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Abstract. Knowledge representation, in particular logic, combined together with
database and information retrieval techniques may play an important role in the de-
velopment of so-called intelligent multimedia retrieval systems. In this paper we will
present a logic-based framework in which multimedia objects’ medium dependent
properties (objects’ low level features) and multimedia objects’ medium indepen-
dent properties (abstract objects’ features, or objects’ semantics) are addressed in a
principled way. The framework is logic-based as it relies on the use of a four-valued
fuzzy Description Logics for (i) representing the semantics of multimedia objects
and (ii) for defining the retrieval process in terms of logical entailment. Low level
features are not represented explicitly within the logic, but may be addressed by
means of procedural attachments over a concrete domain. Description Logics are
object-oriented representation formalisms capturing the most popular features of
structured representation of knowledge. They are a good compromise between com-
putational complexity and expressive power and, thus, may be seen as a promising
tool within the context of logic-based multimedia information retrieval.

1 Introduction

In the last decade a substantial amount of work has been carried out in
the context of Description Logics (DLs)1. DLs are a logical reconstruction of
the so-called frame-based knowledge representation languages, with the aim
of providing a simple well-established Tarski-style declarative semantics to
capture the meaning of the most popular features of structured representation
of knowledge. Concepts, roles, individuals, assertions and specialisations are
the building blocks of these logics. Concepts are expressions which collects the
properties, described by means of roles, of a set of individuals. From a logical
point of view, concepts can be seen as unary predicates, interpreted as sets
of elements over a domain. Examples of concepts are Team and Person. Roles
are considered as binary predicates which are interpreted as binary relations
between the elements over a domain. An example of role is Member which
1 Description Logics have also been referred to as Terminological Logics, Concept

Logics, KL-ONE-like languages. The web page of the description logic community
is found at address http://dl.kr.org/dl.
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may represent a relation between a team and the persons belonging to the
team. Individuals are interpreted as elements in the domain. For instance, an
individual represents a member of a team.

In order to build a knowledge base one starts with the definition and
construction of the taxonomy of concepts, i.e. the schema, by means of spe-
cialisations (denoted by C ⇒ D, where C, D are concepts). An example of
specialisation is DreamTeam ⇒ Team � ∀Member.SuperStar which specifies
that a DreamTeam is a Team such that each Member is a SuperStar. Informa-
tion about individuals is stated through assertions. An assertion states either
that an individual a is an instance of a concept C (denoted by C(a)) or that
two individuals a and b are related by means of a role R (denoted by R(a, b)).
Examples of assertions are DreamTeam(chicago) and Member(chicago,jordan).
A DL Knowledge Base (KB) (denoted by K) is a set of specialisations and
assertions. A basic inference task with knowledge bases is instance checking
and amounts to verify whether the individual a is an instance of the concept
C with respect to the knowledge base K, i.e. in symbols K |= C(a).

DL systems has been used for building a variety of applications includ-
ing (see [14]) systems supporting software management [13], browsing and
querying of networked information sources [16], knowledge mining [4], data
archaeology [9], planning [35], learning [22], natural language understanding
[7], clinical information system [18], digital libraries [36], software configura-
tion management system [39] and web source integration [20]. DLs are con-
sidered as to be attractive logics in knowledge based applications as they are
a good compromise between expressive power and computational complexity.

In this paper we will present a DL based Multimedia Information Retrieval
(MIR) model. Any principled approach to the description of such a model
requires the formal specification of three basic entities of retrieval: (i) the rep-
resentation of multimedia objects; (ii) the representation (called query) of a
user information need; and (iii) the retrieval function, returning a ranked list
of objects for each information need. We believe that any MIR model should
address the multidimensional aspect of multimedia objects: that is, their
form and their semantics (or meaning). The form of a multimedia object is
a collective name for all its media dependent features, like text index term
weights (object of type text), colour distribution, shape, texture, spatial re-
lationships (object of type image), mosaiced video-frame sequences and time
relationships (object of type video). On the other hand, the semantics (or
meaning) of a multimedia object is a collective name for those features that
pertain to the slice of the real world being represented, which exists indepen-
dently of the existence of a object referring to it. Unlike form, the semantics
of a multimedia object is thus media independent. Corresponding to these
two dimensions, there are three categories of retrieval: one for each dimen-
sion (form-based retrieval and semantic-based retrieval) and one concerns
the combination of both of them. Form-based retrieval methods automati-
cally create an object representation by extracting features from multimedia
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data. These features will then be used in order to satisfy a query like “find
images with a texture like this”. On the other hand, semantic-based retrieval
methods rely on a symbolic representation (typically, constructed manually
perhaps with the assistance of some automatic tool) of the semantics of a
multimedia object, that is, a description formulated in some suitable formal
language. These descriptions will then be used in order to satisfy a query like
“find images about girls”. User queries may also address both dimensions,
e.g. “find images about girls wearing clothes with a texture like this”. In
this query, texture addresses an image (form) feature, whereas the aboutness
(“girls wearing clothes”) addresses the semantics of an image.

Our DL based MIR model is a model in which multimedia objects’ form
properties and multimedia objects’ semantic properties can be represented
and all three kind of retrieval are allowed. Indeed, we will rely on a four-
valued fuzzy Description Logics for representing the semantics of multimedia
objects. Form properties, i.e. the low-level features of multimedia objects,
are not represented explicitly within the DL, but are addressed by means
of procedural attachments over a concrete domain. The retrieval process is
then defined in terms of logical entailment. Roughly, a KB K contains the
representations, in terms of assertions, of the semantic content of the mul-
timedia objects (images, audio streams, video frame sequences). A query is
a concept C describing the set of objects to be retrieved, both in terms of
the objects’ semantic properties and in terms of the objects’ form properties.
The retrieval of a multimedia object identified by a is then determined by
checking whether K |= C(a).

There has already been some work about DLs and MIR, see e.g. [24–
26,31]. Unfortunately, none of these address all the above-mentioned three
categories of retrieval in a satisfactory way. [25,26,31] do not allow form-
based retrieval, but deal with semantic-based retrieval only; [24] addresses
all categories of retrieval, but the framework is hardwired on a particular
image representation formalism.

The rest of the paper is organised as follows. The next section sets up
a simple framework in which both the form and the semantic properties of
multimedia objects are represented. The model is parametric w.r.t. the logic
used. Section 3 formally specifies our DL. Section 4 addresses the issue of
automatic reasoning within the DL, while Section 5 concludes.

2 Multimedia Databases

To represent the various aspects of a multimedia object, our MIR model
consists of two layers, compliant to [2,12]: the object form layer and the
object semantics layer. In the following see Figure 1 as an example. The
object form layer consists of Multimedia Objects (MOs). These are the objects
of interest for retrieval. Roughly, MOs represent “regions” (such as image
regions, text parts and video frame sequences) of raw multimedia data. A MO



4 Umberto Straccia

Snoopy is a dog

Woodstock is a bird

Birds and Dogs
 are animals

Object Semantics Layer

Snoopy

Woodstock

Object Form Layer

o2

o1

Object features:
- color, shape, texture
- structure

media dependent properties media independent properties

F(o1, Snoopy)=.8

T

K

Fig. 1. MIR model layers and objects

may contain several feature attributes: each of them may be measured from
the region the MO refers to. Of course, features are media dependent and,
thus, for each media type there is a specific set of feature types. A feature
is mainly characterised by a feature extraction function and by a feature
similarity function. The feature extraction function extracts useful intrinsic
properties of a region, like colour distributions, shapes, textures (media type
image), mosaiced video-frame sequences (media type video) and text index
term weights (media type text). A feature similarity function measures the
similarity between two feature values of the same type. Typically, multimedia
database systems already provide similarity functions for text, image, audio
and video.

For the sake of our purpose, we model the object form layer as follows. Let
O be a set of multimedia objects, which are assumed to be of the form 〈o, v〉,
where o is an object identifier and v is a value having a certain type. If 〈o, v〉
and 〈o, v′〉 are two objects with the same identifier o then v = v′. We will
not further specify the type of v. typically, v may be a string, an integer, an
attribute tuple storing the features of the object (see, e.g. [1]). Further, letM
be a set of similarity functions s:O ×O → [0, 1], determining the similarity
between two objects according to some criteria. Typically, s(o, o′) depends
on the features of o and o′ (e.g., an image similarity function is obtained
by combining appropriately the similarity functions for colour, texture and
shape). We model an Object Form Layer (OFL) as a pair OFL = 〈O,M〉,
where O is a set of multimedia objects and M is a set of similarity functions.

The object semantics layer describes the semantic properties of the slice
of world the MOs are about. For instance, suppose that the aboutness of
a certain MO, o, is Snoopy. The object semantics layer may describe the
knowledge “Snoopy is a dog” and “dogs are animals”. These descriptions can
then be used in order to enhance the retrieval capabilities, i.e. we can infer
that o is about a dog.

The semantic entities (or also events) which MOs can be about will be
the logical individuals of our DL. We will call these individuals also index
terms: as in information retrieval a text document may by associated to a
keyword [29], we will associate a multimedia object to an individual. So, let



Description Logics and Multimedia Information Retrieval 5

T be a set of index terms, i.e. individuals, and let K be a knowledge base,
describing the properties of the individuals in T and the properties of the
application domain. We model an Object Semantics Layer (OSL) as a pair
OSL = 〈T ,K〉, where T is a set of index terms (individuals) and K is a
knowledge base.

According to the fuzzy information retrieval model [8,19,27,21], let F be a
membership function describing the correlation between multimedia objects
and index terms. The function F may be defined as F :O × T → [0, 1] in
which O is a set of multimedia objects and T is the set of all index terms
(individuals). The value F (o, a) indicates to which degree the multimedia
object o deals with the individual a; this value is also called index term
weight. The meaning of an index term a may in this context be represented
as a fuzzy subset of multimedia objects in O, m(a), with the quantitative
measure of aboutness being the values of function F for a given index term
a: m(a) = {〈o, µa(o)〉: o ∈ O}, in which µa(o) = F (o, a). m(a) is the meaning
of individual a. The function F acts as the membership function of m(a).
Finally, a multimedia object database about form and semantics, or simply
Multimedia Database (DB) is a tuple

DB = 〈OFL, OSL, F 〉 (1)

where OFL = 〈O,M〉 is a object form layer, OSL = 〈T ,K〉 is a object
semantics layer and F :O × T → [0, 1] is a fuzzy membership function. This
completes this part. In the following sections we will describe the DL by
means of which we may describe the OSL.

3 DLs and the Retrieval of Multimedia Objects

Our DL combines and extents the works [25,26,32,34]. In [34] a fuzzy exten-
sion of a quite general DL, ALC [30], in the context of two-valued semantics
has been described; in [32] a fuzzy extension of propositional logic within a
four-valued semantics has been described and [25] briefly formalises a four-
valued fuzzy DL. The rational behind the combination of fuzzy semantics and
four-valued semantics is twofold. In [26] a four-valued semantics [3,6,23,28]
has been proposed for DLs in order to enforce a notion of logical entailment
in which premises (i.e. the knowledge base) need be relevant to conclusions
(i.e. the query) to a stronger extent than classical “material” logical im-
plication does. The logic specified in [26] is still insufficient for describing
retrieval situations. Retrieval is usually not only a yes-no question, as clas-
sical logical entailment is, but rather the answer should be graded. This is
similar to switching from the boolean F (o, a) ∈ {0, 1} case to the fuzzy case
F (o, a) ∈ [0, 1]. Because of this, [25] proposes a logic in which, rather than
deciding tout court whether a multimedia object satisfies a query or not, we
are able to rank the retrieved objects according to how strongly the system
believes in their relevance to a query. The logic we will propose here, starts
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from [25], but substantial modifications will be made from a semantics point
of view in order to deal with all three categories of retrieval mentioned pre-
viously. In the following, we will proceed step by step until our final logic is
specified.

3.1 A Classical DL

The specific basic DL we employ is the logic ALC [30] (Attributive Language
with Complements), a significant representative of DLs ALC is universally
considered the “standard” DL (as much as K is considered the “standard”
modal logic). Reverting to one’s DL of choice may be taken as the very last
step within an application domain.

Consider a new alphabet of symbols called individuals (denoted by a and
b). Let OFL = 〈O,M〉 be an object form layer such that all similarity func-
tions s ∈ M are boolean, i.e. s:O × O → {0, 1} and let F :O × T → {0, 1}
be a boolean membership function, where T is a set of individuals. We now
specify the DL ALC(OFL, F ) which “uses” both OFL and F based on clas-
sical two-valued semantics. We will rely on the notion of concrete domain
[5], but rather than to rely on the quite general case, as presented in [5],
we will restrict the concrete domain to our special case. A generalisation is
straightforward, but complicates our presentation unnecessarily.

To begin, we need concrete individual symbols representing the elements
〈o, v〉 ∈ O. For ease of notation, we will use o as concrete individual in
ALC(OFL, F ), denoting 〈o, v〉. Furthermore, for each s ∈M we assume that
s is a two-place concrete role symbol in ALC(OFL, F ), IsAbout is a two-place
concrete role symbol denoting F , whereas O is an one-place concrete concept
symbol in ALC(OFL, F ) denoting O.

Let us assume two new alphabets of symbols, called primitive concepts
(denoted by A) and primitive roles (denoted by P ). A role is either a prim-
itive role or a concrete role. The concepts (denoted by C and D) of the
language ALC(OFL, F ) are formed out of primitive concepts according to
the following syntax rules:

C, D −→ A | (primitive concept)
O | (class of multimedia objects)

C �D | (concept conjunction)
C �D | (concept disjunction)
¬C | (concept negation)

∀R.C | (universal quantification)
∃R.C (existential quantification) .

(2)

An interpretation I for ALC(OFL, F ) consists of a non empty set ∆I =
∆A

I ∪ O (called the domain), where ∆A
I is the abstract domain and O is

the concrete domain such that ∆A
I ∩ O = ∅. The interpretation function ·I

is such that



Description Logics and Multimedia Information Retrieval 7

1. ·I maps every individual into ∆A
I ;

2. aI �= bI , if a �= b. (Unique Name Assumption);
3. oI = 〈o, v〉 ∈ O, for all concrete individuals o;
4. ·I maps every primitive concept into a function from ∆A

I to {t, f};
5. ·I maps O into a function from O to {t, f} such that OI(d) = t if d ∈ O;
6. ·I maps every primitive role into a function from ∆A

I ×∆A
I to {t, f};

7. ·I maps IsAbout into a function fromO×∆A
I to {t, f} such that IsAboutI(d, d′) =

t if ∃a ∈ T .aI = d′ ∧ F (d, a) = 1;
8. ·I maps s ∈M into a function from O×O to {t, f} such that sI(d, d′) = t

if s(d, d′) = 1.

An interpretation is extended to complex concepts by appropriately combin-
ing the interpretations of their components:

(C �D)I(d) = t iff CI(d) = t and DI(d) = t

(C �D)I(d) = t iff CI(d) = t or DI(d) = t

(¬C)I(d) = t iff CI(d) = f

(∀R.C)I(d) = t iff for all d′ ∈ ∆I , if RI(d, d′) = t then CI(d′) = t

(∃R.C)I(d) = t iff for some d′ ∈ ∆I , RI(d, d′) = t and CI(d′) = t .

Note that each concept C and role R can be mapped into an equivalent open
first-order formula FC(x) and FR(x, y), respectively:

FA(x) = A(x) (3a)
FR(x, y) = R(x, y) (3b)
FC�D(x) = FC(x) ∧ FD(x) (3c)
FC�D(x) = FC(x) ∨ FD(x) (3d)

F¬C(x) = ¬FC(x) (3e)
F∀R.C(x) = ∀y.FR(x, y)→ FC(y) (3f)
F∃R.C(x) = ∃y.FR(x, y) ∧ FC(y) . (3g)

An assertion (denoted by A) is an expression of type C(a) (meaning that a
is an instance of concept C), or an expression of type R(a, b) (meaning that
a is related to b by means of role R). An interpretation I satisfies C(a) (resp.
R(a, b)) iff CI(aI) = t (resp. RI(aI , bI) = t).

A specialisation (denoted by T ) is an expression of the form C ⇒ D,
where C, D are concepts. Specialisations allow to state the existence of a
specialisation (“more specific than”) relation between concepts. For instance,
the specialisation Father ⇒ Man�∃HasChild.Child states that a father is a man
having at least a child. An interpretation I satisfies C ⇒ D is iff CI(d) = t
implies that DI(d) = t, for all d ∈ ∆I . As a consequence, a specialisation
may be seen as the first-order formula FC⇒D
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FC⇒D = ∀x.FC(x)→ FD(x) . (4)

A set K of assertions and specialisations will be called a Knowledge Base
(KB). With KA we will denote the set of assertions in K, whereas with KT
we will denote the set of specialisations in K.

Often, DLs support only a special form of specialisations. The form of
specialisations they allow is defined as follows. A concept definition is an
expression of the form A: = C, where A is a primitive concept, called concept
name, and C is a concept. The goal of a concept definition A: = C is to
define concept A as being “equivalent” to concept C, i.e. A is the name of
concept C. Essentially, a concept definition A: = C is a macro which can
be expressed in terms of specialisations: each occurrence of A: = C can be
replaced by considering both specialisations A⇒ C and C ⇒ A.

Consider a KB K such that KT �= ∅. Suppose KT contains only concept
definitions A: = C and specialisations of the form A ⇒ C, where A is a
primitive concept. We will say that A directly uses primitive concept B, if
either (i) there is a concept definition A: = C ∈ KT such that B occurs in
C; or (ii) there is a specialisation A ⇒ C ∈ KT such that B occurs in C.
Let uses be the transitive closure of the relation directly uses in K. KT is
cyclic iff there is A such that A uses A through KT . In the rest of the paper
we will restrict our attention to well formed KBs: we will say that a KB K is
well formed iff if KT �= ∅ then

1. KT contains only concept definitions A: = C and specialisations of the
form A ⇒ C, where A is a primitive concept;

2. no A appears more than once on the left hand side of concept definitions
and specialisations in KT ; and

3. KT is not cyclic.

An interpretation I satisfies (is a model of ) K iff I satisfies each element in K.
K entails an assertion A (denoted by K |=2 A) iff every model of K satisfies A.
Notice that K |=2 R(a, b) iff R(a, b) ∈ K. K entails a specialisation T (denoted
by K |=2 T ) iff every model of K satisfies T . The notion of entailment is
easily extended to DBs: a multimedia database DB = 〈OFL, OSL, F 〉, where
OSL = 〈T ,K〉, entails an assertion C(a), written DB |=2 C(a) iff each
interpretation for ALC(OFL, F ) satisfying K satisfies C(a) too.

The problem of determining whether K |=2 T is called hybrid subsump-
tion problem; the problem of determining whether K is satisfiable is called
knowledge base satisfiability problem, and the problem of determining whether
K |=2 A is called instance checking problem. It can easily be verified that the
following relations hold:

K |=2 C ⇒ D iff K ∪ {C(a),¬D(a)} is not satisfiable (5a)
K |=2 C(a) iff K ∪ {¬C(a)} is not satisfiable , (5b)
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where a is a new individual. As a consequence, all the above problems can
be reduced to the knowledge base satisfiability problem. There exists a well
known technique, based on constraint propagation, which solves this problem.
The interested reader can consult e.g., [5,10].

Example 1. Consider the KB K containing the following taxonomy.

IndividualSport ⇒ Sport
TeamSport ⇒ Sport
Basketball ⇒ SportTool
TennisRacket ⇒ SportTool
TeamSport : = Sport�

(∃KindOfSport.Sport)�
(∀KindOfSport.TeamSport)

IndividualSport : = Sport�
(∃KindOfSport.Sport)�
(∀KindOfSport.IndividualSport)

Basket : = TeamSport�
(∃HasSportTool.SportTool)�
(∀HasSportTool.Basketball)

Tennis : = IndividualSport�
(∃HasSportTool.SportTool)�
(∀HasSportTool.TennisRacket)

Furthermore, assume that K contains Basket(b) and Tennis(t). Let DB =
〈OFL, OSL, F 〉 be a DB where OFL = 〈O,M〉 is an object form layer
containing two images i1 = 〈o1, v1〉 and i2 = 〈o2, v2〉, OSL = 〈T ,K〉 is the
object semantics layer such that the set of index terms is T = {b, t} and
F :O × T → {0, 1} is a membership function such that F (i1, b) = 1 and
F (i2, t) = 1. That is, F specifies that the aboutness of images i1 and i2 is
basket and tennis, respectively.

It is quite easy to verify that K |=2 Basket ⇒ Sport stating that a Basket
is a Sport. Similarly, K |=2 Tennis⇒ Sport holds.

Semantic-based retrieval: an example of semantic-based retrieval is the fol-
lowing: “find images about sport” We may query DB by means of the query
concept

Q = O � ∃IsAbout.Sport .

The answer will be the list containing both i1 and i2, as DB |=2 Q(o1) and
DB |=2 Q(o2) hold. Another example of semantic-based retrieval is: “find
images about individual sports”. The query concept can be

Q′ = O � ∃IsAbout.(Sport � ∃KindOfSport.IndividualSport) .

It follows that only image i2 will be retrieved. In fact, DB �|=2 Q′(o1) and
DB |=2 Q′(o2) hold.
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Form-based retrieval: a typical case of form-based retrieval is: “find images
which are similar to a given image i3 = 〈o3, v3〉”. Here, we are looking for
images i which at the form level are similar to i3, i.e. the medium dependent
properties (features) of i match those of i3. Before submitting our query to
the DB, we assume that i3 is in O (if not so, put i3 into O) and we assume also
that there is a similarity function Simi3:O×{i3} → {0, 1} in M establishing
that image i1 is similar to image i3, i.e. Simi3(i1, i3) = 1. We can now formalise
our request by means of the concept

Q′′ = O � (∃Simi3.O) .

It follows easily that only image i1 will be retrieved. In fact, DB |=2 Q′′(o1)
and DB �|=2 Q′′(o2) hold.

Combination of form-based and semantic-based retrieval: let us further ex-
pand the last example, illustrating a typical combination of form-based re-
trieval and semantic-based retrieval. Suppose our information request is “find
images which are similar to a given image i3 = 〈o3, v3〉 and which are about
sport”. We can formalise our request by means of the concept

Q′′′ = Q′′ � Q .

As before, only image i1 will be retrieved, as DB |=2 Q′′′(o1) and DB �|=2

Q′′′(o2) hold.

3.2 A Four-Valued DL

The four-valued semantics for ALC is described in [25,26,33]. The extension
to ALC(OFL, F ) is straightforward which we briefly resume below.

Four-valued Semantics

The key difference between a classical logic and our four-valued logic is that,
while the former relies on the classical set of truth values {t, f}, the latter
relies on its powerset 2{t,f}, i.e. the four values are {t}, {f}, {t, f} and ∅.
These values may be understood as representing the status of a sentence in
the epistemic state of a reasoning agent. Under this view, if the value of a
sentence contains t, then the agent has evidence to the effect – or beliefs
– that the sentence is true. Similarly, if it contains f , then the agent has
evidence to the effect that the sentence is false. The value ∅ corresponds to
a lack of evidence, while the truth value {t, f} corresponds to the possession
of contradictory evidence.

A four-valued interpretation for ALC(OFL, F ), I = (∆I , ·I), in the fol-
lowing called interpretation, is as before, except that the interpretation func-
tion of I) is now such that
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1. ·I maps every primitive concept into a function from ∆A
I to 2{t,f};

2. ·I maps O into a function from O to 2{t,f} such that t ∈ OI(d) if d ∈ O;
3. ·I maps every primitive role into a function from ∆A

I ×∆A
I to 2{t,f};

4. ·I maps IsAbout into a function from O × ∆A
I to 2{t,f} such that t ∈

IsAboutI(d, d′) if ∃a ∈ T .aI = d′ ∧ F (d, a) = 1;
5. ·I maps s ∈M into a function from O×O to 2{t,f} such that t ∈ sI(d, d′)

if s(d, d′) = 1.

The interpretation function is extended to complex concepts as follows:

t ∈ (C �D)I(d) iff t ∈ CI(d) and t ∈ DI(d)
f ∈ (C �D)I(d) iff f ∈ CI(d) or f ∈ DI(d)

t ∈ (C �D)I(d) iff t ∈ CI(d) or t ∈ DI(d)
f ∈ (C �D)I(d) iff f ∈ CI(d) and f ∈ DI(d)

t ∈ (¬C)I(d) iff f ∈ CI(d)
f ∈ (¬C)I(d) iff t ∈ CI(d)

t ∈ (∀R.C)I(d) iff ∀ d′ ∈ ∆I , t ∈ RI(d, d′) implies t ∈ CI(d′)
f ∈ (∀R.C)I(d) iff ∃ d′ ∈ ∆I , t ∈ RI(d, d′) and f ∈ CI(d′)

t ∈ (∃R.C)I(d) iff ∃ d′ ∈ ∆I , t ∈ RI(d, d′) and t ∈ CI(d′)
f ∈ (∃R.C)I(d) iff ∀ d′ ∈ ∆I , t ∈ RI(d, d′) implies f ∈ CI(d′) .

Let I be an interpretation and let K be a KB. I satisfies an assertion
C(a), iff t ∈ CI(aI), whereas I satisfies R(a, b) iff t ∈ RI(aI , bI). I satisfies
a specialisation C ⇒ D iff t ∈ CI(d) implies t ∈ DI(d), for all d ∈ ∆I . From
this, the definition of satisfiable knowledge base and entailment (denoted
by |=4) easily follows. As for the classical two-valued case, K |=4 R(a, b) iff
R(a, b) ∈ K.

We will briefly resume some main properties of our four-valued seman-
tics (see also [26,33] for details). Let DB = 〈OFL, OSL, F 〉 be a multime-
dia database. At first, it can easily be verified that K |=4 C ⇒ D iff K ∪
{C(a)} |=4 D(a) holds (a is a new individual), i.e., the hybrid subsumption
problem can be reduced to the instance checking problem. Therefore, we will
restrict our attention to the instance checking problem only. For it, there
exists a decision algorithm, which is described in [33].

Satisfiability: Each KB is (four-valued) satisfiable. Consequently, unlike clas-
sical DLs, (5a) and (5b) do not apply. Note that, as described in [26], the
satisfiability property is important in retrieval, as we cannot assume that the
aboutness of a MO is described in a consistent manner.
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Soundness of the semantics: Our logic is sound with respect to two-valued
semantics. In fact, DB |=4 A implies DB |=2 A. In particular, |=4⊂|=2 holds.
This means that if a MO is retrieved according to our four-valued semantics
then it will be retrieved according to the classical semantics as well.

Paradoxes: The so-called paradoxes of classical logical implication do not
hold in our four-valued semantics: e.g. {C(a),¬C(a)} �|=4 (∃IsAbout.D)(o)
reflects a “relevance semantics” in the sense that both C(a) and ¬C(a) to-
gether do not give any argument in supporting that “the MO o is about D”.
Similarly, ∅ �|=4 (∀IsAbout.(C�¬C))(o) states that ([26]) the absence of knowl-
edge (K = ∅) does not give any argument in supporting that “if the MO o is
about something then o is about C �¬C”. Indeed, in our four-valued seman-
tics, it might be the case of lack of evidence w.r.t. C�¬C: for an interpretation
I, it might be the case that t ∈ IsAboutI(oI , d′) but CI(d′) = (¬C)I(d′) = ∅.
That is, we know that the MO o is about something, but we do not know
what o is about.

Example 2. Consider the multimedia database DB and the query concepts
Q, Q′, Q′′ and Q′′′ in the previous Example 1. As for the two-valued case, it
is quite easy to verify that DB |=4 Basket ⇒ Sports and DB |=4 Tennis ⇒
Sports hold. Moreover, it can be verified that DB |=4 Q(o1), DB |=4 Q(o2),
DB �|=4 Q′(o1), DB |=4 Q′(o2), DB |=4 Q′′(o1), DB �|=4 Q′′(o2), DB |=4

Q′′′(o1) and DB �|=4 Q′′′(o2) hold. Note also that e.g. DB �|=4 (∃IsAbout.
(Car ∪ ¬Car))(o1), is a consequence of the fact that we do know nothing
about whether the image i1 is about Car or is about ¬Car. On the other
hand, according to classical semantics, DB |=2 (∃IsAbout.(Car ∪ ¬Car))(o1)
holds and, thus, reduces the “precision degree” of retrieval.

3.3 A Four-Valued Fuzzy DL

Until now, we assumed that each similarity function s ∈M of an object form
layer OFL = 〈O,M〉 and the membership function F are boolean, i.e. the
values are in {0, 1}. Our last step is to generalise the logic ALC(OFL, F ) to
the case where these values can be in [0, 1].

Our fuzzy extension takes inspiration from Zadeh’s work on fuzzy sets [38].
A fuzzy set A with respect to a set X is characterised by a membership
function |A| : X → [0, 1], assigning an A-membership degree, |A|(x), to each
element x in X. This degree gives us an estimation of the belonging of x to
A. Typically, if |A|(x) = 1 then x definitely belongs to A, while |A|(x) = .8
means that x is an element of A, but to a lesser extent. Moreover, according to
Zadeh, the membership function has to satisfy three well-known restrictions,
for all x ∈ X and for all fuzzy sets A, B with respect to X:

|A ∩B|(x) = min{|A|(x), |B|(x)}
|A ∪B|(x) = max{|A|(x), |B|(x)}
|A|(x) = 1− |A|(x) ,
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where A is the complement of A in X. Conjunction and disjunction of fuzzy
sets can be defined by any t-norm and t-conorm operators, respectively; usu-
ally min and max are adopted (see e.g. [37]).

When we switch to logic, and to DLs in particular, we have concepts C
which are interpreted as fuzzy sets and, thus, speak about C-membership
degrees, i.e., |C| is the membership function of C. For instance, the assertion
that individual a is an instance of concept C may have as a membership degree
any real number in between 0 and 1: if the degree of membership of C(a) is
1, then a is definitely an instance of C, while if the degree of membership
of C(a) is .8 then a is an instance of C, but to a lesser extent. Hence, in a
fuzzy DL, concepts become imprecise. As a consequence, given e.g. a query
concept Q, the retrieval process produces a ranking of concrete individuals:
the rank of o, for each concrete individual o, is the degree of membership of
Q(o), and will be interpreted as the degree of aboutness of the multimedia
object identified by o to the concept Q.

In the following, let OFL = 〈O,M〉 be a generic object form layer and
let F be a membership function.

Fuzzy assertions

A fuzzy assertion (denoted by α) is an expression of type 〈A ≥ n〉, where A
is an assertion in ALC(OFL, F ) and n ∈ (0, 1].

In fuzzy ALC(OFL, F ), a concept is interpreted as a fuzzy set. Accord-
ing to this view, the intended meaning of 〈C(a) ≥ n〉 we will adopt is: “the
membership degree of individual a being an instance of concept C is at least
n”. Similarly for roles: the intended meaning of 〈R(a, b) ≥ n〉 we will adopt
is: “the membership degree of individual a being related to b by means of
role R is at least n”.

In the two-valued case (see [34]) w.r.t. ALC, a fuzzy valuation is a function
| · | mapping (i) ALC concepts into a membership function ∆ → [0, 1] (∆ is
the domain); and (ii) ALC roles into a membership function ∆×∆ → [0, 1].
If C is a concept then |C| will naturally be interpreted as the membership
function of the fuzzy concept (set) C, i.e. if d ∈ ∆ is an object of the domain
∆ then |C|(d) gives us the degree of being the object d an element of the
fuzzy concept C. Similar arguments holds for roles.

In the four-valued case, consistently with our approach of distinguishing
explicit from implicit falsehood (e.g. distinguishing f ∈ CI(d) from t �∈ CI(d)),
we will use rather two fuzzy valuations, | · |t and | · |f : |C|t will naturally be
interpreted as the membership function of C, whereas |C|f will analogously
be interpreted as the non-membership function of C. For instance, |Tall|t(d)
gives us the degree of being d Tall, whereas |Tall|f (d) gives us the degree of
being d not Tall. While in the classical “two-valued” fuzzy case, as usual,
|C|f = 1 − |C|t, for each concept C, we might well have |C|t(d) = .6 and
|C|f (d) = .8. This is a natural consequence of our four-valued approach,
where f ∈ CI(d) and t ∈ CI(d) is allowed. The case of roles is similar.
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A fuzzy interpretation2 for fuzzy ALC(OFL, F ) is a tuple I = ((·)I ,
| · |t, | · |f , ∆I), where ·I maps individuals and concrete individuals as usual
and

1. | · |t and | · |f are fuzzy valuations, i.e. | · |t and | · |f
(a) map every primitive concept into a function from ∆A

I to [0, 1];
(b) map O into a function from O to [0, 1] such that |O|t(d) = 1 if d ∈ O;
(c) map every primitive role into a function from ∆A

I ×∆A
I to [0, 1];

(d) map IsAbout into a membership function from O×∆A
I to [0, 1] such

that |IsAbout|t(d, d′) = n if ∃a ∈ T .aI = d′ ∧ F (d, a) = n;
(e) map s ∈ M into a membership function from O × O to [0, 1] such

that |s|t(d, d′) = n if s(d, d′) = n;
2. ·I maps every fuzzy assertion into an element of 2{t,f}.

Moreover, | · |t and | · |f are extended to complex concepts as follows: for all
d ∈ ∆I

|C �D|t(d) = min{|C|t(d), |D|t(d)}
|C �D|f (d) = max{|C|t(d), |D|t(d)}

|C �D|t(d) = max{|C|t(d), |D|t(d)}
|C �D|f (d) = min{|C|t(d), |D|t(d)}

|¬C|t(d) = |C|f (d)
|¬C|f (d) = |C|t(d)

|∀R.C|t(d) = mind′∈∆I{max{1− |R|t(d, d′), |C|t(d′)}}
|∀R.C|f (d) = maxd′∈∆I{min{|R|t(d, d′), |C|f (d′)}}

|∃R.C|t(d) = maxd′∈∆I{min{|R|t(d, d′), |C|t(d′)}}
|∃R.C|f (d) = mind′∈∆I{max{1− |R|t(d, d′), |C|f (d′)}} .

These equations are the standard interpretation of conjunction, disjunction,
and negation. Just note that that the semantics for the ∀ connective,

|∀R.C|t(d) = min
d′∈∆I

{max{1− |R|t(d, d′), |C|t(d′)}} (6)

is the result of viewing ∀R.C as the open first order formula ∀y.FR(x, y) →
FC(y) (see (3f)). Now, the universal quantifier ∀ is viewed as a conjunction
over the elements of the domain and, thus, |∀y.P (y)|t = mind′∈∆I{|P |t(d′)},
where P is an unary predicate, whereas the implication FR(x, y)→ FC(y) is
Zadeh’s fuzzy implication connective [11] and, thus, |FR(x, y)→ FC(y)|t =
max{1 − |FR|t(x, y), |FC |t(y)}. The combination of these two points yields
(6). Concerning the ∃ connective, by definition, |∃R.C|t(d) is
2 In the following called interpretation.
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|∃R.C|t(d) = max
d′∈∆I

{min{|R|t(d, d′), |C|t(d′)}} . (7)

The above equation is the result of viewing ∃R.C as the open first or-
der formula ∃y.FR(x, y) ∧ FC(y) (see (3g)). Now, the existential quantifier
∃ is viewed as a disjunction over the elements of the domain and, thus,
|∃y.P (y)|t = maxd′∈∆I{|P |t(d′)}, where P is an unary predicate. Hence,
this view yields to (7).

Finally, the interpretation function (·)I has to satisfy

t ∈ 〈C(a) ≥ n〉I iff |C|t(aI) ≥ n

f ∈ 〈C(a) ≥ n〉I iff |C|f (aI) ≥ n

t ∈ 〈R(a, b) ≥ n〉I iff |R|t(aI , bI) ≥ n

f ∈ 〈R(a, b) ≥ n〉I iff |R|f (aI , bI) ≥ n .

Let I be an interpretation and let K be a fuzzy KB (a set of fuzzy as-
sertions). I satisfies a fuzzy assertion α, iff t ∈ αI . I satisfies (is a model
of ) K iff I satisfies all elements in K. K entails a fuzzy assertion α (de-
noted by K|≈4α) iff all models of K satisfy α. The extension of this def-
inition to the case DB|≈4α is straightforward. Given K and an assertion
A, we define the maximal membership degree of A w.r.t. K (denoted by
Maxdeg(K,A)) to be max{n > 0 : K|≈4〈A ≥ n〉} (max ∅ = 0). Notice that
K |≈4 〈A ≥ n〉 iff Maxdeg(K,A) ≥ n. Finally, we define Maxdeg(DB,A) as
max{n > 0 : DB|≈4〈A ≥ n〉}.

Fuzzy specialisations

A fuzzy specialisation (denoted by τ) is an expression of type C "→ D, where
C and D are fuzzy ALC(OFL, F ) concepts. A fuzzy concept definition is an
expression of type A:≈ C, where A is a primitive concept and C is a concept.

The intended meaning of C "→ D is: for all instances a of concept C,
if C(a) has membership degree n then D(a) has membership degree n too.
That is, we allow a simple bottom up propagation of the membership degree.
Formally, given a fuzzy interpretation I, additionally (·)I has to satisfy

t ∈ (C "→ D)I iff ∀d ∈ ∆I∀n ∈ (0, 1].|C|t(d) ≥ n implies |D|t(d) ≥ n

f ∈ (C "→ D)I iff ∃d ∈ ∆I∃n ∈ (0, 1].|C|t(d) ≥ n and |D|t(d) < n .
(8)

The definitions of satisfiability and entailment are extended to the case we
are considering specialisations in the usual way. Finally, an interpretation I
satisfies a fuzzy concept definition A:≈ C iff I satisfies both A "→ C and
C "→ A, i.e. A:≈ C is a macro forA "→ C and C "→ A.

3.4 Some Properties

We discuss now some properties of our four-valued fuzzy semantics.
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Satisfiability: as for the four-valued case, each fuzzy KB is satisfiable. For
instance, {〈A(a) ≥ .6〉, 〈¬A(a) ≥ .8〉} is satisfiable, whereas in the classical
case (see [34]) it is not.

Soundness of the semantics: our logic is sound w.r.t. four-valued semantics
and, thus, w.r.t. two-valued semantics. In fact, let K be a fuzzy KB. With
KC we indicate the (crisp) KB

KC = {A : 〈A ≥ n〉 ∈ K} ∪ {C ⇒ D : C �→ D ∈ K} .

It is quite easily to verify that if K|≈4〈A ≥ n〉 then KC |=4 A, i.e. there
cannot be fuzzy entailment without entailment.

Bottom up propagation: bottom up propagation of membership degrees through
a taxonomy is supported: for n > 0

{〈C(a) ≥ n〉, C "→ D}|≈4〈D(a) ≥ n〉
{〈A(a) ≥ n〉, A:≈ C}|≈4〈C(a) ≥ n〉
{〈C(a) ≥ n〉, A:≈ C}|≈4〈A(a) ≥ n〉 .

Contraposition does not hold, i.e.

{〈¬D(a) ≥ n〉, C "→ D} �|≈4〈C(a) ≥ n〉 .

Paradoxes: the so-called paradoxes of logical implication do not hold. For
k, m, n > 0

{〈C(a) ≥ n〉, 〈¬C(a) ≥ m〉} �|≈4〈D(b) ≥ k〉
∅ �|≈4〈(C � ¬C)(a) ≥ k〉 .

Example 3. Let us consider Example 1. Consider the query concepts Q (“find
images about sport”), Q” (“find images similar to image i3”), Q′′′ = Q′′ �
Q (“find images similar to image i3 and about sport”), and the KB K in
Example 1 in which (i) each specialisation C ⇒ D has been replaced with
the fuzzy specialisation C "→ D and each concept definition A: = C has
been replaced with the fuzzy concept definition A:≈ C; and (ii) Basket(b)
and Tennis(t) have been replaced with 〈Basket(b) ≥ 1〉 and 〈Tennis(t) ≥ 1〉,
respectively.

This time, we assume that F :O × T → [0, 1] is a membership func-
tion, which, relying on the image features of image i1 and i2, establishes
that F (i1, b) = .9 and F (i2, t) = .6. Additionally, we assume that the im-
age similarity function Simi3 ∈ M is such that Simi3:O × {i3} → [0, 1] with
Simi3(i1, i3) = .4 and Simi3(i2, i3) = .5. That is, image i2 is “more” similar to
image i3 than image i1 is.
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Semantic-based retrieval: it can be verified that both

DB|≈4〈Q(o1) ≥ .9〉
DB|≈4〈Q(o2) ≥ .6〉

hold. Moreover, Maxdeg(DB,Q(o1))) = .9, whereas Maxdeg(DB,Q(o2))) =
.6 hold. Therefore, both images i1 and i2 will be retrieved, but image i1 will
be ranked before image i2.

Form-based retrieval: it can be verified that both

DB|≈4〈Q′′(o1) ≥ .4〉
DB|≈4〈Q′′(o2) ≥ .5〉

hold. Thus, image i2 is ranked before image i1.

Combination of form-based and semantic-based retrieval: it can be verified
that both

DB|≈4〈Q′′′(o1) ≥ min{.9, .4}〉
DB|≈4〈Q′′′(o2) ≥ min{.6, .5}〉

hold. Thus, image i2 is ranked before image i1.

4 Automatic Reasoning

Deciding whether, given a multimedia database DB and a fuzzy assertion α,
DB|≈4α, requires a calculus. The one we present here is a sequent calculus
[17]. The calculus is essentially an extension of [33] to the fuzzy case. The
main idea behind our calculus for fuzzy entailment is that in order to prove
DB|≈4α we transform DB into a fuzzy KB, KDB , and then try to prove
whether the “sequent” KDB → α is valid.

So, let DB = 〈OFL, OSL, F 〉 be a multimedia database, where OFL =
〈O,M〉 is a object form layer, OSL = 〈T ,K〉 is a object semantics layer and
F :O×T → [0, 1] is a fuzzy membership function. Without loss of generality
we will restrict our attention to concepts in Negation Normal Form (NNF),
where the negation symbol does not appear in front of a complex concept3

and suppose that all fuzzy concept definitions A:≈ C have been replaced with
A "→ C and C "→ A.

At first, we transform DB into a fuzzy KB, KDB , such that DB|≈4α iff
KDB |≈4α:

KDB = K∪ {〈O(o) ≥ 1〉: 〈o, v〉 ∈ O}∪
{〈IsAbout(o, a) ≥ n〉: 〈o, v〉 ∈ O, a ∈ T , n = F (〈o, v〉, a)}∪
{〈s(o1, o2) ≥ n〉: 〈oi, vi〉 ∈ O, s ∈M, n = s(〈o1, v1〉, 〈o2, v2〉)} .

3 For instance, ¬(A1�A2) is replaced with ¬A1�¬A2 and ¬∃R.A is replaced with
∀R.¬A.
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Furthermore, we consider a new alphabet of symbols, called variables (de-
noted by x and y). The alphabet of individual symbols is the union of the
alphabets of variables, individuals and concrete individuals (individual sym-
bols are denoted by v and w). An interpretation I is extended to variables
by mapping them into an element of its domain ∆I .

A sequent is an expression of the form Γ → ∆, where Γ = {α1, . . . , αn,
τ1, . . . , τm} and ∆ = {αn+1, . . . , αn+k} are finite sets of fuzzy assertions
and specialisations, with n + k ≥ 1, m ≥ 0. Moreover, in these fuzzy asser-
tions may appear both individual symbols and fuzzy assertions of the form
〈R(v, w) > n〉 (with obvious semantics). Γ is called the antecedent and ∆ is
called the consequent. A sequent Γ → ∆ is satisfiable iff there is an inter-
pretation I such that if I satisfies all elements in Γ then I satisfies some
element in ∆. Note that the elements in the antecedent are considered in and,
whereas the elements in the succedent are considered in or. A sequent Γ → ∆
is valid iff all interpretations satisfy Γ → ∆. A sequent Γ → ∆ is falsifiable
iff it is not valid. Please, note that K|≈4α iff the sequent K → α is valid,
thus, DB|≈4α iff KDB → α valid. For ease of notation we will often omit
braces and operations of set-theoretic union, thus writing e.g. α1, Γ → ∆, α2

in place of {α1} ∪ Γ → ∆ ∪ {α2}.
An axiom is a sequent of the form

〈A ≥ n〉, Γ → ∆, 〈A ≥ m〉 , (9)

where n ≥ m. It is immediate to see that all axioms are valid. A sequent
calculus is based on a number of rules of inference operating on sequents.
Rules fall naturally into two categories: those operating on fuzzy assertions
and fuzzy specialisations occurring in the antecedent, and those operating
on fuzzy assertions occurring in the consequent. Every rule consists of one
“upper” sequent called premise and of one or two “lower” sequents called
conclusions. The rules of the calculus for fuzzy entailment are defined as
follows:

(� →)
〈(C � D)(v) ≥ n〉, Γ → ∆

〈C(v) ≥ n〉, 〈D(v) ≥ n〉, Γ → ∆

(→ �)
Γ → ∆, 〈(C � D)(v) ≥ n〉

Γ → ∆, 〈C(v) ≥ n〉 Γ → ∆, 〈D(v) ≥ n〉

(� →)
〈(C � D)(v) ≥ n〉, Γ → ∆

〈C(v) ≥ n〉, Γ → ∆ 〈D(v) ≥ n〉, Γ → ∆

(→ �)
Γ → ∆, 〈(C � D)(v) ≥ n〉

Γ → ∆, 〈C(v) ≥ n〉, 〈D(v) ≥ n〉

(10)
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(∀ →)
α, 〈(∀R.C)(v) ≥ n〉, Γ → ∆

α, 〈(∀R.C)(v) ≥ n〉, 〈C(w) ≥ n〉, Γ → ∆

where α =

{
〈R(v, w) ≥ m〉 with m > 1 − n, or
〈R(v, w) > m〉 with m ≥ 1 − n

(→ ∀)
Γ → ∆, 〈(∀R.D)(v) ≥ n〉

〈R(v, x) > 1 − n〉, Γ → ∆, 〈D(x) ≥ n〉

(∃ →)
〈(∃R.C)(v) ≥ n〉, Γ → ∆

〈R(v, x) ≥ n〉, 〈C(x) ≥ n〉, Γ → ∆

(→ ∃)
α, Γ → ∆, 〈(∃R.C)(v) ≥ n〉

α, Γ → ∆, 〈(∃R.C)(v) ≥ n〉, 〈C(w) ≥ n〉

where m ≥ n and α =

{
〈R(v, w) ≥ m〉, or
〈R(v, w) > m〉

( →→)
〈A(v) ≥ n〉, A �→ C, Γ → ∆

〈A(v) ≥ n〉, A �→ C, 〈C(v) ≥ n〉, Γ → ∆

(→→)
C �→ A, Γ → ∆, 〈A(v) ≥ n〉

C �→ A, Γ → ∆, 〈A(v) ≥ n〉, 〈C(v) ≥ n〉

where x is a new variable (called also eigenvariable) and v, w are individual
symbols. Of course, in order to prevent infinite application of the (∀ →),
(→ ∃), ("→→) and (→"→) rules, we assume that each instantiation of the
rules is applied only once. Please note that rules (→ �) and (→ �) introduce
a branching.

A deduction can easily be represented as a tree (growing downwards): a
deduction tree is a tree whose nodes are each labelled with a sequent and in
which a sequent labelling a node may be obtained through the application
of a rule of inference to the sequent labelling its parent node. The sequent
labelling the root of a deduction tree is called premise of the deduction tree.
A proof tree is a deduction tree whose leaves are labelled with an axiom.
A sequent Γ → ∆ is provable, written Γ # ∆, iff there is a proof tree of
which it is the premise. A proof of a sequent Γ → ∆ proceeds top-down, by
constructing a proof tree with root Γ → ∆ and applying the rules until each
branch reaches an axiom.

Example 4. Consider a multimedia database DB = 〈OFL, OSL, F 〉, where
OFL = 〈O,M〉, OSL = 〈T ,K〉, O contains an image object i = 〈o, v〉,
M = ∅, T = {a}, i ∈ O, F (i, a) = .6 and K is,

K = {〈(Ferrari � Porsche)(a) ≥ 1〉,Ferrari "→ Car,Porsche "→ Car} .
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Consider the query α = 〈(∃IsAbout.Car)(o) ≥ .3〉, that is, we are asking
whether the image i is about a car with degree at least .3. At first, we trans-
form DB into a fuzzy KB, KDB :

KDB = K ∪ {〈O(o) ≥ 1〉, 〈IsAbout(o, a) ≥ .6〉}

Straightforwardly, KDB |≈4α holds. The following is a proof tree4 of KDB →
α.

KDB → α

〈F(a) ≥ 1〉,KDB → α

〈C(a) ≥ 1〉,K1,KDB → α

〈C(a) ≥ 1〉,K1,KDB → α, 〈C(a) ≥ .3〉

〈P(a) ≥ 1〉,KDB → α

〈C(a) ≥ 1〉,K2,KDB → α

〈C(a) ≥ 1〉,K2,KDB → α, 〈C(a) ≥ .3〉

where K1 = {〈F(a) ≥ 1〉}, K2 = {〈P(a) ≥ 1〉}.
On the other hand, by considering α′ = 〈(∃About.Ferrari)(o) ≥ .3〉, we

have KDB �|≈4α
′. The following is a deduction tree of KDB → α′ not being a

proof tree.

KDB → α′

〈F(a) ≥ 1〉,KDB → α′

〈C(a) ≥ 1〉,K1,KDB → α′

〈C(a) ≥ 1〉,K1,KDB → α′, 〈F(a) ≥ .3〉

〈P(a) ≥ 1〉,K1,KDB → α′

〈C(a) ≥ 1〉,K2,KDB → α′

〈C(a) ≥ 1〉,K2,KDB → α′, 〈F(a) ≥ .3〉

Note that the branch on the right does not end up with an axiom.

Theorem 1. A sequent Γ → ∆ is valid iff Γ # ∆. Moreover, validity is
decidable. $

Proof. It can be verified that any deduction tree is finite. Therefore, the
deduction of a sequent terminates after a finite number of rule applications.

Soundness of the calculus, i.e. if the sequent Γ → ∆ is provable then
Γ → ∆ is valid, can easily be proven by observing that every axiom is valid
and that for each of the rules, a conclusion of a rule is valid iff the premise
of the rule is valid.

Now, if there is a proof tree for Γ → ∆ then, from the correctness of the
rules we have that Γ → ∆ is valid. Otherwise, pick up a deduction tree not
being a proof tree, and which cannot be expanded any more. Therefore, there
is a path from the premise to a non axiom leaf of the tree. Let LHS be the
union of all fuzzy assertions occurring in the left hand side of each sequent
along that path and RHS be the union of all fuzzy assertions occurring in
the right hand side of any such sequent. Let S = LHS ∪ RHS. From S an

4 A, F, P and C stand for IsAbout, Ferrari, Porsche and Car, respectively.
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interpretation I can be build satisfying LHS and not satisfying RHS (see
below). Since Γ ⊆ LHS and ∆ ⊆ RHS, it follows that Γ → ∆ is falsifiable.

Let us build I. At first, define

S≥ = {〈A ≥ n〉 ∈ LHS},
S> = {〈A > n〉 ∈ LHS} .

Please note that S> contains fuzzy assertions of the form 〈R(v, w) > n〉 only.
Define, for ε > 0

n≥
A = max{n : 〈A ≥ n〉 ∈ S≥}, and

n>

A = max{n : 〈A > n〉 ∈ S>}+ ε .

Let I be a relation such that the domain ∆I of I is the set of individuals
or variables appearing in S union O ∪ {〈o, nil〉} (nil is the null value, o is a
new object identifier). For all individual symbols w, wI = w if w individual
or variable, oI = 〈o, v〉 if 〈o, v〉 ∈ O, oI = 〈o, nil〉 otherwise. For each atomic
concept A, for each role R, for all w, v ∈ ∆I define (max ∅ = 0)

|A|t(w) = max{n≥
A(w), n

>
A(w)},

|A|f (w) = 0,

|R|t(w, v) = max{n≥
R(w,v), n

>
R(w,v)}, and

|R|f (w, v) = 0 .

It can be verified that I is a four-valued fuzzy interpretation and there is
ε > 0 such that I satisfies all α ∈ S≥, I satisfies all α ∈ S> and, thus, LHS,
whereas I does not satisfy any α ∈ RHS. Q.E.D.

Example 5. Consider Example 4, case α′. We build an interpretation I falsify-
ing KDB → α′ by relying on the right hand branch of the deduction tree. Ac-
cording to Theorem 1, the domain of I is ∆I = {i, a, 〈o, nil〉}, |A|t(o, a) = .6,
and |P|t(a) = 1 and |C|t(a) = 1. In all other cases the value is 0, both for | · |t
as well as for | · |f . Clearly, I does not satisfy α′, as |F|t(a) = 0.

We conclude the section by showing how to compute Maxdeg(DB, C(a)).
The problem of determining Maxdeg(DB, C(a)) is important, as computing
it is in fact the way to answer a query of type “to which degree is a a C,
given the multimedia database DB?”. An easy algorithm can be given in
terms of a sequence of fuzzy entailment tests. Our algorithm is based on the
observation that

Maxdeg(DB, C(a)) ∈ NKDB
, where

NKDB
= {0, .5, 1} ∪ {n : 〈A ≥ n〉 ∈ KDB} .

(11)

The algorithm, a simple binary search on NKDB
, is described below.
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Algorithm Max(KDB , C(a))
Set Min := 0 and Max := 2.

1. Pick n ∈ NKDB
∪ {.5, 1} such that Min < n < Max. If there is no such

n, then set Maxdeg(KDB , C(a)) := Min and exit.
2. If KDB |≈4〈C(a) ≥ n〉 then set Min = n and go to Step 1, else set Max =

n and go to Step 1.

By a binary search on NKDB
the value of Maxdeg(DB, C(a)) can be deter-

mined in at most log |NKDB
+ 2| fuzzy entailment tests.

5 Conclusions

We have presented a logic-based MIR model in which all three kind of re-
trieval, form-based retrieval, semantic-based retrieval and their combination,
are integrated in a principled way. We rely on a two-layer model for the rep-
resentation of multimedia object’s properties: the object form layer, which
collects the medium dependent features of multimedia objects, and the ob-
ject semantics layer, which collects symbolic representations of the slice of the
real world being represented. The logic we have presented, for both represent-
ing the properties of the object semantics layer and to retrieve multimedia
objects, is a four-valued fuzzy DL. The logic, is characterised by

• a description logic component which allows the representation of struc-
tured objects of the real world;

• a non-classical, four-valued, semantics which (i) allows us to deal with
possible inconsistencies arising from the representation of multimedia ob-
ject’s content; (ii) enforces a notion of entailment, the pertinence of
premises to conclusions, to a stronger extent than classical “material”
logical implication does; and

• a fuzzy component which allows the treatment of the inherent imprecision
on the aboutness of multimedia objects representation.

Compliant to [2], our work maybe understood as a contribution towards the
development of intelligent multimedia retrieval systems, where the combina-
tion of database techniques, information retrieval, artificial intelligence (in
particular, knowledge representation and machine learning) plays an impor-
tant role.

We are aware that our logic, and logics in general, have a main draw-
back: their computational complexity. Reverting to an appropriate sublogic
of our logic, may be taken as an interesting topic for further research. A good
starting point may be those DLs for which the instance checking problem is
known to be solvable in polynomial time (see e.g. [15]).
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