , 107

horn fact
in fuzzy Horn-ALC, 119
in Horn-ALC, 92
in Horn-L, 84
in Horn-Lf , 107

horn goal
in fuzzy Horn-ALC, 119
in Horn-ALC, 93
in Horn-L, 84
in Horn-Lf , 107

horn KB
in fuzzy Horn-ALC, 120
in Horn-ALC, 93
in Horn-L, 84
in Horn-Lf , 108

horn query
in fuzzy Horn-ALC, 120
in Horn-ALC, 93
in Horn-L, 84
in Horn-Lf , 108
role-safe (in Horn-ALC), 213

horn rule
body (in Horn-ALC), 92
body (in Horn-L), 84
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head (in Horn-ALC), 92
head (in Horn-L), 84
in fuzzy Horn-ALC, 118
in Horn-ALC, 92
in Horn-L, 83
in Horn-Lf , 106
role-safe (in Horn-ALC), 213

horn variable, 92

inconsistency, 76, 80
individual (in DLs), 65
individual (in ALC), 68
information retrieval, 19
instance checking problem, 66, 70
interpretation

in four-valued ALC, 85
in four-valued L, 79
in fuzzy ALC, 111
in ALC, 67
in Lf , 99

interpretation function
in four-valued ALC, 86
in ALC, 67
mapping between form and semantics,

20, 140
of complex multimedia objects, 142

KB satisfiability problem, 70
knowledge base

in DLs, 66
in fuzzy ALC, 113
in fuzzy Horn-ALC, 120
in ALC, 69
in Horn-ALC, 93
in Horn-L, 84
in Horn-Lf , 108
in L, 80
in Lf , 100

logic
AL, 203
ALE , 203
Lf

+, 235, 249
L+, 175
ALE−1 , 203
ALE−2 , 203
ALC, 66

Horn-ALC, 92
Horn-L, 83
Horn-Lf , 106
L, 79
Lf , 99
L+, 82
Lf

+, 103
four-valued ALC, 85
fuzzy ALC, 111
fuzzy Horn-ALC, 27, 118

logical consequence
ALC, 70

manual indexing, 140
maximal degree of truth

in fuzzy ALC, 113
in fuzzy Horn-ALC, 123
in Horn-Lf , 110
in Lf , 100
in Lf

+, 237
media dependent, 19
media independent, 19
membership degree function

in fuzzy ALC, 111
MIR model

complex multimedia object, 39, 56
complex single media object, 39, 43, 47
concept based, 25
feature based, 25
feature extraction function, 54
feature similarity function, 54
feature value, 54
keyword based, 24
media data object, 39, 40
multimedia database about form, 59,

129
multimedia database about form and

semantics, 141
raw multimedia data, 39
sequence of bytes, 40

model
KB (in four-valued ALC), 87
KB (in fuzzy ALC), 113
KB (in fuzzy Horn-ALC), 121
KB (in ALC), 69
KB (in Horn-ALC), 94
KB (in Horn-L), 84
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KB (in Horn-Lf ), 109
KB (in L), 80
KB (in Lf ), 100
proposition (in L), 80
proposition (in Lf ), 100

modus ponens
in ALC, 88
in L, 80
in Lf , 103
in L+, 82
in Lf

+, 103, 232
modus ponens on roles

in fuzzy ALC, 112, 117
in ALC, 88

most general unifier
in Horn-ALC, 207

multimedia data model
form, 31

multimedia information retrieval, 17
multivalued logic, 78

negated primitive assertion (in ALC), 68
negation normal form (concept), 68
negation normal form (proposition), 79
negative extension, 85
non-membership degree function

in fuzzy ALC, 111

object
in ALC, 182

object-oriented data model, 33
atomic types, 33
atomic values, 33
attribute names, 33
basic type, 36
basic value, 37
class hierarchy, 34
class names, 33
database, 36
database in normal form, 36
disjoint extension, 34
extension, 34
implicit method, 35
method, 35
method in normal form, 37
method names, 35
method signature, 35

object, 33
object identifier, 33
object in normal form, 37
OID assignment, 34
set type, 34
tuple type, 34
type, 34
type in normal form, 36
value, 33
value in normal form, 37
values, 33

ordinary predicate, 92

positive extension, 85
possibilistic logics, 98, 227, 235
precision, 75
primitive assertion (in ALC), 68
primitive concept (in ALC), 67
primitive role (in ALC), 67
principle of bivalence, 165
procedural attachment, 20

reasoning by cases
in fuzzy ALC, 116
in ALC, 89

recall, 75
recursive KB

in fuzzy Horn-ALC, 120
in Horn-ALC, 93
in Horn-L, 84
in Horn-Lf , 108

refutation
in ALC, 185

refutation (in L), 166
relevance feedback, 145
relevance logic, 74
resolvent

in fuzzy Horn-ALC, 283
in Horn-ALC, 207
in Horn-L, 178, 250

retrieval model, 17
role (in DLs), 65

satisfiability
assertion (in four-valued ALC), 87
assertion (in ALC), 69
concrete domain, 130
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conditioned signed expression (in Lf
+),

239
degree function (in fuzzy Horn-ALC),

120
degree function (in Horn-Lf ), 108
fuzzy assertion (in fuzzy ALC), 113,

261
fuzzy proposition (in Lf ), 100
horn fact (in fuzzy ALC), 120
horn goal (in fuzzy Horn-ALC), 121
horn goal (in Horn-ALC), 94
horn goal (in Horn-L), 84
horn goal (in Horn-Lf ), 109
horn query (in fuzzy Horn-ALC), 121
horn query (in Horn-ALC), 94
horn query (in Horn-Lf ), 109
horn rule (in fuzzy Horn-ALC), 120
horn rule (in Horn-ALC), 93
horn rule (in Horn-L), 84
horn rule (in Horn-Lf ), 108
KB (in four-valued ALC), 87
KB (in fuzzy ALC), 113
KB (in fuzzy Horn-ALC), 121
KB (in ALC), 69
KB (in Horn-ALC), 94
KB (in Horn-L), 84
KB (in Horn-Lf ), 109
KB (in L), 80
KB (in Lf ), 100
proposition (in L), 80
signed expression (in fuzzy ALC), 261
signed expression (in ALC), 183
signed expression (in L), 165
signed expression (in Lf ), 217
signed expression (in Lf

+), 232, 239
specialisation (in four-valued ALC), 87
specialisation (in fuzzy ALC), 115
specialisation (in ALC), 69

save KB
in Horn-ALC, 93
in Horn-L, 84
in Horn-Lf , 108

semantics similarity, 144
semantics-based retrieval, 19
signed expression

AB-analysed (in fuzzy ALC), 263

AB-analysed (in ALC), 185
AB-analysed (in L), 166
conditioned (in fuzzy ALC), 275
conditioned (in Lf

+), 238
conditioned conjugated (in fuzzyALC),

275
conditioned conjugated (in Lf

+), 239,
240

conjugated (in fuzzy ALC), 261
conjugated (in L), 165
conjugated (in Lf ), 218
conjugated (in Lf

+), 232
fulfilled (in fuzzy ALC), 263
fulfilled (in ALC), 185
fulfilled (in L), 166
in fuzzy ALC, 260
in ALC, 182, 183
in L, 165
in Lf , 217
in L+, 174
in Lf

+, 232
SLD-derivation

in fuzzy Horn-ALC, 284
in Horn-ALC, 207
in Horn-L, 178
in Horn-Lf , 251

SLD-refutation
in fuzzy Horn-ALC, 284
in Horn-ALC, 207
in Horn-L, 178
in Horn-Lf , 251

specialisation
in DLs, 65
in fuzzy ALC, 113
in ALC, 69

subsumption
in four-valued ALC, 87
in ALC, 70

subsumption checking problem, 66, 70
successor relationship, 210
syntax

ALC, 67

tautological entailment, 78
thruth values (four-valued), 79
topological operators, 45
topological space, 46
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topology, 46
tree blocked variable, 210
two-valued canonical model

in ALC, 195
two-valued canonical model (in L), 170
two-valued completion

in ALC, 194
in L, 168
KB (in L), 169

type A semantics
in four valued ALC, 86

type B semantics
in four valued ALC, 86

uncertain assertion, 98
uncertain fuzzy assertion, 98

well formed KB
in ALC, 69, 198

well formed signed set
in ALC, 198

witness
in ALC, 187
tree (in Horn-ALC), 210


